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Motivation: the correspondence between Courant
algebroids and symplectic Lie 2-algebroids

Poisson Lie
2-algebroi

Courant

il m The standard Courant algebroid structure on TM @ T*M,
M. Jotz Le: given a smooth manifold M, was discovered by Ted Courant in
o the late 80's.

m Later, in the late 90's, Liu, Weinstein and Xu defined general
Courant algebroids and proved that the bicrossproduct of a Lie
bialgebroid is a Courant algebroid.

m A few years later, Roytenberg, and independently Severa
found that Courant algebroids were equivalent to symplectic
Lie 2-algebroids, or in other words symplectic positively
graded manifolds of degree 2 with a compatible homological
vector field.
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The classical definition of a Courant algebroid

Courant
algebroids

M. Jotz Le: A Courant algebroid over a manifold M is a vector bundle E - M
SR with a fibrewise nondegenerate symmetric bilinear form (-, -), a
bracket [, -]] on the smooth sections I'(E), and an anchor

p: E = TM, which satisfy the following conditions
ler, llea, eslll = [ley. el esll + e, ey, esll]l
pler)(es, e3) = ([ler, ex]l, e3) + (ey, [ley, e3]]),
ler, exll + [lea. e,ll = p*d(ey, )

for all ey, e,, e3 € I'(E).
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Motivation: the correspondence between Courant
algebroids and symplectic Lie 2-algebroids

Courant
algebroids

M. Jc

Usually the Courant algebroid bracket and the anchor of a Courant
algebroid [ are derived from the positively graded manifold and the
homological vector field.
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Motivation: the correspondence between Courant
algebroids and symplectic Lie 2-algebroids

Courant
algebroids

M. Jc

Usually the Courant algebroid bracket and the anchor of a Courant
algebroid [ are derived from the positively graded manifold and the
homological vector field.

The aim of this talk is to show how the Courant algebroid bracket
and the anchor of a Courant algebroid can be retrieved as a kind of
"semidirect product” of the Poisson structure and the dual of the Lie
structure.
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Outline

Poisson Lie
ebroids
and degenerate

Coura . .
algsbrotds Bl Lie 2-algebroids
M. Jotz Le:

The Uniy y .
of Sheffield” Dorfman 2-representations

Poisson [2]-manifolds
Poisson Lie 2-algebroids
(Degenerate) Courant algebroids

I Overview of the geometrisation
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Positively graded manifolds

An N-manifold or N-graded manifold .Z of degree n and
iet f.i,'{{}i\i"f"’ dimension (p; ry, ..., r,) is a smooth p-dimensional manifold M
endowed with a sheaf C* () of N-graded commutative
s associative unital R-algebras, whose degree 0 term is C*(M) and
which can locally be written

C¥(M)yy =C®U) [E], ... & 80 . &2 B &

with r; + ... + r, graded commutative generators Q{ of degree i for
ie{l,...,n}andj € {1,...,r}.
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Positively graded manifolds are noncanonically split

e University

of Shefficld For any N-graded manifold .Z of degree n and dimension
(p;ry, ..., r,), there exist smooth vector bundles E_;,E_,, ... ,E
of ranks ry, ..., r, over M such that .Z is isomorphic (in a
noncanonical manner) to the split [n]-manifold

E_|[-1]1® ... ® E_,[—n], which has local basis sections of E_,* as
local generators of degree i, fori =1, ..., n.

Lie 2-algebroids —n
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Degree 1 and degree 2 cases

e University

orShefhold? In particular, if . is an N-graded manifold of base M and of
degree 1, then C® () is (canonically) isomorphic to I'(/\* E*) for
a vector bundle E over M.

Lie 2-algebroids
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Degree 1 and degree 2 cases

Courant
algebroids

M. Jc

In particular, if # is an N-graded manifold of base M and of
degree 1, then C® () is (canonically) isomorphic to I'(/\* E*) for
a vector bundle E over M.

Lie 2-algebroids
If A/ is an N-graded manifold of base M and of degree 2, then

C®(A) is (noncanonically) isomorphic to I'(/\* E* | ® S°E*,) for
two vector bundles E_; and E_, over M.
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Graded vector fields

. Let . be an [n]-manifold. A vector field of degree j on ./ is a
i graded derivation ¢ of C*(.#) such that

ie 2-algebroids .
. ©)] = +18|

for a homogeneous element & € C* ().
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Graded vector fields

algebroids

1 Tt Let . be an [n]-manifold. A vector field of degree j on ./ is a

The University

e graded derivation ¢ of C*(.#) such that

Lie 2-algebroids |¢(§)| — J + |§|
for a homogeneous element & € C* ().

The Lie bracket on graded vector fields, defined by
[b, W] = dpy — (=P is graded skew-symmetric and
satisfies graded Leibniz and graded Jacobi identities.
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Homological vector fields

g(l“,i,“\‘;‘f{:'ﬂ" A homological vector field @ on a graded manifold . is a graded
vector field of degree 1 that commutes with itself

Lie 2-algebroids

[@a@]=2@°@=0
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Homological vector fields

@fL\‘.“,"}‘}‘I\AX'J"’ A homological vector field @ on a graded manifold . is a graded
vector field of degree 1 that commutes with itself

Lie 2-algebroids

[@a@]=2@°@=0

A Lie n-algebroid is a pair (/, @) of a positively graded manifold
together with a homological vector field on it.
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Example: Lie 1-algebroid

algebroids

Take an N-graded manifold of degree 1, i.e. C*(.#) = T'(/\* E")
for a vector bundle E over M and take a trivialising chart U C M for
E. Any homological vector field @ on .# can locally be written as

Oy = Z ple(x)e0;, — X lei el e )e 0,
1

ijk

M. Jotz Lean
The University
of Sheffield

Lie 2-algebroids

defining locally a Lie algebroid structure on E|y;. This structure is
in fact global, and Lie 1-algebroids are equivalent to Lie algebroids.
(This is due to Arkady Vaintrob.)
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Example: Lie 1-algebroid

Poisson Lie

Let us describe yet another way to get the Lie algebroid structure
from the homological vector field @.

Lie 2-algebroids
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Example: Lie 1-algebroid

The University Let us describe yet another way to get the Lie algebroid structure
o e from the homological vector field @.

Lie 2-algebroids

e € I'(E) is identified with the graded vector field e of degree —1
that sends € € T'(E*) to (e, e) and f € C*(M) to 0.

12/50



Example: Lie 1-algebroid

algebroids

S ct us describe yet another way to get the Lie algebroid structure

ofshelield from the homological vector field @.

Lie 2-algebroids

e € I'(E) is identified with the graded vector field e of degree —1
that sends € € T'(E*) to (e, e) and f € C*(M) to 0.

Then [@, e](f) = p(e)(f) and [[@, e],e'] = [e, e']. The Lie
algebroid structure is hence derived from the homological vector
field.
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Example: Lie 2-algebroid

On a split [2]-manifold Q[—1] & B*[—2], a homological vector
field can be written

algebroids

M. Jotz Lean
The University
of Sheffeld 0= 2 PQ(g)(x))T;0, — Z Z:([[q,.,qj]],rk)tirjar,c
Lie 2-algebroids i.j i<j k
+ D (0B Ti)b O, — D, D o(g;. a5 a)(b)T T T,
r.k i<j<k 1
- sziﬁj’ bi)tib;0y,

ijl

where dg: Q" = B, pg: Q = M, [, -] : T(Q) xT(Q) — I'(Q),
V: (Q)xT'(B) - I'(B) and w € ©3(Q, B*) are the components of
a split Lie 2-algebroid.
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Split Lie 2-algebroids

A split Lie 2-algebroid Q @ B* — M is a pair of an anchored vector
bundle (Q — M, pg) and a vector bundle B — M, together with

H a vector bundle map 0;: B* — Q,
a skew-symmetric dull bracket [, -] : I'(Q) X T'(Q) — T'(Q),
a linear connection V*: I'(Q) x I'(B*) - I'(B*) and
a vector valued 3-form @ € Q3(Q, B*),

such that
(1) V*E(ﬁl)ﬁz + V*E(ﬁz)ﬁl =0,

(i) (g, 05(B)] = 05(V,P),

(i) Jacyj = 0% o0 € Q*(Q, Q).

(iv) Ry:(qy,q2)B = o(qy, g, O5(B)), and

v) dy=0 =0

for all B, B;, B, € I'(B*) and ¢, q;, ¢, € T(Q).

Courant
algebroids

M. Jc

Lie 2-algebroids
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Poisson Lie
ebroids
and degenerate

Courant n Lie 2-al gebroids

algebroids

M. Jotz Lez

R Dorfman 2-representations

Lie 2-algebroids
Poisson [2]-manifolds
Poisson Lie 2-algebroids

(Degenerate) Courant algebroids

Overview of the geometrisation
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Dull bracket

algebroids

Let (Q, PQ) be an anchored vector bundle over M. A
B skcw-symmetric dull bracket T(Q) is a skew-symmetric R-bilinear
Bl map [ : T(Q) X T(Q) — I(Q) such that

Dorfman pQ [[ql, 42]] = [pQ(ql)’ pQ(qZ)]

2-representations

and (the Leibniz identity)

g1, f - @ll = - la1: 4] + pola)(f) - 4,

for all ¢, ¢, € T(Q) and f € C®(M).
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Dual of a skew-symmetric dull bracket

Courant
algebroids

M. Jotz Le: Dualize the bracket in the sense of derivations:
e University
of Sheffield

A: T(Q) x I(Q*) - I'(Q%),

Dorfman

2-representations <AqT7 q,> = PQ(‘])('@ q,> - < [[q7 q,]] > T)
for all ¢,q" € I'(Q) and T € I'(Q¥).
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Dual of a skew-symmetric dull bracket

Courant
algebroids

M. Jotz Le: Dualize the bracket in the sense of derivations:
e University
of Sheffield

A: T(Q) x I(Q*) - I'(Q%),

Dorfman

2-representations <AqT7 q,> = PQ(‘])('@ q,> - < [[q7 q,]] > T)
for all ¢,q" € I'(Q) and T € I'(Q¥).

The dual object A is called a skew-symmetric Dorfman
Q-connection on Q*.
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Properties...

algebroids
R A T(Q) X '(Q*) — I'(Q*) has the following properties
of Sheffield
Aq(f'f) =f- AqT + pQ(q)(f) "
Dorfman quT = f . Aqt + (qa T) : padf

2-representations

(AT @) + (AT, q1) = Po(a1)(T, @) + Po(2)(T. q1)
A, (podsf) = pod(pe(9)(f))-
forall f € C*M), ¢,4,,9, € T'(Q) and T € T'(Q™).
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Curvature of a Dorfman connection

The Jacobiator in Leibniz form

e University
of Sheffield

Jac. (a1, 2. a3) =[llay, @21l a5l + a2, gy, g501]
— llg1- llg2- 45111

Dorfman
2-representations

is equivalent to the curvature of the Dorfman connection:
JaCH. A (41592, 93) = Rp(q1,92)" a3

for all q,, g5, g5-
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Dorfman connections

Poisson Lie
ebroids
egenerate
Courant
algebroids

Lie algebroid brackets are dual to flat, skew-symmetric Dorfman
connections, which we call Dorfinan representations.

Dorfman
2-representations
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Dorfman connections

Poisson Lie
ebroids
egenerate
Courant
algebroids

Lie algebroid brackets are dual to flat, skew-symmetric Dorfman
connections, which we call Dorfinan representations.

Dorfman
2-representations

Split Lie 2-algebroid brackets are dual to Dorfman
2-representations.
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Dorfman 2-representations

dogene: Let (Q = M, pg) be an anchored vector bundle and B a vector

algebroids bundle over M. A (Q, pg)-Dorfman 2-representation on Q*®Bis

i a vector bundle morphism 05 : Q* — B,

of Sheffield

a linear connection V: I'(Q) X I'(B) — I'(B) such that
Dorfman Vagﬁlﬁz + V Eﬁzﬁl - O,
Zrropresentations a skew-symmetric Dorfman connection
A:T(Q)xI'(Q") — I'(Q") such that 05 A, = Vo 05 and

a vector-valued 2-form R € Qz(Q, Hom(B, Q*)) such that

0g ° R(qy,49,) = Ry(qy, 512) and R(q;,4) ° 05 = Ra(q1: 42)s
R(qy,92)"q3 = —R(qy,43)"q, and
dQR(Ch,%,%) =V’ (R(Q1,42)*Q3)

forall &,&, € '(B*) and q,4;, 45,93 € ['(Q) and f € C*(M).
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2-term representations up to homotopy

Let A be a Lie algebroid and E, @ E; a 2-term graded vector
SERWl  bundle. A 2-representation of A on E, @ E,is
amap 0: Ey — E,
:D.iiﬂlﬁﬁi‘,m.m two A-connections, V% and V! on E, and E,, respectively,
such that 0o V¥ = V' 0,

an element R € Q*(A, Hom(E,, E)) such that Ryo = R 9,
Ry = 0° R and dyunR = 0, where VO™ is the connection
induced on Hom(E, E,) by V® and V'.
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Example

Poisson Lie

2-algebroids Let (E = M, pg, [, lg- (-, )) be a Courant algebroid. Choose a
R linear connection V: X(M) X I['(E) — I'(E) that preserves the
algebroids pairing.
aTM=pE: E - TM.
A:T(E)XT(E) > I'(E), Ae' = [le.e'|¢ + V
Dorfman connection.

M. Jc

pE(e/)e isa

Dorfman
2-representations The map Vbas: F(E) X x(M) N x(M)’
V2asX = [pg(e), X] + pe(Vye) is a linear connection.

The basic curvature R4 € Q*(E, Hom(TM, E)) is
R0 (e}, €)X = — Vx[ey. esllg + [Vxey. esllg + [ler. Vel
+ Vytoxey = Vytaxey — B~ (Vymixer, €2)

forall e;,e, € I'(E) and X € X(M).
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Poisson Lie

Bl Lie 2-algebroids
e Dorfman 2-representations

Poisson [2]-manifolds

Dorfman
2-representations

Poisson Lie 2-algebroids
(Degenerate) Courant algebroids

Overview of the geometrisation
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Degree —2 Poisson bracket on a [2]-manifold

e University

of Sheffield A Poisson [2]-manifold is a [2]-manifold endowed with a Poisson
bracket of degree —2.

Poisson
[2]-manifolds

25/50



Degree —2 Poisson bracket on a [2]-manifold

e University

of Sheffeld A Poisson [2]-manifold is a [2]-manifold endowed with a Poisson
bracket of degree —2.

A Poisson bracket of degree —2 is graded skew-symmetric and
Poisson

P Lmanifolds satisfies |{&,n}| = |€| + |n| — 2 and graded Leibniz and Jacobi
identities.
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Split Poisson [2]-manifolds are equivalent to
self-dual 2-term representations up to homotopy

Theorem (J.L. 2015)

BT 4 plit Poisson [2]-manifold (M = Q[~1] ® B*[=2], {-, -}) defines
as follows a Lie algebroid structure on B, a VB-morphism
0q: Q* — Q and a 2-term representation up to homotopy
(V.,V*,R)of Bondy: Q" - Q:
{fi. o =1f.7} =0,
poiseon {t1, 10} = (72, 0g(7)),
PAREsaIe {b, f} = pg(b)(f) with an anchor pg: B = TM,
{b,t} = V,t with a linear B-connection V on Q,
{b1,by} = [by,b,] — R(by, by) with [-, -] a Lie algebroid
bracket on B and R € Q*(B, Hom(Q; Q*)).
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Split Poisson [2]-manifolds are equivalent to
self-dual 2-term representations up to homotopy

Theorem (J.L. 2015)

A split Poisson [2]-manifold (M = Q[—1] & B*[-2], {-,-}) defines
as follows a Lie algebroid structure on B, a VB-morphism
0q: Q* — Q and a 2-term representation up to homotopy
(V,V ,R) of Bon 0g: Q* — Q:
{f]afZ} = {f’T} =O;
Poisson {t1, 10} = (12, aQ(Tl»,
PAREsaIe {b, f} = pg(b)(f) with an anchor pg: B = TM,
{b,t} = V,t with a linear B-connection V on Q,
{b1,by} = [by,b,] — R(by, by) with [-, -] a Lie algebroid
bracket on B and R € Q*(B, Hom(Q; Q*)).

The 2-term representation up to homotopy is self-dual:

The (

ers
of Sheffield

65 =0y and R* = —R.
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Split Poisson [2]-manifolds are equivalent to
self-dual 2-term representations up to homotopy

Courant
algebroids

M. Jotz Le:
e University
of Sheffield

Conversely, any self-dual 2-representation defines a split Poisson
[2]-manifold.

Poisson
[2]-manifolds

277150



Example

Poisson Lie
ebroids
egenerate
Courant
algebroids

Let (E — M, pg, [, lgs (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I'(E) — I'(E) that preserves the
pairing.

Poisson
[2]-manifolds
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Example

‘ Sl Let (E — M, pg, [, g, (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I'(E) — I'(E) that preserves the

pairing.

The 2-representation (Idg: E — E, V, V,Ry) is then self-dual.

Poisson
[2]-manifolds

28/50



Example

e I\\‘.“,’\}‘}‘I\:"J"’ Let (E — M, pg, [, lgs (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I'(E) — I'(E) that preserves the
pairing.

The 2-representation (Idg: E — E, V, V,Ry) is then self-dual.

Poisson

(Zmaniolds We get so for each metric connection V a split Poisson manifold
E[-1] & T*M[-2],{-,-}y).
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Poisson Lie

of Sheffield

Poisson
[2]-manifolds

Bl Lie 2-algebroids
Dorfman 2-representations
Poisson [2]-manifolds

Poisson Lie 2-algebroids
(Degenerate) Courant algebroids

Overview of the geometrisation
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Poisson Lie 2-algebroids

algebroids

M. Jotz Lean

I —— Let (A, {-,-}) be a Poisson [2]-manifold. Assume that .Z has in
o e addition a Lie 2-algebroid structure @. Then (A, @, {-,-})is a
Poisson Lie 2-algebroid if the homological vector field preserves

the Poisson structure:

G{e1.&,) = {QE). &} + (-DISI{E, @&y}
SR oraie € CR ),

30/50



A characterisation of split Poisson Lie 2-algebroids

Theorem (J.L. 2015)

algebroids (.% = Q[_l] 6 B*[_z]a @’ { ’ }) iS a POiSSOn Lle 2-algebr0id lf
M. Jotz Lean and only if

The University
of Sheffield

nt

0o(A,7) = Vi,.q + lla. 9] + 05(t, V.q),
(V) = [b,0p7] + Vo b,

0gR(by, by)q =
Poisson Lie _Vq[bl’ bz] + [qul’ bz] + [bl’ quz] aF vaqul - valqbz,

2-algebroids

0oR(q1, @b = =V, [la1, o]l + 41, Vpaall + Va1, 2]l +
Vqubql - Vvqlqu + aE<R('7 b)q]a q2>) and

dysog = dyony € Q*(B, A\’ Q") = Q3(Q, A’ B*).
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Example

Poisson Lie
ebroids
egenerate
Courant
algebroids

Let (E - M, pg, [ ]g, (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I['(E) — I'(E) that preserves the
pairing.

32/50



Example

e University

of Shefficld Let (E - M, pg, [ ]g, (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I['(E) — I'(E) that preserves the
pairing.

The Dorfman 2-representation and the self-dual 2-representation
found earlier are compatible and define a Poisson Lie 2-algebroid
ek ILE structure on E[—1] @ T*M[-2].

2-algebroids
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Poisson Lie

Conversely, how do we recover the Courant algebroid structure
from the Dorfman 2-representation and the self-dual
2-representation?
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Poisson Lie

of Sheffield

Bl Lie 2-algebroids
Dorfman 2-representations
Poisson [2]-manifolds

Poisson Lie 2-algebroids
(Degenerate) Courant algebroids

Overview of the geometrisation
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The degenerate Courant algebroid on the core

Poisson Lie
2-algebroi

- Comn I Theorem (J.L. 2015)

otz Le Let (# = Q[-1] ® B*[-2], @, {-,-}) be a split Poisson Lie
2-algebroid. Then QF inherits the structure of a degenerate
Courant algebroid over M, with the anchor pg0q = pg0p, the map
D = pgd: C*®(M) — I'(Q), the pairing defined by
(t1,T2)q = (71, 0qTy) and the bracket defined by
[[Tl’ Tzﬂ Q* = AaQTITZ — VaB‘CzTI for all Tl, Tz (S F(Q*)

(Degenerate)
Courant
algebroids
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The degenerate Courant algebroid on the core

Poisson Lie
2-algebroi

- Comn I Theorem (J.L. 2015)

‘ Let (# = Q[-1] ® B*[-2], @, {-,-}) be a split Poisson Lie
2-algebroid. Then QF inherits the structure of a degenerate
Courant algebroid over M, with the anchor pg0q = pg0p, the map
2 = pod: C*(M) — T(Q"), the pairing defined by
(t1,T2)q = (71, 0qTy) and the bracket defined by
[[Tl’ Tzﬂ Q* = AaQTITZ — VaB‘CzTI for all Tl, Tz (S F(Q*)

(Eegerents) Given a Poisson Lie 2-algebroid, this structure does not depend on
ourant
algebroids the choice of a splitting, and the map 0g: Q" — B preserves the

brackets and the anchors.
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Example

Poisson Lie

Courant
algebroids

M. Jotz Lean
The Ur )

R ot (E > M, pes [+, lgs (-, -)) be a Courant algebroid. Choose a
linear connection V: X(M) X I['(E) — I'(E) that preserves the
pairing.
Then

A, er = Vieper = e ealle-

(Degenerate)
Courant
algebroids
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Symplectic Lie 2-algebroids and Courant algebroids

. <« |l Theorem (J.L. 2015)
Courant

algebroids

Let M be a symplectic Lie 2-algebroid over a base manifold M.
The University Choose any splitting M ~ Q[—1] @ T*M[-2] of the underlying

M. Jotz Lean

of Sheffield

symplectic [2]-manifold.

(Degenerate)
Courant
algebroids
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Courant
algebroids

(Degenerate)
Courant
algebroids

Symplectic Lie 2-algebroids and Courant algebroids

Theorem (J.L. 2015)

Let M be a symplectic Lie 2-algebroid over a base manifold M.
Choose any splitting M ~ Q[—1] @ T*M[-2] of the underlying
symplectic [2]-manifold.

Then
Q ~ Q" via 9y and (t,,0gT,) is nondegenerate.
The map pg © 0 = Oy defines an anchor on Q*.

The bracket [-, -] o+ defined on T(Q*) by
[t Tl = Ay v, T2 — {02, T1 } does not depend on the
choice of the splitting.
This anchor, pairing and bracket define a Courant algebroid
structure on Q.
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Poisson Lie

Bl Lie 2-algebroids
of Shetteld. Dorfman 2-representations
Poisson [2]-manifolds
Poisson Lie 2-algebroids

(Degenerate) Courant algebroids

(Degenerate)
Courant

Overview of the geometrisation
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Quick review of double vector bundles

A double vector bundle is a commutative square

D—>

5 .L‘ B

F\M\G{<L j l
TQ

M

Q—~
of vector bundles such that the structure maps of the vertical
bundles define morphisms of the horizontal bundles.

Take a triple Q, B, C of vector bundles over a smooth manifold M.
Then the fibre-product Q Xy B X, C has a vector bundle structure
pttd  over Q given by (g, b,¢) +q (g, 6, ¢') = (g, b+ b',c + '), and
S similarly a vector bundle structure over B.
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Quick review of double vector bundles

Consider such a decomposed double vector bundle

e Uni TH D = Q XM B XM C

of Sheffield
For each b € I'(B), we have a linear section b € Io(D),

b(g,,) = (G, b(m), 05,)

and for each ¢ € I'(C), we have a core section cer oD),

(@) = (@ 02, c(m)).

Overview of the

geometrisation
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Poisson Lie

Theorem (J.L.2015)

The category of positively graded manifolds of degree 2 is
equivalent to the category of metric double vector bundles.

Splittings of a positively graded manifold of degree 2 correspond to
maximally isotropic decompositions of the corresponding metric
double vector bundle.

|

2—w

Overview of the

|

LO~<——H~m

geometrisation
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Courant
algebroids

Overview of the

geometrisation

Theorem (J.L.2015)

The category of positively graded Poisson manifolds of degree 2 is
equivalent to the category of self-dual VB-algebroids.

Splittings of a positively graded Poisson manifold of degree 2
correspond to self-dual 2-representations, which correspond to
maximally isotropic decompositions of the corresponding self-dual
VB-algebroid.

EFE——s
Q

(The equivalence of decomposed VB-algebroids with

2-representations is due to Gracia-Saz and Mehta.)

L—w

—_—
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Poisson Lie

Theorem (Li-Bland 2012, J.LL..2015)

The category of Lie 2-algebroids is equivalent to the category of
VB-Courant algebroids.

Splittings of a Lie 2-algebroid correspond to Dorfman
2-representations, which correspond to maximally isotropic
decompositions of the corresponding VB-Courant algebroid.

|

L=—w

Overview of the
geometrisation

|

LO~<——H~m
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Poisson Lie

Theorem (Li-Bland 2012, J.1L.2015)

of Sheffield The category of Poisson Lie 2-algebroids is equivalent to the
category of LA-Courant algebroids.

LO<=——~m
z—w

|

Overview of the

geometrisation
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Poisson Lie

Symplectic Lie 2-algebroids correspond to tangent doubles of
Courant algebroids.

TE ——=TM

E——=M

Overview of the

geometrisation
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One further application

Consider a double Lie algebroid

e University D é‘A

B—M

The direct sum
DZ (&) DE — = C*

|

A®B M

Overview of the

geometrisation IS a VB-COUI‘ant algebl‘OId.
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One further application

Poisson Lie

A decomposition of D gives rise to two 2-representations which
form a matched pair (Gracia-Saz, J.L., Mackenzie, Mehta).

Overview of the

geometrisation
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One further application

Poisson Lie
ebroids
egenerate
Courant
algebroids

RSl A decomposition of D gives rise to two 2-representations which
form a matched pair (Gracia-Saz, J.L., Mackenzie, Mehta).

A decomposition of D naturally induces a maximally isotropic
decomposition of DZ ) DE.
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One further application

‘ SRl A decomposition of D gives rise to two 2-representations which
form a matched pair (Gracia-Saz, J.L., Mackenzie, Mehta).

A decomposition of D naturally induces a maximally isotropic
decomposition of DZ ) DE.

The corresponding split Lie 2-algebroid is the bicrossproduct
(A @ B)[—1] @& C*[-2] of a matched pair of 2-representations!

Overview of the

geometrisation
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Diagrammatic table of the supergeometric objects in
this talk.

Poisson Lie
broids
generate
Courant
algebroids

M. Jotz Lean
The University
of Sheffield

Symplectic
Lie 2-
algebroids

Degenerate
Courant
algebroids




Diagrammatic table of the (classical, double)
geometric objects in this talk.

Poisson Lie
broids
generate
Courant
algebroids

Tangent
tr prolongations
double vector | ¢ of metric
M. Jotz Lean bundles vector
The Unive bundles

of Sheffield / \ R
Tangeno‘ functor

Metric VB-
algebroids

bundles

{Metric vector}

Degenerate
Courant
algebroids

] j

Tangent
prolongations

of Courant
algebroids
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Courant
algebroids

e sity
of Sheffield

Thank you for your attention!

Overview of the

geometrisation
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Thank you for your attention!

Happy birthday, Janusz!
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