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Lagrangian and Hamiltonian systems in jet bundles

Lagrangian and Hamiltonian systems in jet bundles

unique treatment of general Lagrangian systems

time independent and time dependent
regular and degenerate
first order and higher order

mechanics and field theory
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Lagrangian and Hamiltonian systems in jet bundles

REMINDER

m:Y — X smooth X orientable

m o JY = X
Mechanics / ODEs Field theory / PDEs
A= L(t,q",q")dt /\:L(xi,y",)/J?’)wo
Cartan form
L . L
0y = Ldt + 2L O = Lo+ 2L A
aq’ a_yja

contact forms: w' = dqg’' — ¢'dt w? = dy? — yJ-dej
wo = dxt A - A dx”
Wj = Ip/9xiWo



Lagrangian and Hamiltonian systems in jet bundles

Euler—-Lagrange equations

Jlﬂ/*igd%\ =0 for every vertical vector field £ on J'Y

second order equations
solutions = extremals: sections yof m:Y — X

De Donder—Hamilton equations

§"igdfy =0 for every vertical vector field £ on Sty

first order equations
solutions = Hamilton extremals: sections 6§ of 7 : J1Y — X



Lagrangian and Hamiltonian systems in jet bundles

Relationship between Lagrangian and Hamiltonian solutions

Hamilton equations = equations for integral sections of an EDS
generated by n-forms (a Pfaffian system for ODEs)

D = {icdf)} where ¢ runs over vertical fields on J'Y

Euler—Lagrange equations = equations for holonomic integral
sections of the same EDS

prolongations of extremals form a subset in the set of Hamilton
extremals



Lagrangian and Hamiltonian systems in jet bundles

regular Lagrangians

2 2

det ( a’aqj) £0 det(ajaé_y;:) #0

bijection between extremals and Hamilton extremals:
Euler-Lagrange and Hamilton equations are equivalent



Lagrangian and Hamiltonian systems in jet bundles

Hamilton—Jacobi equation

w:YDU—JY jet field
embedded section: wo~y = Jly

w*d@A:O W*H)\:ds
field of extremals

Van Hove theorem

embedded section in w satisfying the Hamilton—Jacobi equation is
extremal of A

every extremal of a regular A can be locally embedded into a field
of extremals



Lagrangian and Hamiltonian systems in jet bundles

Hamiltonian side: Dualization

- proper underlying manifold (in place of T*Q)
- Legendre map

MECHANICS  fibred manifold 7: Y — X, dmX =1
J1Y the first jet bundle of 7 (t,q',4')

JUY the extended dual of the first jet bundle = the manifold of
real-valued affine maps on the fibres of J1Y  (t,q', p, pi)
with a choice of a volume element on X

JIY = T*Y  symplectic manifold

Q = dp A dt + dp; A\ dg'



Lagrangian and Hamiltonian systems in jet bundles

J*Y the reduced dual = quotient of JTY by constant (on fibres
over Y) maps (t,q', p;)

quotient map p: JIY — J'Y
given a Lagrangian system on J'Y, construct a dual Hamiltonian
system via Legendre map

Legendre map

oL .. oL

Leg : J'Y — JTY =1 : = ——
eg: 7Y —J p +8q,q Pi= og




Lagrangian and Hamiltonian systems in jet bundles

reduced Legendre map

oL

leg=poleg: J'Y — J'Y  pj= 55

regular Lagrangian
2

oL
det( o) #0
€ aq'0¢ 7
hyperregular Lagrangian - if there is an extended Legendre map

Leg defined globally, and such that the corresponding reduced
Legendre map leg is a diffeomorphism

Hamiltonian section h:J*Y — JTY

leg® h*Q = d0,



Lagrangian and Hamiltonian systems in jet bundles

(quite) straightforward generalization to

e higher-order regular Lagrangians in mechanics
e classical field theory - regular Lagrangians



Lagrangian and Hamiltonian systems in jet bundles

duality restricted to regular Lagrangians
BUT: almost all interesting field Lagrangians are singular :-((

Can the class of variational problems having a dual Hamiltonian
description be enlarged?

YES, BUT concepts of regularity and Legendre transformation
have to be revisited

AIM: enlarge the class of regular variational problems (with a
proper dual Hamiltonian description) as much as possible
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Variational equations revisited: a no-Lagragian viewpoint

MOTIVATION

L1 = u)%, L2:u)2<—|—uxvy—uyvx
Ly ~ Ly giving the same Euler-Lagrange expressions
Ly is regular, Ly is not regular
Hamilton equations:

0%i¢dfy, = 0 are equivalent with the Euler-Lagrange equations
duality!

0%iedBy, = 0 are not equivalent with the Euler-Lagrange equations
no duality! — constrained in the sense of Dirac



Variational equations revisited: a no-Lagragian viewpoint

IDEAS

Associate Hamilton equations with the Euler-Lagrange form
= with the class of equivalent Lagrangians

Extend the Euler-Lagrange form to a (proper!) closed (n + 1)-form
EDS o V¢
Euler—Lagrange equations — holonomic sections

Hamilton equations — all sections

regularity = property of «
guarantees bijection between solutions (for EDS on J!Y)



Variational equations revisited: a no-Lagragian viewpoint

LEPAGE MANIFOLDS

differential equations in jet bundles: dynamical forms

1-contact, w”-generated (w7 = dy” — y7 dx)
E=Ew Awo  E,=E,(x,y".y/ v}

sections v of 7 such that E vanishes along J?v are solutions of a
system of m second order partial differential equations of the form

. ofv 82)(1/
EJ<X i oxi’ 8xi8xf> N

where ¥ are components of a section, v = (x/, f¥).



Variational equations revisited: a no-Lagragian viewpoint

Remind:
decomposition of differential forms into contact components
for (n+ 1)-forms on J'Y

Try1,,@ = pro+ ppa+ -+ pppia

DEFINITION
Lepage (n + 1)-form
a closed (n + 1)-form « such that pya is a dynamical form.

Lepage manifold of order r
a fibered manifold 7w : Y — X where dim X = n, equipped with a
Lepage (n + 1)-form defined on J"Y.



Variational equations revisited: a no-Lagragian viewpoint

Lepage (n + 1)-forms are closed counterparts of Euler-Lagrange
forms (variational equations):

THEOREM If « is a Lepage (n+ 1)-form then the dynamical
form E = pja is locally variational: in a neighbourhood of every
point x € Dom « there exists a Lagrangian L such that E is the
Euler—-Lagrange form of L.

Equations for the dynamical form arising from a Lepage
(n + 1)-form are Euler-Lagrange equations.

In what follows - first order case: Lepage (n + 1)-forms on J1Y.



Variational equations revisited: a no-Lagragian viewpoint

Structure of first order Lepage (n + 1)-forms

THEOREM Any Lepage (n+ 1)-form may be written as
o=+

where 7 is a closed and at least 2-contact form, and where af is
closed and completely determined by E.

THEOREM The restriction of « to a suitably small open set U
satisfies
aly =dO; + dp,

where © is the Poincaré—Cartan form of a first-order Lagrangian
defined on U, and p is a 2-contact n-form.



Variational equations revisited: a no-Lagragian viewpoint

we can regard a Lepage manifold of order one as a fibred manifold,
equipped with a family of locally equivalent first order Lagrangians:

{L,}, each Lagrangian defined on open U, C J'Y, such that
U, U, =Jty
whenever U, N U, # (), around every point of the intersection

L, =L+ dj/
for some functions ¢/.

in general no global Lagrangian (even of higher order)
obstructions come from the topology of Y



Variational equations revisited: a no-Lagragian viewpoint

on a Lepage manifold (71, @):
D, = {ica} & runs over all vertical vector fields on J'Y
Euler-Lagrange equations
le*igoz =0, V vertical vector fields &

2nd order PDEs for sections v = (x', %) of 7 : Y — X (extremals)
equations for holonomic integral sections of D,

Hamilton equations
d%igae =0, V vertical vector fields &

1st order PDEs for sections § = (x',f%,g7) of m : J'Y — X
(Hamilton extremals)
equations for all integral sections of D,



Variational equations revisited: a no-Lagragian viewpoint

Hamilton and Euler-Lagrange equations are not equivalent, as
there might exist Hamilton extremals that are not prolongations of
extremals.

on a Lepage manifold, both the Euler-Lagrange equations and the
Hamilton equations are independent of a choice of a concrete
Lagrangian for E
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A new look at the duality problem

LAGRANGIAN SIDE
De Donder—Hamilton equations

We shall be interested in Lepage manifolds where « is at most
2-contact and {w? }-generated. As we shall see, in this case the
Hamilton equations become of De Donder type.

The form « is closed by definition, but rank o need not be
maximal, or even constant.

We say that « is regular if coranka = dim X

then: rank « = rank D, = m+ nm



A new look at the duality problem

with help of the Poincaré Lemma:

THEOREM

(m1, ) Lepage manifold, suppose « is at most 2-contact and
{w? }-generated. Then for every point in _JlY there is a
neighbourhood U and functions H and p, defined on U such that

aly = —dH A wo + dpl A dy? Awj.

If, moreover, « is regular then the functions pf, are independent:

(57)
rank L | = max = mn.
dyy




A new look at the duality problem

in fibred coordinates

OE, ;
T 10 = E;w” Awo + é(ayg — dkfj;jk)w” A w” A wj
J

OE .
2 — £ w7 Awl Aw;
+<8y;j' m,)w w; A wj,

where f, = —fl;) = fJ;} are some functions such that da =0

regularity condition




A new look at the duality problem

given a regular form « as above

(xS 7 y7) — (X' y7,ph)
is a local coordinate transformation on J1Y
Legendre transformation

by construction, explicit formulas for the Hamiltonian and the
momenta come from an integration procedure using the Poincaré
Lemma and are determined by « rather than by a particular

Lagrangian
1
; OE, :
i v o d fl,k d
pO' y /O' (ay;/ kUV>OXU !

1 (OE, ” of'
—y?’/ (V—fé,i)oxudu— =
! 0( ayij dy




A new look at the duality problem

THEOREM '
There exists(!) L for « such that H and p} come from L by the
“standard” formulas

. oL .
ph= 52, H=-L+ply.
8yf’

Hamilton equations of « in Legendre coordinates

8(y005):8H05 0(p5,05):_8H05
oxi opi 7 Ox! oy

De Donder—Hamilton equations



A new look at the duality problem

meaning of the regularity condition:

THEOREM

On a Lepage manifold (71, a) where « is at most 2-contact,

{w? }-generated and regular, the Euler-Lagrange and Hamilton
equations are equivalent.

Explicitly, if v is an extremal then J17 is a Hamilton extremal;
conversely, every Hamilton extremal is of the form J1v where v is
an extremal.



A new look at the duality problem

Hamilton—Jacobi equation

w:YDU—JY jet field
embedded section: wo~y = Jly

w a =0 w*p =dS

field of extremals
Lagrangian submanifolds

Van Hove theorem

embedded section in w satisfying the Hamilton—Jacobi equation is
extremal

every extremal of a regular « can be locally embedded into a field
of extremals



A new look at the duality problem

HAMILTONIAN SIDE

JTY the affine dual
with a choice of a volume element on X, JTY is diffeomorphic to
the bundle of n-forms on J'Y, locally generated by (wo, dy” A w;)

Q = dP Awo + dPL A dy” Aw;
canonical multisymplectic form on JTY
local section h of the projection p : JIY — J*Y

H = —(Poh)onDomhcC J*Y Hamiltonian
on J*Y local closed (n+ 1)-form

Qp=hQ=—dH Awo + dP. A dy® Aw;



A new look at the duality problem

Dy = {igQp} & runs over vertical vector fields on J*Y

integral sections ¢ : X — J*Y satisfy

B(y” o) OM APiov) oM

o P oV Oxi By°

0.

De Donder—Hamilton equations



A new look at the duality problem

DEFINITION

De Donder—Hamilton system is Cauchy integrable if the Cauchy
problem for the given De Donder—Hamilton equations has, for
every initial condition, at least one maximal solution.



A new look at the duality problem

LEGENDRE MAP

We have constructed a universal Hamiltonian bundle, canonically
associated with a jet bundle 7, : J'Y — X.

connection between an abstract Hamiltonian system and a
concrete variational system on a Lepage manifold - Legendre maps

extended Legendre map

Leg, : )Y — JIY  Lleg’ Q=a
reduced Legendre map

leg,, : J'Y — J*Y leg® Q= a

duality equations - DEFINITION of the Legendre maps!



A new look at the duality problem

If o satisfies the regularity condition
OE, .
det(a‘; — f;j) #0
ij
we can choose Legendre coordinates on J'Y.
In Legendre coordinates on J'Y, and the canonical coordinates on

J*Y, leg,, is represented by the identity mapping.

THEOREM

If «v is regular then every extended Legendre map is an immersion
and every corresponding reduced Legendre map is a local
diffeomorphism.



A new look at the duality problem

« is called hyper-regular if there is an extended Legendre map
Leg, defined globally, and such that the corresponding reduced
Legendre map leg, is a diffeomorphism.

global Hamiltonian section
_ -1
h = Leg,oleg,

global Hamiltonian H = —(P o h)

If « is regular - local h and H.



A new look at the duality problem

DUALITY THEOREM

For a hyper-regular o on J'Y

(1) Legl Q2 = leg), h*Q = a.

(2) rank h*Q = rank Dp, = rank o = rank D, = m + nm.
(3) legl, Dy = D,

(4) If ¢ : X — J*Y is an integral section of D), then
Ieg;1 o1) = J'v where v is a section of 7 : Y — X, and it is an
integral section of D,,.

(5) Every integral section of D, is of the form J', and
Y = leg,, oJ'y is an integral section of Dj,.



A new look at the duality problem

APPLICATIONS - field theories in physics

regularity condition for « - free parameters

det(gEj . f;’ﬁ) £0

Yik
correspond to different Lepage (n + 1)-forms « associated to E

a choice! of a regular Hamiltonian system

e electromagnetic field

e Yang-Mills field

e Dirac field

e gravity (Hilbert Lagrangian)

no Dirac constraints
new Hamiltonians



A new look at the duality problem

EXAMPLE Einstein equations - gravitational field

Hilbert Lagrangian - scalar curvature R
second order, (conventionally) not regular(!)
“energy” H momenta p/ on J2Y
physical meaning still unclear/problematic
Hamilton equations - Dirac formalism(!)

Lepage manifolds for relativity
m:Y — X, dimX =4, Y bundle of metrics over X

A = Rwg = Ry/| det g|wo

a=dO, on Sy, regular !l



A new look at the duality problem

o =—dH Awg+ dP™ dg.s A w;
P = /| detg] (—%g’s(g"qri}q —g"r8,) + 8" 8"},
—3(g"g® + g’sg"’r)rﬁq)

1 .
H = %m(gjkgabgrs — 4g.i8kbGrs + 481i8kb&as) PP P

Legendre transformation
(X’7gr57grs,j) - (legrs’PYS,J) on le
Hamilton equations

OH  opPrsk OH  Ogs

9gs  oxk 0 gpek T oxk 0




A new look at the duality problem

EXAMPLE Maxwell equations - electromagnetic field
Lagrangian
L= —3FuF" = 3050y;s — 8" 8upytyl)

Fuo=Au, —Au,, y° =g""A,, g =diag(—1,1,1,1) Lorentz m.

2L
det<0)2’8yﬁ> =0 conventionally degenerate - Dirac formalism (!)

THEOREM
Lepage manifold for Maxwell equations: (J1Y,a) with

regular o = dOy, L=1-2(Tr A2 —(TrA)?)

independent momenta
“true Hamiltonian”  H = H +2(Tr A2 — (Tr A)?)



A new look at the duality problem

Geometric meaning of Hamilton—De Donder equations

strong relationship with Ehresmann connections on the fibred
manifold 7 : J*Y — X.

[ Ehresmann connection (jet field) on 7 : J*Y — X
horizontal projector

(D o 0
= dx’ — g_- I
r=dde <8xf T 5y +rajapé>

integral section fo = JY
in coordinates - equations

8¢ _ I—O' 81/)0 _ I—i

O I ox



A new look at the duality problem

THEOREM
If an Ehresmann connection I on 7 : J*Y — X satisfies the
compatibility condition

irQh = (n — 1)Qh

then any integral section of [ is a solution of Hamilton-De Donder
equations.

field of Hamilton—De Donder extremals



A new look at the duality problem

compatible connections are non-unique - however, we know all of
them!

THEOREM
The family of Ehresmann connections [ on 7: J*Y — X
compatible with €y, is locally described by the horizontal projectors

; o OH 0 1.;0H -\ 0
gl (L 9 O (1O i
F=dde <8Xf * oPL Oy (néf dy° * Fgf) an,> ’

where for every o, the (F;j) is an arbitrary (n x n)-matrix on U,
traceless at each point of U.



A new look at the duality problem

We have a family of Ehresmann connections such that every local
section of any of these connections is a Hamilton—De Donder
extremal.

In particular, for every integrable connection I (in the sense of
Frobenius complete integrability) maximal Hamilton—De Donder
extremals form a n-dimensional foliation of Dom[ C J*Y.

QUESTION:
are all solutions of Q, (at least locally) included?



A new look at the duality problem

YES !

every solution of Hamilton—De Donder equations is locally an
integral section of some compatible connection, which, moreover,

is maximal, in the sense that it is defined on the domain U C J*Y
of h



A new look at the duality problem

THEOREM

If Domh = U C J*Y then there is a connection [ on U satisfying
irth = (n — ]-)Qh .

If his a global section then I is a global connection.

THEOREM

h a section of p defined on U C J*Y

W a nonempty open subset of 7(U) C X.
If ¢ is a local section of 7 : J*Y — X defined on W and satisfying

V*(ieQp) = 0 for every vertical vector field & on (7*) (W)

then for each x € W there is a connection [ defined on U C J*Y
and satisfying
irQh = (n — 1)Qh

s.t. for some neighbourhood N of ¥(x) the restriction |y is an
integral section of I'.



A new look at the duality problem

CONCLUSIONS

Every solution of Hamilton-De Donder equations can be locally
embedded in a field of Hamilton-De Donder extremals.

f flat, compatible with €4: n-dimensional foliation, the leaves are
solutions of the Hamilton-De Donder equations.

It follows that the Cauchy problem has at least one maximal
solution for any given initial condition corresponding to the unique
maximal integral manifold passing through that point.

Sufficient condition for Cauchy integrability: the existence of a flat
Ehresmann connection compatible with €2,



A new look at the duality problem

Jacobi theorem

Lepage manifold
« at most 2-contact, {w? }-generated and regular

duality, 1 — 1 correspondence of solutions of Euler—Lagrange and
Hamilton equations

solutions of Euler—Lagrange equations:

integral sections of compatible semispray connections
r:Jy — J2y

Hamilton—Jacobi equation
local sections w:Y — J1Y w'a=0
Van Hove theorem - fields of extremals



A new look at the duality problem

how to find fields of extremals?

THEOREM

[ an integrable semispray connection, compatible with «
{al,...,a"} a set of independent first integrals on W C J'Y
If

() 1
J

on W then
H= = span{da, ..., da"™™}

is a horizontal distribution for a local jet connection
=S roW— J1771,0 such that every integral section of = is a
field of extremals of a.
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Talk based on:

O. Krupkova and A. Vondra, On some intergation methods for
connections on fibered manifilds, Proc. Conf. DGA, Opava, 1993

O. Krupkova, Hamiltonian field theory, J. Geom. Phys., 2002

O. Rossi and D.J. Saunders, Lagrangian and Hamiltonian duality,
J. Math. Sci, to appear

O. Rossi and D.J. Saunders, Dual jet bundles, Hamiltonian systems
and connections, Diff. Geom. Appl., 2014



A new look at the duality problem

thank you

)
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