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Abstract: We construct an example of a nonseparable Banach space which does not
admit a support set◦◦. It is a consistent (and necessarily independent from the axioms of
ZFC) example of a space C(K) of continuous functions on a compact Hausdorff K with
the supremum norm. The construction depends on a construction of a Boolean algebra
with some combinatorial properties. The space is also hereditarily Lindelöf in the weak
topology but it doesn’t have any nonseparable subspace nor any nonseparable quotient
which is a C(K) space for K dispersed.

1. Introduction.

A nonempty closed convex set C in a Banach space X is called a support set if an only if for
every point z ∈ C there is a continuous linear functional φ on X such that φ(z) = infC φ <
supC φ. In [Rol], Rolewicz proved that assumptions needed for solving a certain natural
problem can be weakened in the case of a separable Banach space. Namely that there are
no separable support sets. Rolewicz also proved in [Rol] that in a nonseparable Hilbert
space there are convex sets which are support sets and he asked if every nonseparable
Banach space has a support set.
This problem has been addressed in several papers where extracting certain uncountable
sequences in a Banach space is used to construct (necessarily nonseparable) support set.
In [Kut] a Marcuševič’s basis is used for this purpose, in [La] properties of a compact
Hausdorff K like being not hereditarily separable or not hereditarily Lindelöf are employed
in the corresponding C(K) and in [BV] an equivalent condition in terms of sequences from
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X×X∗ is found. In [GJM], besides more detailed analysis in Banach lattices, it is proved
that if K carries a nonseparable regular measure, then C(K) has a support set and the
same conclusion is obtained for some other class of Banach spaces in [Mo].
In this paper we provide an example of a nonseparable Banach space with no support set.
It is a consistent example of a nonseparable C(K) space i.e., a Banach space of continuous
functions on a Hausdorff compact space K with the supremum norm. As S. Todorcevic
has proved in [To2] that it is consistent that any nonseparable Banach space contains an
uncountable biorthogonal system, it follows that the nonexistence of our example is also
consistent with the axioms of ZFC, leaving Rolewicz’s problem undecidable. Todorcevic’s
result for C(K) for K totally disconnected follows from Boolean algebraic results of [To1].
Let us describe the content and the context of the paper in more details.
In section 2 we describe the properties of the Boolean algebra of clopen sets of our K
(K will be totally disconnected, and hence the Stone space of a Boolean algebra i.e., a
particular case of the structure space with Gelfand’s topology for the abelian C∗-algebra
C(K)). K is in a sense obtained from the Cantor set by splitting just once each point of
an uncountable set {rξ : ξ < ω1} of points of the Cantor set. Already a classical example
of the split interval (i.e., [0, 1] × {0, 1} with the lexicographical order topology) is of this
form, however as proved in [FG] (Example II 5.1), the corresponding C(K) has a support
set. There are of course other ways of splitting single points rξ than in the split interval,
namely using two open U1, U2 ⊆ 2ω with U1 ∪ U2 = 2ω − {rξ} and {rξ} = U1 ∩ U2. This
can be applied to the resulting spaces and can be done in many ways, for example like
in [Sh1] or [Sh2], [BGT] or in [Ko] where first countable compact spaces with continuous
images with no first countable points are obtained, being the biggest in this context.
Our present construction is somewhere in between the construction of [Sh1] where the
splitting of rξ’s is done completely independently of other splittings and n-Rubin algebras
constructed in [Sh2] and compact spaces constructed in [BGT] where some repeated split-
ting can happen unlike in our case. A rigorous comparison of the structure of such spaces
can be done using certain trees considered for example in [Ko1]. It can be seen that C(K)
obtained from the Boolean algebras of [Sh1] have uncountable biorthogonal systems for
the same reason as for the split interval. On the other hand the complexity of the compact
spaces obtained from the algebras of [Sh2] and [BGT], as it seems to the author, makes
the analysis of their Radon measures a much more challenging task. Actually it is the
example from [BGT] that is claimed in Remark 5 of [To2] also not to have a support set.
In our case there are simple combinatorial properties, stated in Definition 1 and Theorem 7
of the Boolean algebra and its Stone space needed for the proofs of all the properties of the
corresponding C(K). Also in this section we obtain a representation of simple functions
(Lemma 4.) on K which is used to prove that our space C(K) is hereditarily Lindelöf
in the weak topology (Theorem 8). The only example of such a nonseparable Banach
space C(K) which appears in the literature is Kunen’s space (see [Ne]), however it is an
Asplund space (equivalently K is dispersed) and ours C(K) is not. The characterization
of Banach spaces which admit a support set of [BV] easily implies that subspaces and
quotiens of a space which does not admit a support set also do not admit it. On the
other hand it follows from results of [La] that every nonseparable C(K) for K dispersed
admits a support set. It follows that our C(K) is quite far from an Asplund C(K)s and
in particular from Kunen’s example.
In section 3 we prove the consistency of the existence of the algebra. It is done using
the method of forcing (see [Ku]), i.e., we consider a partial order of finite approximations
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to the final algebra. The approximations can be amalgamated to obtain the relations as
in theorem 7. This section can be skipped by a reader not familiar with forcing. The
following section refers just to the statements of the the results of section 2.
The forcing method guarantees that it is consistent that there is a direct limit A of such
finite approximations such that in any uncountable family of finite subalgebras of A two
of them are amalgamated in A in such a way that the relations of theorem 7 are satisfied.
This is a technically simple way of showing the consistency, however it is heuristically
complex due to the use of the forcing method. Another way of the construction, with
reversed advantages and disadvantages, would probably be to use the♦ principle of Jensen,
for example like in [Sh2]. The proof does not go through assuming just the continuum
hypothesis (recall that ♦ is stronger than CH, see [Ku]) for example along the lines of
[Sh1].
In section 4 we embark on analyzing right-separated sequences in the dual ball of the
C(K) with the weak∗ topology, where K is the Stone space of the algebra obtained in the
previous sections. Recall that a sequence (xα : α < ω1) of points of a topological space is
called right-separated (left-separated) if and only if xβ 6∈ {xα : α > β} (xβ 6∈ {xα : α < β})
for every β < ω1. It is well known that a regular topological space has an uncountable
right-separated (left-separated) sequence if and only if it is not hereditarily Lindelöf (not
hereditarily separable) (see e.g. [Roi], Theorem 3.1.) i.e., all subspaces (equivalently all
closed subspaces) are Lindelöf (separable). Note that for (xα : α < ω1) left-separated
means that there are open (basic if needed) Uα’s for α < ω1 such that xα ∈ Uα and
xβ 6∈ Uα for β < α. On the other hand for (xα : α < ω1) to be right-separated means
that there are open (basic if needed) Uα’s for α < ω1 such that xα ∈ Uα and xβ 6∈ Uα for
β > α.
Note that, if K is compact and nonmetrizable, and hence without a countable base,
applying the Hahn-Banach theorem one can choose a sequence (fα, µα)α<ω1 ⊆ C(K) ×
C(K)∗ such that µα(fα) = 1 and µβ(fα) = 0 for all α < β < ω1 i.e., the dual ball of a
nonseparable C(K) cannot be hereditarily Lindelöf in the weak∗ topology (this applies to
any nonseparable Banach space). We show that in any such sequence (in our C(K)), there
are α < β < ω1 such that µα(fβ) < 0. Recall a definition of Borwein and Vanderwerff
from [BV]. Let X be a Banach space. A sequence (xα, φα)α<κ of elements of X ×X∗ is
called semibiorthogonal if and only if

i) φα(xα) = 1,
ii) φβ(xα) = 0 if α < β,
iii) φα(xβ) ≥ 0 if α < β.

Hence, we show that our C(K) has no uncountable semibiorthogonal sequences. As it is
proved in [BV] that X has a support set if and only if it has a semibiorthogonal sequence
of length ω1, we conclude that C(K) has no support sets, providing a negative answer to
Rolewicz’s question.
The notation and terminology is quite standard. We often identyfy the dual to a C(K)
with the space M(K) of Radon measures on K with the variation norm.
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2. A Boolean algebra, its Stone space and its continuous functions.

Let us fix the terminology concerning Boolean algebras and the Stone duality. The com-
plement of a = 1a in a Boolean algebra is denoted by −a or −1a, the supremum, the
infimum, the least element and the biggest element are denoted ∨, ∧, 0, 1, respectively.
The basic clopen sets of the Stone space of a Boolean algebra A consisting of all ultrafilters
of A containing a are denoted by a∗. We have (a∧ b)∗ = a∗ ∩ b∗, etc. We will consider the
Boolean order where a ≤ b if and only if a ∧ b = a. Recall that any subset of the algebra
which has the finite intersection property (i.e., every finite subset has infimum different
than 0) extends to an ultrafilter.
A family (Ui : i ∈ ω) included in a Boolean algebra A is called independent if and only if

ε0U0 ∧ .... ∧ εnUn 6= 0

for all ε0, ..., εn ∈ {−1, 1} and every n ∈ ω. By Us we denote ε0U0 ∧ ....εnUn where
s ∈ {−1, 1}n+1 is such a finite function s : {0, ..., n} → {−1, 1} that s(i) = εi for all
i ≤ n. Since any element of the Boolean algebra generated by an independent family as
above is the supremum of a finite family of elements of the form Us, the ultrafilters of the
algebra are generated by the sets {Us : x|n = s} for all x ∈ {−1, 1}ω, and the topology of
the Stone space is the usual topology of the Cantor set identified with {−1, 1}ω with the
product topology.
Consider another example of the Stone space of a Boolean algebra included in the power
set of {−1, 1}ω × {−1, 1} generated by the sets of the form

ar = {(x, i) : x < r, i = −1, 1} ∪ {(r,−1)},

−ar = {(x, i) : x > r, i = −1, 1} ∪ {(r, 1)},

Us = {(x, i) : x|n = s, i = −1, 1},

where r ∈ {−1, 1}ω, < is the lexicographical order and s ∈ {1,−1}n for some n ∈ ω.
Any ultrafilter of this Boolean algebra intersected with the algebra generated by the
independent family must be an ultrafilter of the latter i.e., of the form {Us : x|n = s} for
some x ∈ {−1, 1}ω. Now note for any r 6= x, there is an n such that either Ur|n ⊆ ar or
Ur|n ⊆ −ar. Since ultrafilters are closed under bigger elements of the algebra, we conclude
that all ultrafilters of the algebra are generated by the sets of the form {Us : x|n = s}∪{ax}
or {Us : x|n = s} ∪ {−ax}. One can check that the Stone topology is exactly of “the split
Cantor set” i.e., the subspace of the split interval corresponding to the Cantor set.
Our example will be obtained by splitting, in a more complicated way, some (arbitrary)
uncountable sequence {rξ : ξ < ω1} of distinct elements of the Cantor set {−1, 1}ω. How-
ever, the Stone space of the algebra can be interpreted as a subspace of {−1, 1}ω×{−1, 1}
with some compact Hausdorff topology. The following definition lists the properties of the
generators and the following lemma concludes the form of the ultrafilters of the algebra
i.e., the form of the neighbourhood bases of the points.

Definition 1. Suppose that (rξ : ξ < ω1) is a sequence of distinct elements of {−1, 1}ω.
Let A be a Boolean algebra generated by an independent family (Ui : i ∈ N) and additional
generators (aξ : ξ < ω1) which satisfy:
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a) For every ξ < ω1 and ε ∈ {−1, 1} the family {Urξ|i : i ∈ N} ∪ {εaξ} has the finite
intersection property.
b) If δ ∈ {−1, 1} and η < ξ < ω1, then there is i ∈ N such that

Urη|i ∧ δaη ≤ aξ or Urη|i ∧ δaη ≤ −aξ

c) If r ∈ {−1, 1}ω − {rη : η ≤ ξ}, then there is i ∈ N such that

Ur|i ≤ aξ or Ur|i ≤ −aξ.

Then the Stone space of A is called an unordered split Cantor set. For such a space
aξ, rξ, Ui will refer to the objects as above.

REMARK: a) says that aξ splits rξ for every ξ < ω1; b) says that if aξ splits rη for η < ξ,
then it does it, locally, the same way as aη; c) says that aξ does not split rη’s for η > ξ
nor the points of {−1, 1}ω outside of the sequence {rη : η < ω1}.

Lemma 2. Suppose that A is the algebra whose Stone space is an unordered split Cantor
set. Then, all ultrafilters of A, that is the points of the Stone space, are of the following
two forms:
1) generated by (Ux|n : n ∈ N) if and only if x ∈ ({−1, 1}ω − {rξ : ξ < ω1}), which will be
denoted by [x],
2) generated by (Urξ|n : n ∈ N)∪{εaξ} for ξ < ω1 and any ε ∈ {−1, 1}, which are denoted
by [rξ, 1], [rξ,−1] respectively.
The set {[rξ, 1], [rξ,−1]} will be denoted by Rξ.

PROOF: Prove the above properties by induction on 0 ≤ α ≤ ω1 for algebras Aα generated
by the sequence (Ui : i ∈ N) and generators (aξ : ξ < α) satisfying a), b), c) of definition
1 for η, ξ < α instead of η, ξ < ω1. The limit step, in particular for α = ω1 is trivial since
if a set generates an ultrafilter in algebras belonging to an increasing chain, it generates
an ultrafilter in the algebra which is the union of the chain.
To make the successor step, note that an ultrafilter in a bigger algebra Aβ+1 intersected
with the subalgebra Aβ is an ultrafilter in the subalgebra. If this intersection is like in 1)
or in 2) for ξ 6= β, the conditions b), c) of definition 1 imply that the ultrafilter (of Aβ+1)
is already generated from Aβ . Otherwise a) implies that both of the possible extensions
are ultrafilters.

Lemma 3. Suppose that A is a clopen algebra of an unordered split Cantor set. Let Aα
denote the subalgebra of A generated by (Ui : i ∈ ω) and {aξ : ξ < α} for α ≤ ω1. For
every n ∈ ω we have

aα − Urα|n ∈ Aα.

PROOF: Let K denote the Stone space of A. Any point of K−Rα has a neighbourhood a∗

included in a∗α or disjoint from a∗α for a ∈ Aα by definition 1 b) and c). Since a∗α − U∗rα|n
is a compact subspace of this set, we have a finite subcover consisting of subsets i.e.,
aα − Urα|n is the supremum of a finite family of elements of Aα as required.

Let Aα be as in the previous lemma and let Kα be its Stone space. It is well known
(see [Se]) that there is a canonical isometric embedding of C(Kα) into C(Kω1). We will
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identify the image of this embedding with C(Kα), in particular for α = 0 we have a copy
of C({−1, 1}ω) inside C(Kω1).
Let us see the general form of continuous rational simple functions on unordered split
interval. By a rational simple function we mean a function assuming only finitely many
rational values.

Lemma 4. Suppose that K is an unordered split Cantor set, ε > 0, µ is a (regular) Radon
measure on K and that f is a continuous rational simple function on K. Then there is a
simple rational function g ∈ C({−1, 1}ω), distinct ξ1, ..., ξk < ω1 and there are rationals
qi, non-negative integers mi and si ∈ {−1, 1}mi such that si = rξi |mi for 1 ≤ i ≤ k ∈ ω
such that

f = g +
∑

1≤i≤k

qiχa∗
ξi
∩U∗si

and such that ∑
1≤i≤k

|qi||µ|(U∗si −Rξi) ≤ ε,

where Rξ = {[rξ, 1], [rξ,−1]}.

PROOF: Consider subalgebras Aξ of A for ξ ≤ ω1 generated by Ui’s and aη’s for η < ξ and
their Stone spaces Kξ. By induction on ξ we prove that any continuous simple rational
functions in C(Kξ) can be written in the form as in the lemma.
It is clear that the limit stage is trivial. So suppose we are done for Aξ and we are given
a continuous simple rational function f on Kξ+1. Note that⋂

m∈N
U∗rξ|m = Rξ

since, by lemma 2, the only ultrafilters in Aξ+1 which extend the filter generated by
{Urξ|n : n ∈ N} are {[rξ, 1], [rξ,−1]}. Hence, the regularity of the Radon measures,
implies that |µ|(U∗rξ|n −Rξ) converge to 0. Let n1 be such that

|µ|(U∗rξ|n −Rξ) ≤
ε

4||f ||

for n ≥ n1.
Note also, that a simple function is a linear combination of characteristic functions of
clopen sets, i.e., sets corresponding to elements ofA, hence there is a finite set ξ1, ..., ξk−1 <
ξ < ω1 such that preimages under f belong to the subalgebra of Aξ+1 generated by Ui’s
for i < n2 and aξ1 , ..., aξk−1 , aξ. Now let n ≥ n1, n2 be such that for every 1 ≤ i < k either
Urξ|n ≤ aξi or Urξ|n ≤ −aξi for 1 ≤ i ≤ k − 1 which can be obtained by definition 1 c).
It follows that f is constant on a∗ξ ∩U∗rξ|n and is constant on U∗rξ|n − a

∗
ξ . Let q1, q2 be the

corresponding values, note that |q1 − q2| ≤ 2||f ||. So

f = [f |(Kξ − U∗rξ|n) + q2χU∗
rξ|n

] + (q1 − q2)χa∗
ξ
∩U∗

rξ|n
.

Note that f |(Kξ − U∗rξ|n) belongs to C(Kξ) by lemma 3, and so

f = h+ qkχa∗
ξ
∩U∗

rξ|n
, |qk||µ|(U∗rξ|n −Rξ) ≤

ε

2
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where qk = q1 − q2 and h ∈ C(Kξ). Hence the inductive assumption for ε/2 can be used
which completes the proof of the lemma.

Lemma 5. Suppose n ∈ N and µlαs for 1 ≤ l ≤ n and α < ω1 are nonatomic Radon
measures an unordered split Cantor set K. Suppose Uα for α < ω1 are open sets in M(K)n

where M(K) is considered with the weak∗ topology and suppose that for all α < ω1 we have

(µ1
α, ..., µ

n
α) ∈ Uα.

Then there exists an uncountable set A ⊆ ω1 such that for every α, β ∈ A we have
(µ1
β , ..., µ

n
β) ∈ Uα.

PROOF: We may w.l.o.g. assume that Uα = Uα,1 × ...× Uα,n where

Uα,l =
⋂

1≤j≤pl

{µ : (µ− µlα)(hα,l,j) < ε}

where hα,l,j ∈ C(K) for 1 ≤ l ≤ n and 1 ≤ j ≤ pl, pl ∈ N and ε > 0. We may also w.l.o.g.
assume that the norms of all the measures µlα are bounded by some δ > 0. Let fα,l,j be
simple rational functions satisfying

||fα,l,j − hα,l,j || < ε/6δ.

By the previous lemma and the fact that there are countably many rational simple func-
tions in C({−1, 1}ω) as well as there are countably many clopen subsets of {−1, 1}ω
and countably many rationals, there is an uncountable set A′ ⊆ ω1 and there exist
gl,j ∈ C({−1, 1}ω), distinct ξα,l,j1 , ..., ξα,l,jkl,j

< ω1 and there are rationals ql,j,i, non-negative
integers ml,j,i and kl,j and sequences sl,j,i ∈ {−1, 1}ml,j,i such that sl,j,i = rξα,l,j

i
|ml,j,i for

1 ≤ i ≤ kl,j ∈ ω such that for every α ∈ A′ we have

fα,l,j = gl,j +
∑

1≤i≤kl,j

ql,j,iχa∗
ξ
α,l,j
i

∩U∗sl,j,i

and such that ∑
1≤i≤kl,j

|ql,j,i||µlα|(U∗sl,j,i −Rξα,l,ji
) ≤ ε/3,

where Rξα,l,j
i

= {[rξα,l,j
i

, 1], [rξα,l,j
i

,−1]}. Since the measures µlα are nonatomic and Rξα,l,j
i

s
consist of two points of K we obtain that∑

1≤i≤kl,j

|ql,j,i||µlα|(U∗sl,j,i) ≤ ε/3.

Moreover there exists an uncountable A ⊆ A′ such that for every α, β ∈ A and every
1 ≤ j ≤ pl for 1 ≤ l ≤ n we have

|(µlβ − µlα)(gl,j)| < ε/3.
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Hence for α, β ∈ A

|(µlβ − µlα)(hα,l,j)| ≤ |(µlβ − µlα)(fα,l,j)|+ 2δ.ε/6δ ≤

≤ |(µlβ − µlα)(gl,j)|+ ε/3 + ε/3 < ε

which means that µlβ ∈ Uα,l which means that (µ1
β , ..., µ

n
β) ∈ Uα which completes the

proof.

Proposition 6. Suppose that K is an unordered split Cantor set. The dual of C(K) (in
the norm) is isomorphic to the dual of C(({−1, 1}ω). For every positive integer n ∈ N the
n-th power Mn(K) of the dual of C(K) in the weak∗ topology is hereditarily separable if
and only if for every n ∈ N the space ln1 (K) is hereditarily separable in the weak∗ topology.

PROOF: It is well known that for any K the dual M(K) to C(K) is isomorphic to
NA(K)⊕ l1(|K|) where NA(K) is the subspace of M(K) consisting of nonatomic Radon
measures. Since the cardinalities of K and {−1, 1}ω are the same we will obtain the
requied norm isomorphism between the dual spaces of C({−1, 1}ω) and C(K) if we can
show that NA({−1, 1}ω) is isomorphic to NA(K). The isomorphism will just be the
restriction.
First, we will show that if µ is a nonatomic Radon measure on K which is null on A0 i.e.,
the clopen sets generated by the independent family, then µ = 0.
Indeed, fix µ as above and take any f ∈ C(K) which is rational simple function and ε > 0.
By lemma 4 we have

f = g +
∑

1≤i≤k

qiχa∗
ξi
∩U∗si

with ∑
1≤i≤k

|qi||µ|(U∗si −Rξi) ≤ ε,

where all the objects are like in lemma 4. As µ is null on A0, we have
∫
gdµ = 0. The

fact that µ is nonatomic implies that µ(Rξi) are all zero. So, the above inequality implies
that |

∫
fdµ| ≤ ε. Since ε > 0 was arbitrary we have that

∫
fdµ = 0, for any simple

rational function f . But such functions are norm dense in C(K) by the Stone-Weierstrass
theorem, so µ = 0 as required.
By the above observation to obtain an isomorphism between the space of nonatomic mea-
sures on C({−1, 1}ω) and the space of nonatomic measures of C(K), we need to show that
the restrictions of nonatomic measures on C(K) to C({−1, 1}ω) (treated as functionals)
are nonatomic and that every nonatomic measure on C({−1, 1}ω) has a nonatomic exten-
sion to C(K). These follow from the fact that the points of {−1, 1}ω are split just in two
points of K.
Now let us turn to the dual of C(K) considered with the weak∗ topology. As l1(K) with
the weak∗ topology is its subspace, to prove the second part of the proposition it is enough
to prove that Mn(K) is hereditarily separable for every n ∈ N assuming that ln1 (K) has
this property for every n ∈ N .
First see that every finite power of NA(K)× l1(K) is hereditarily separable where NA(K)
is the space of nonatomic measures on K with the weak∗ topology. If not, there would be
an uncountable left-separated sequence (for definition and relevance see the introduction)
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in some finite power of NA(K)× l1(K). By lemma 5, it would reduce to an uncountable
left-separated sequence in a finite power of l1(K) contradicting the hereditary separability
of that space (note that the product of two hereditarily separable spaces does not have
to be hereditarily separable). To conlude that every finite power of the dual to C(K) is
hereditarily separable it is enough to note that M(K) is a continuous image of NA(K)×
l1(K), addition being the mapping where all spaces are considered in the weak∗ topology.

Theorem 7. It is consistent that there is a Boolean algebra A whose Stone Space is an
unordered split Cantor set such that given any collection of pairwise disjoint sets Fα =
{ξ1α, ..., ξkα} ⊆ ω1 for α < ω1, εi ∈ {−1, 1}, δi ∈ {−1, 1} for all 1 ≤ i ≤ k and a ⊆ {1, ..., k}
there are α < β such that

Rξi
β
⊆ a∗ξiα , if i ∈ a.

Rξi
β
⊆ −a∗ξiα if i 6∈ a.

for all 1 ≤ i ≤ k, and there are α < β such that

[rξiα , 1] ∈ εia∗ξi
β

[rξiα ,−1] ∈ δia∗ξi
β

for all 1 ≤ i ≤ k. The Stone space of such an algebra will be called a generic unordered
split Cantor set

The proof of the above theorem is the subject of the following section. Now, however, we
can prove some properties of a generic unordered split Cantor sets.

Theorem 8. Suppose that K is a generic unordered split Cantor set. For every n ∈ N ,
the product Kn is hereditarily separable. K is hereditarily Lindelöf and K2 is not. C(K)
is hereditarily Lindelöf in the weak topology and the dual space of C(K) with the weak∗

topology is hereditarily separable

PROOF: Note that to prove that Kn is hereditarily separable or that K is hereditarily
Lindelöf it is sufficient (by thinning out the sequences) to work with points of K of the
form [rξ, ε] since the remaining points form a subspace of the metrizable Cantor set.
So assume that (xα1 , ....x

α
n) ∈ Kn for α < ω1 are of this form. Making an inductive

argument one can assume without loss of generality (again thinning out the sequence)
that xαi 6= xαj if i 6= j. Now, consider some neighbourhoods of these points in Kn, they
could be basic neighbourhoods, i.e., of the form Usα

i
∩ εiaξα

i
for distinct fixed sαi ’s in some

2m. But the second part of theorem 7 implies that there are α < β such that xαi ∈ εiaξβ
i

i.e., the sequence is not left-separated.
To prove that K is hereditarily Lindelöf use the same argument and the first part of
theorem 7.
Finally to see that the square K2 is not hereditarily Lindelöf. Consider the sequence
([rξ, 1], [rξ,−1])ξ<ω1 with the neighbourhoods (a∗ξ×(−a∗ξ))ξ<ω1 . As aη does not split the set
Rξ for ξ > η by definition 1 c), we have {[rξ, 1], [rξ,−1]} ⊆ a∗η or {[rξ, 1], [rξ,−1]}∩a∗η = ∅
if η < ξ. This implies that

([rξ, 1], [rξ,−1]) 6∈ a∗η × (−a∗η)

9



for every η < ξ i.e., K2 has an uncountable right-separated sequence.
Now we turn to the properties of the Banach space C(K) and its dual M(K). Besides
Proposition 6 we will need two folklore facts that every finite power of a Banach space
X is hereditarily Lindelöf in the weak topology if and only if every every finite power of
X∗ is hereditarily separable in the weak∗ topology and that every finite power of l1(K) is
hereditarily separable if and only if every finite power of K is hereditarily separable. Both
of them we will implicitely reproved below in the needed directions.
We will be using again the fact that a regular topological space X is hereditarily separable
if and only if it has an uncountable left separated sequence and it is hereditarily Lindelöf
if and only if it has an uncountable right separated sequence.
First we will prove that the dual is hereditarily separable in the weak∗ topology. The first
step is to note that the fact that Kn is hereditarily separable for every n ∈ N implies that
for every n ∈ N the space l1(K)n is hereditarily separable in the weak∗ topology.
Suppose that {µlα : α < ω1,≤ l ≤ n} is a collection of measures in l1(K) such that for
x∗α = (µ1

α, ..., µ
n
α) the sequence (x∗α)α<ω1 is left-separated i.e., as before there are open sets

Uαs such that we have x∗α ∈ Uα and xβ 6∈ Uα for β < α. Using this notation we may
w.l.o.g. assume that Uα = Uα,1 × ...× Uα,n where

Uα,l =
⋂

1≤j≤pl

{µ : |(µ− µlα)(hα,l,j)| < ε}

where hα,l,j ∈ C(K) for 1 ≤ l ≤ n and 1 ≤ j ≤ pl, pl ∈ N and ε > 0 such that x∗α ∈ Uα
and x∗β 6∈ Uα . We may assume without loss of generality that all hα,l,j ’s are bounded by
some M > 0. Now for each α < ω1 and 1 ≤ l ≤ n find νlα ∈ l1(K) such that

||νlα − µlα|| < ε/3M

and νlα is a finite rational linear combination of pointwise measures. I.e., without loss of
generality we may assume that for all α < ω1 there are rationals ql,i and points yα,l,i for
α < ω1, 1 ≤ l ≤ n and 1 ≤ i ≤ sl for some sl ∈ N such that

νlα =
∑

1≤i≤sl

ql,iδyα,l,i .

Using the fact that for k = Σ1≤k≤nsl the space Kk is hereditarily separable and hα,l,j ’s
are continuous functions we find α < β < ω1 such that

|hβ,l,j(yα,l,i)− hβ,l,j(yβ,l,i)| < ε/3kL

where L > |ql,j | for all 1 ≤ l ≤ n, 1 ≤ j ≤ pl and 1 ≤ i ≤ sl. So,

|µlα(hβ,l,j)− µlβ(hβ,l,j)| ≤ |νlα(hβ,l,j)− νlβ(hβ,l,j)|+ ||νlα − µlα||M + ||νlβ − µlβ ||M ≤

≤
∑

1≤i≤k

|ql,j ||hβ,l,j(yα,l,i)− hβ,l,j(yβ,l,i)|+ 2ε/3 ≤ ε.

showing that x∗α belongs to the neighbourhood Uβ of x∗β that is showing that (x∗α)α<ω1 is
not left-separated and completing the proof of the fact that every finite power of l1(K) is
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hereditarily separable in the weak∗ topology and by Proposition 6 that every finite power
of M(K) is hereditarily separable.
Now it remains to prove that C(K) is hereditarily Lindelöf in the weak topology. Consider
the following notation for basic sets in the weak topology on C(K) and the basic sets in
the weak∗ topology on C∗(K) respectively:

V (µ1, ..., µn; I1, ..., In) = {f ∈ C(K) : ∀1 ≤ i ≤ n µi(f) ∈ Ii}

V (f1, ..., fn; I1, ..., In) = {µ ∈M(K) : ∀1 ≤ i ≤ n µ(fi) ∈ Ii}

Suppose that C(K) is not hereditarily Lindelöf in the weak topology, this w.l.o.g. implies
that there are fα ∈ C(K) and µ1

α, ..., µ
n
α ∈ M(K) such that fα ∈ V (µ1

α, ..., µ
n
α; I1, ..., In)

and fβ 6∈ V (µ1
α, ..., µ

n
α; I1, ..., In) for β > α. However note that

f ∈ V (µ1, ..., µn; I1, ..., In) iff (µ1, ..., µn) ∈ V (f, I1)× ...× V (f, In)

That is (µ1
α, ..., µ

n
α) ∈ V (fα, I1)×...×V (fα, In) and (µ1

α, ..., µ
n
α) 6∈ V (fβ , I1)×...×V (fβ , In)

that is (µ1
α, ..., µ

n
α)s form a left separated sequence in M(K)n which contradicts the fact

that this space is hereditarily separable.

Remark Recall some limitations of the above result: Katetov’s theorem says that if a
compact K is nonmetrizable, then K3 is not hereditarily Lindelöf and it follows from
Todorcevic’s results in [To2] that one cannot prove in ZFC the existence of a nonseparable
C(K) which is hereditarily Lindelöf in the weak topology as biorthogonal sequences form
discrete subspaces in such a topology.

3. The existence of A.

In this section we prove theorem 7. The algebra A will be constructed as the direct limit
(i.e., corresponding to the union of algebras) of a directed system of finite subalgebras
with distinguished generators satisfying finite versions of the requirements from lemma 1.
To express them properly we will need some terminology and a few definitions. By At(A)
we will mean the collection of all atoms of a Boolean algebra A. B = A[a1, ..., an] will
mean that the algebra B is generated over A by its elements a1, ..., an.

Definition 9. Suppose A[a] is a finite Boolean algebra. We say that a 6∈ A is minimal
over A if and only if there is only one atom of A which is not an atom of A[a].

It is clear that if a is minimal over A, then the only atom mentioned in the definition
above is the supremum of two atoms of A[a]. Such an atom will be called a split atom.
For a general notion of a minimal extension see [Kop] or [Ko] in the forcing context.

Definition 10. Let B = A[a1, ..., an] and let x1, ..., xn be distinct atoms of A. We say
that a1, ..., an are strong minimal generators of B over A spliting x1, ..., xn if and only if
for every 1 ≤ i ≤ n the element ai is minimal over A[a1, ..., ai−1] and the only atom of
A[a1, ..., ai−1] split by ai is also an atom of A equal to xi.
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Note that a2 may not be minimal over A, since it may split x1, but it does not split the
two atoms of A[a1] which are below x1. We will need two simple lemmas about the above
notions which we leave without proofs.

Lemma 11. Let A be a finite Boolean algebra. Suppose that x0 ∈ At(A) and x, y ∈ A
are such that x ∧ x0 = y ∧ x0 = x ∧ y = 0A, x ∨ y ∨ x0 = 1A. Then there is a unique (up
to isomorphism preserving A) one-extension A[a] such that a is minimal over A and the
following relations hold in A[a]:

x ≤ a,

y ∧ a = 0.

In this case x0 is the only atom of A split in A[a].

Lemma 12. Suppose that A and B are finite Boolean algebras and i : A → B is a
monomorphism of Boolean algebras (including i(1A) = 1B). Suppose that x0 ∈ At(A),
x, y are as in the previous lemma, a is minimal over A and satisfies

x ≤ a,

y ∧ a = 0.

Suppose that b ∈ B − i[A] satisfies
i(x) ≤ b,

i(y) ∧ b = 0.

Then there is a monomorphism j : A[a] → B of Boolean algebras such that i ⊆ j and
j(a) = b.

Proof: It follows from the previous lemma.

Now we are ready to define our partial order of finite approximations. Fix an uncountable
sequence (rξ : ξ < ω1) of distinct elements of {−1, 1}ω and an independent family (Ui :
i ∈ N).

We define P to be the partial order whose elements are of the form

p = (Ap, Fp, np, (apα : α ∈ Fp))

where:

1) Fp ⊆ ω1 is finite,
2) np is a positive integer such that rα|np 6= rβ |np for distinct α, β ∈ Fp,
3) apα1

, ..., apαk are strong minimal generators of Ap over the subalgebra generated by
(Ui : i < np) splitting Urα1 |np ,..., Urαk |np , where {α1, ..., αk} is a an increasing enumeration
of Fp.

For p, q ∈ P , we say that p ≤ q if and only if

4) np ≥ nq, Fp ⊇ Fq and,
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5) there is a monomorfism of Boolean algebras φ : Aq → Ap such that φ(Ui) = Ui for
i < nq and φ(aqα) = apα for all α ∈ Fq.

Note that with the above notation we have that Urβ |np ∧ δaβ ≤ aα or Urβ |np ∧ δaβ ≤ −aα
for every β < α from Fp and δ ∈ {−1, 1} and that Us ≤ aα or Us ≤ −aα for s ∈
{−1, 1}np − {rβ |np : β ∈ Fp ∩ α} i.e., we have conditions corresponding to requirements
a), b), c) from definition 1, and the corresponding forms of the ultrafilters. It follows, in
particular, that the atoms of Ap are of the form Urα|np ∧ apα, Urα|np − apα for α ∈ Fp and
Us for s ∈ {−1, 1}np − {rα|np : α ∈ Fp}.

Now we prove a lemma which provides two ways of amalgamating the finite approximations
(to our uncountable algebra) from P .

Lemma 13. Suppose that p and q are two conditions of P such that np = nq = n,
Fp = {α1, ...αm, αm+1, ...αm+k}, Fq = {α1, ...αm, αm+k+1, ...βm+2k}, with αi < αj for
integers 0 < i < j ≤ m+ 2k. Suppose that rαi |n = rαk+i |n for m < i ≤ k and that there is
an isomorphism of Boolean algebras ψ : Ap → Aq such that ψ(Ui) = Ui, ψ(apαi) = aqαi for
1 ≤ i ≤ m and ψ(apαi) = aqαk+i for m < i ≤ k. Let εi ∈ {−1, 1}, δi ∈ {−1, 1} for 1 ≤ i ≤ k
and let a ⊆ {m+ 1, ...,m+ k}.
Then there are conditions t, v ≤ p, q of P such that:
a) Urαk+i |nt ≤ a

t
αi , if i ∈ a and Urαk+i |nt ≤ −a

t
αi , if i 6∈ a,

b) Urαi |nv ∧ a
v
αi ≤ εia

v
αk+i

, Urαi |nv − a
v
αi ≤ δia

v
αk+i

for all m < i ≤ k.

PROOF: First let us define t. Put Ft = Fp ∪Fq. Take nt to be sufficiently large so that i)
of the definition of P is satisfied. Let At be the Boolean algebra generated by (Ui : i < nt)
and elements xα for α ∈ Ft which satisfy

0 < xα < Urα|nt .

For α ∈ Ft let r(α) be p if α ∈ Fp and q otherwise. We need to define the generators atαi
for 1 ≤ i ≤ m + 2k of the above algebra At . We do it by induction on 1 ≤ i ≤ m + 2k
putting atαi = cαi ∨ dαi for i ∈ a and and atαi = cαi ∨ xαi for i 6∈ a where

cαi =
∨
{Us : Us ≤ ar(αi)αi , s ∈ {−1, 1}n, s 6= rαi |n}∨

∨
∨
{Urα′ |n ∧ a

t
α′ : Urα′ |n ∧ a

r(αi)
α′ ≤ ar(αi)αi , α′ ∈ αi ∩ Fr(αi)}∨

∨
∨
{Urα′ |n − a

t
α′ : Urα′ |n − a

r(αi)
α′ ≤ ar(αi)αi , α′ ∈ αi ∩ Fr(αi)}∨

dαi = [Urαi |n − Urαi |nt ] ∨ xαi

First note that the above definition implies that

atα1
, ..., atαm , a

t
αm+1

, ..., atαm+k, a
t
αm+k+1, ..., a

t
αm+2k
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are strong minimal generators of At over the subalgebra generated by (Ui : i < nt) splitting
Urα1 |nt ,..., Urαm+2k |nt . That is t is a condition of P .
To prove that t ≤ p, q it is enough to construct the monomorphisms φp : Ap → At and
φt : Aq → At required in 5). We start with the identity on the subalgebra generated
by (Ui : i < n) and keep extending it using lemma 12 obtaining at the end the required
monomorphisms. The hypothesis of Lemma 12 is satisfied at each stage by the form of
the definition of cα and the fact that p and q are isomorphic in the sense of the hypothesis
on ψ from lemma 13.
Finally to prove a) od Lemma 13 we note that for m < i ≤ k we have

Urαk+i |nt ∧ Urαi |nt = 0,

Urαk+i |nt ⊆ Urαk+i |n
cαi ∧ Urαk+i |n = 0,

so by the definition of dα and xα we conclude a).
The idea of the construction of v is similar, define nv, Fv, xα and Av and cαi as above. Now
atαi = cαi ∨xαi for 1 ≤ i ≤ m+ k. For m+ k < i ≤ m+ 2k we define atαi = cαi ∨ dαi ∨ eαi
where dαi = Urαi−k |nv ∧ a

v
αi if εi = 1 and dαi = 0 otherwise, and eαi = Urαi−k |nv − a

v
αi if

δi = 1 and eαi = 0 otherwise. The same argument as before shows that v is a condition
of P satysfying b) and v ≤ p, q.

Remark: It is clear from the definition of the finite approximations in P that the direct
limit of any directed system of elements of P will be like in definition 1. Hence we are
facing the problem of choosing the right directed system. Some exist without the necessity
of making any additional set-theoretic assumptions. However in order to prove theorem
7, we need the direct limit to satisfy a property of the sort among any uncountably many
finite subalgebras of A there are two which are amalgamated like in lemma 13. ♦ provides
this possibility and [Sh2] attempts an axiomatized approach to these constructions which
is quite complex however. Here we present another technically simple approach using
forcing (see [Ku]).

Proof of theorem 7: We will show that in the generic extension obtained by forcing
with P (see e.g., [Ku] chapter 7) there is a Boolean algebra satisfying the statement of
theorem 7. Of course the Boolean algebra A is the direct limit of the algebras Ap for
p ∈ G, where G is a generic filter in P . The possibility of the amalgamations as in Lemma
13 implies that A is uncountable. Suppose that we are given P -names for pairwise disjoint
sets Ḟα = {ξ̇1α, ..., ξ̇kα} for α < ω1 and P -names ε̇i and δ̇i for elements of {−1, 1} for all
1 ≤ i ≤ k and ȧ ⊆ {1, ...k}. Choose conditions pα ∈ P and sets Fα = {ξ1α, ..., ξkα} for
α < ω1 and numbers εi ∈ {−1, 1}, δi ∈ {−1, 1} for all 1 ≤ i ≤ k and a ⊆ {1, ...k} such
that pα forces that F̌α = Ḟα, ξ̌α = ξ̇α, ε̌i = ε̇i and δ̌i = δ̇i and ǎ = ȧ. By choosing a
∆-system of sets and extending the conditions we may assume without loss of generality
that the sets Fα are pairwise disjoint and Fα ⊆ Fpα . We may find two pα, pβ which satisfy
the hypothesis of lemma 13. By this lemma there are two amalgamations of pα and pβ .
The first forces the first part of theorem 7 and the second amalgamation forces the second
part of theorem 7. This argument also shows that P satisfies the c.c.c., hence it preserves
ω1, i.e., A is uncountable in the generic extension.
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4. Weak∗ right-separated sequences in the dual space.

Recall the definitions of right-separated sequences from the introduction and the fact
that dual balls of nonseparable Banach spaces always have uncountable right-separated
sequence obtained from a sequence (fα, µα)α<ω1 ⊆ C(K) × C(K)∗ such that µα(fα) =
1 and µβ(fα) = 0 for all α < β < ω1. The following lemma (and its claims) shows
that the only way of constructing such a sequence in our C(K) is to chose µα close to
±(δ[rξ,1] − δ[rξ,−1]) and fα essentially χaξ or χ−aξ , which in the case of the algebra A i.e.,
our C(K) gives ξ < η such that µξ(fη) = −1

Lemma 14. Suppose that (fα)α<ω1 is a sequence of rational simple functions on K and
(µα)α<ω1 a sequence of Radon measures on K. Then either there are α < β such that

a) |
∫
fαdµβ | > 0.01

or there is α ∈ ω1 such that

b)
∫
fαdµα < 0.99

or there are α < β < ω1 such that

c)
∫
fβdµα < −0.85.

PROOF: By the separability of C({−1, 1}ω), lemma 4 and thinning out the sequence, for
all α < ω1 we may assume to have

fα = g +
∑

1≤i≤k

qiχa∗
ξiα

∩U∗si

for some simple rational function g ∈ C({−1, 1}ω) and Fα = {ξ1α, ..., ξkα} ⊆ ω1 and some
si ∈ 2mi , mi ∈ N and for some rationals qi and 1 ≤ i ≤ k such that si = rξiα |mi and such
that ∑

1≤i≤k

|qi||µα|(U∗si −Rξiα) ≤ 0.01.

By thinning out the sequence (applying the ∆-system lemma, see [Ku]) and moving some
identical parts to g we may assume that Fα’s are pairwise disjoint and g (no longer in
C({−1, 1}ω)) is fixed.

CLAIM 1. Either a) holds or for all but countably many α’s in ω1 we have

|
∫
gdµα| ≤ 0.02.
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PROOF OF THE CLAIM: If the condition above is false, by theorem 7 we can find
α < β < ω1 such that Rξi

β
⊆ −a∗ξiα for all 1 ≤ i ≤ k. This means that

|
∫
fαdµβ | ≥ |

∫
gdµβ | −

∑
|qi||

∫
χa∗

ξiα

∩U∗si
dµβ | ≥

≥ |
∫
gdµβ | −

∑
|qi||µβ |(U∗si −Rξiβ ) > 0.02− 0.01 = 0.01

obtaining a) of the lemma.

CLAIM 2. Either a) holds or for uncountably many α’s in ω1 we have∑
1≤i≤k

|qiµα(Rξiα)| ≤ 0.08.

PROOF OF THE CLAIM: Suppose that the condition above does not hold. Without loss
of generality we may assume that the condition from claim 1 holds for all α < β < ω1

and that there is a fixed (for all α < ω1) subset a ⊆ {1, ...k} such that i ∈ a if and only if
qiµα(Rξiα) is non-negative. So we have

|
∑
i∈a

qiµα(Rξiα)| > 0.08/2 or |
∑
i 6∈a

qiµα(Rξiα)| > 0.08/2.

Let us assume the first case, the second is analogous. Using theorem 7 we obtain α < β
such that

Rξi
β
⊆ −a∗ξiα , if i 6∈ a,

Rξi
β
⊆ a∗ξiα , if i ∈ a.

So we obtain

|
∫
fαdµβ | ≥ |

∑
i∈a

qi

∫
χa∗

ξiα

∩U∗si
dµβ | − |

∫
gdµβ | −

∑
i 6∈a

|qi||µβ |(U∗si −Rξiβ ) ≥

≥ |
∑
i∈a

qiµβ(Rξi
β
)| − |

∫
gdµβ | −

∑
1≤i≤k

|qi||µβ |(U∗si −Rξiβ ) >

0.08/2− 0.02− 0.01 = 0.01

obtaining a)

CLAIM 3. Either a) or b) holds or for uncountably many α’s in ω1 we have∑
1≤i≤k

qiµα([rξiα ,−1]) ≤ −0.88.

PROOF OF THE CLAIM: Suppose that a) and b) does not hold, i.e., the conditions
of claims 1 and 2 hold and that the condition above does not hold. We will obtain a
contradiction.
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By applying claims 1 and 2 and the fact that

Rξiα = {[rξiα , 1], [rξiα ,−1]}

as well as the fact that
χa∗

ξiα

∩U∗si
([rξiα , 1]) = 1,

χa∗
ξiα

∩U∗si
([rξiα ,−1]) = 0,

from the negation of b) we obtain that∑
1≤i≤k

qiµα({[rξiα , 1]}) ≥ 0.99− 0.02− 0.01 = 0.96,

So, if ∑
1≤i≤k

qiµα([rξiα ,−1]) > −0.88.

we get that ∑
1≤i≤k

qiµα(Rξiα) > 0.08

which contradicts claim 2 and completes the proof of claim 3.

To finish the proof of the lemma, we need to assume that a) and b) fail, i.e., all the
conditions of the claims hold, and we need to get c). By theorem 7 we can find α < β < ω1

such that
[rξiα ,−1] ∈ a∗ξi

β

[rξiα , 1] 6∈ a∗ξi
β

for all 1 ≤ i ≤ k. This implies that∫
fβdµα =

∑
1≤i≤k

∫
U∗si

qiχa∗
ξi
β

dµα +
∫
gdµα ≤

≤
∑

1≤i≤k

qiµα([rξiα ,−1]) +
∑

1≤i≤k

|µα|(U∗si −Rξiα) + |
∫
gdµα| ≤

≤ −0.88 + 0.01 + 0.02 = −0.85

which completes the proof of the lemma.

Theorem 15. There are no uncountable semi-orthogonal sequences in (C(K), C(K)∗)
where K is the Stone space of the Boolean algebra A. There is no support set in C(K).

PROOF: We use the characterization of spaces with the support set from [VB] (see the
introduction) as those which have no uncountable semibiorthogonal sequences. Suppose
(fα, µα)α<ω1 ⊆ C(K)×C(K)∗. We may assume without loss of generality that ||µα|| ≤M
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for some positive M . By the Stone Weierstrass theorem we can chose f ′α ∈ C(K) which
is a rational simple function and

||f ′α − fα|| < 0.01/M.

This means that a) and b) of lemma 14 do not hold, for f ′α’s instead of fα’s i.e., c) holds
which implis that (fα, µα)α<ω1 is not semibiorthogonal.
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