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DISPERSIONESS HIROTA (VERONESE WEB) EQUATION

(N = M)l + (A = X)Fifwi + (A — M) fif e = 0

of
f:f(X1,X2,...,XN), f’/:a, )\/:)\,'(X,')
1
@ Veronose webs, bi-Hamiltonian systems [Gelfand, Zakharevich 1991, 2000]
@ HR-integrable Lagrangean systems [Ferapontov, Khusnutdinova , Tsarev 2006]
@ Einstein—Weyl geometry [Dunajski, Kryriski 2014]
o N>3 [ Kryriski 2016]

FAcT

For any quadruple (i, /, k, ¢) of distinct indices three dHVw equations in triplets (i, j, ),
(i, k, £) and (j, k, £) imply the forth equation in the triplet (/, /, k)

Variables x,, for £ > 3, can be interpreted as parameters of commuting symmetries of
the dHVw equation in variables (xi, X2, X3). Such property of an equation (symmetric
with respect to all independent variables) is called its MULTIDIMENSIONAL CONSISTENCY

EXAMPLE (RATHER TRIVIAL)
ui=uj, u(x1, X2, X3,...)=UXi + X2+ x3+...) J
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HIROTA’S DISCRETE KP EQUATION (1981)

T T — TG T + TwTm =0, T<j<k

T:T(n1,n2,n3,...), T(/)(n1,...,n,-,...):T(n1,...,n,-+1,...)

KADOMTSEV-PETVIASHVILI EQUATION (1970)

(—4V,t + Voxx + 6VV,X),X + SV»,V}/ =0

t=(t, b, &, ...) infinite sequence of its commuting symmetries (time variables),
wherety = x, b=y, and; =t

THEOREM (MIWA 1982)

For X\ € C define the collective shift t — t + [\] in all time variables by tx — t + ATk If
v(t) is a solution of the KP hierarchy, then the function (t) defined by v = —2(log 7) x
satisfies

Ai(Aj = AT+ MDD 78+ [N] + D) + A = A)7(F + [Ae])7 (8 + [A] + [A])+
TN = AT D TE NN =0 A A A eC

V.
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3D CONSISTENT EQUATIONS AND YANG—BAXTER MAPS I

EXAMPLE [Nijhoff 2002], [Adler, Bobenko, Suris 2003 ]
The discrete modified Korteweg — de Vries equation is multidimensionally consistent
AV — Aivi)

=v(ny,n,... Ai = Ai(nj i #J
)\jV(j)*)\,'V(,-)’ v ( g 2 )7 / ’( /)7 7&]

Vi) =V

i.e. three ways to calculate v from the initial data v, v;, v;, vx) give the same result

Y Vi) Y Viijh) g Viiik)

i i)} ) Vi)
v, v, v, 5 Vi, v,

() Yiik) () Vi,
(i) - Y i)

v v, v Vi v Vi)

On the level of the edge-valued fields u; = "2 we have the system

u 1 )\jU,‘ — A,’Uj
i) = 7 3. T
Uj Ajuj — A\ju;
ul!]k/

i ujil /1

Hitk)

i & i
u
i i) L uij) |k
e
L ui i

Hj(i)
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3D CONSISTENT EQUATIONS AND YANG—BAXTER MAPS II

Amap R: X x X — X x X satisfying the relation
Ri20R13 0 Raz = Raz 0 R13 0 Riz, in A XxXx&

is called Yang—Baxter map [Drinfeld 1992]

=%
- R
U=y € | u;;=y ’ ‘ = ’ 9
R;3 2 ' Ry, f

u;=x

1 1
OBSERVATION
The companion map R(x, y) = (X, ¥) to a three dimensionally consistent edge-map is
a Yang—Baxter map [Adler, Bobenko, Suris 2004 ]

R € End(V ® V) is a solution of the quantum Yang—Baxter equation if

R12R13R23 = R23R13R 12, in VaVeV
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DESARGUES MAPS [AD 2010]

Maps ¢ : ZV — PM(D), such that the points ¢(n), ¢;(n) and ¢, (n) are collinear, for all
nezZN, i # j; here D is a division ring

NOTATION: ¢y (M, .- My ey, AIN) = @M1,y + 1,000, NN)

In homogeneous coordinates & : ZV — DY+
O+ dHA; +®HA =0, i#j,  where A;:zZ" D,
The compatibility condition of the above linear system reads
A Ak + A A =1,
A(hAik = Ay Ak, i,j, k distinct
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DESARGUES MAPS IN THE HIROTA GAUGE

In homogeneous coordinates of the projective space, and in a suitable gauge
i — by =dU;,  1<i#],
whose compatibility is
Ui+ Ui=0, Uj+Uk+Ui=0, UqUgi= UgUaq 1],k distinct
[Nimmo 2006]

When D is commutative then the functions Uj; can be parametrized in terms of a single
potential 7 : ZN — D

and the nonlinear system reads [Hirota 1981], [Miwa 1982]

T T(k) — TG T(ik) T Tk T() = 0, 1<i<j<k
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HIROTA MAP AND ITS COMPANION

D @,
D3 D1z D13 D jy
)\ H
qD(s) q>(2) ®<3> ‘I)(z)
<I>(23) D p3
y1 = U, Yo = Uiz, y3 = Uss,
1 = Uiz, Vo = Uis, Vs = Uzst).
)] P
D, P D Y2 D
oy, - NGB )
D)
@K v, D12 i) Dy
d)(123) ¢(123)
- 1
yi=0n+ys8)" Yy,
}72 =¥ + Vs,

~ 1
Va= W1 +y3)" yaye.
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4D CUBE VISUALIZATION OF ZAMOLODCHIKOV’S CONDITION (1981)

o
0‘ R123°R145° R 246°R356 =R356°R246°R145 °R 23 h‘.’
g ;
DN

PROPOSITION [Kashaev, Korepanov, Sergeev 1998], [AD, Kashaev]
The companion to the Hirota map satisfies the functional Zamolodchikov equation J
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DESARGUES (103) CONFIGURATION

L

4D consistency of Desargues maps is a consequence of the Desargues theorem
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THE HIROTA—ZAMOLODCHIKOV MAP IN THE AFFINE GAUGE

D) — Doy = (¢ — )X, ®23) — P(13) = (P(3) — Prag)) X1,
D25 — D(12) = (P2) — Pi2)) %2, i) — ) = (¢ — Py Xe,
i) — D) = (¢ — D)X P13) — P12) = (P1) — P(12))Xs
D [
D, D)) r Dg) <D(2~n, )
Do) -
P, D)y d)(m D)
D3 D3
PROPOSITION [AD, Kashaev]

The birational map R*: (xi, X2, X3) — (X1, X2, X3)
% =[x+ x1(1 = x)] " X1z, X =x3+x(1— xs),
)?3 =41 +(X2 — 1)[(1 —X1)X3+X1(1 —X2)]71 (X3+X1(1 —Xg)),

satisfies Zamolodchikov’s condition

A A A A A A A
Ri23 © Ris5 0 Ross 0 Rase = Hase © R/2446 o Riss5 0 Riza,
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DECOMPOSITION INTO PENTAGONAL MAPS

The birational map R*: (x, X2, x3) — (X1, X2, X3) can be decomposed as
R = Pz o Viz o Nig
where
@ the (affine) normalization map N: (x1, x2) — (X{, X3)
X1 = (X% +x *X1X2)71 X1, Xp = Xo + X1 — X1 Xe,

N SATISFIES THE PENTAGONAL CONDITION

Ni2 o Nyz o Nog = Noz o Ni2 }

@ the Veblen map V: (x1,x2) — (X1, X2)

)_(1 = X1 X2, )_(2 = (1 — X1)X2(1 — X1X2)71,

V SATISFIES THE REVERSED PENTAGONAL CONDITION

Vaz o Vigo Via = Vi o Vog J

@ transposition P: (x1, X2) — (X2, X1)
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GEOMETRY OF THE (AFFINE) NORMALIZATION MAP

Given four collinear points A, B, C and D, consider two pairs of linear relations
between their non-homogeneous coordinates

ba— b= (dp — Pp)Xi
bp — D5 = (Pc — D)%

b4 — b5 = (dc — Pp)xi
Op— ba= (P — da)xe

and

The (affine) normalization map is a consequence of that change

4 -1 /
Xy = (X2 + X1 — X1X2)" X1, Xo = Xo + X1 — X1 X2,
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LINEAR PROBLEM FOR THE VEBLEN MAP [AD, Sergeev 2014]

The Veblen (62, 43) configuration

Dac — Pap = (Pag — Pap)Xi
Pac — Pop = (Pac — Pcp)Xe

®8c — Pep = (Pas — Pap)Xi
$8p — Pop = (Pap — Pop)Xe

and

)_(1 = X1X2, )_(2 = (1 — X1)X2(1 — X1X2)_17
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GEOMETRY OF THE TEN-TERM RELATION

THEOREM [Kashaev, Sergeev 1998]

Given a solution N of the functional pentagon equation, and given a solution V of the
reversed functional pentagon equation on the same set X, then the map
R = Po3 0 V45 o Ny satisfies the Zamolodchikov equation, provided

Viz o Niz o Vig 0 Nag o Voy = Nag o Vg 0 Nig o Viz o Nia.

Start from seven points (black circles) of the star configuration (102, 54) AND FOUR

CORRESPONDING LINEAR RELATIONS there are two distinct ways to complete the

configuration using the normalization and Veblen flips
MULTIDIMENSIONAL CONSISTENCY
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OUTLINE

© NON-COMMUTATIVE MAP AND ITS QUANTUM REDUCTION
@ Normalization map and its ultralocal/quantum reduction
@ The Veblen map and its quantum reduction
@ Quantum map with Zamolodchikov’s property
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THE NORMALIZATION MAP IN HOMOGENEOUS COORDINATES

D

bp=PcX1 + Ppi1, s =PpXi + PpYi
bp =PcXe + Daye, Dp =PcXs + Ppys
PROPOSITION [AD, Sergeev 2014]

The normalization map N: [(x1, 1), (X2, y2)] = [(X1, ¥1), (X2, y2)]

X = (e +xiy2) ", Vi =yxi (e + xiye)
X = X2 + X1, Yo = Y1ye

satisfies the pentagon relation

Ni2 o Nyz o Nog = Noz o Nyp
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QUANTUM REDUCTION OF THE NORMALIZATION MAP

OBSERVATION

In the commutative case the normalization map provides a Poisson automorphism of
the field of rational functions k(x1, y1, X2, y») equipped with the Poisson structure

{X, yi} = xi¥li, X, %} = {yi, i} = {%, %} =0, i #j

PROPOSITION [AD, Sergeev 2014]
Assume that the normalization map preserves the ultra-locality conditions
XiXj = XjXi, Yi¥Yi = YiYi, Xiyj = YiXi, I#]

then (under certain general position conditions) there exists a central non-zero element
q such that

yixi=aqxiyi,  yixi=aqxy, i=1,2

REMARK Ultralocality in the case of the normalization map implies Weyl commutation
relations
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THE FULL VEBLEN MAP

Pac = GasXt + Papyr and Ppc = ¢AB):(1 + ¢BD)__’1
bpc = PacXe + Pope Ppp = GapXe + dcpye

Due to the gauge freedom in rescaling ¢gp the coefficient y; = X is free
PROPOSITION [AD, Sergeev 2014]
The Veblen map V*: [(x1, y1), (X2, y2)] = [(X1, 1), (X2, ¥2)]

X1 = X1 Xz, yi=2A

X2 = yixeA ', Yo =yor !

satisfies the pentagon relation V3 o V& o V{3 = Vo VS provided B= H and G = CB

When the gauge factors are functions of the corresponding arguments then the above
relations between the factors become complicated functional equations
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ULTRALOCAL/QUANTUM REDUCTION OF THE VEBLEN MAP [AD, Sergeev 2014]

OBSERVATION

In the commutative case the Veblen map V> with the gauge function A = ay; + 8x1 e,
where «, 8 € k are parameters, provides a Poisson automorphism of the field of
rational functions k(xi, y1, X2, ¥2) equipped with the Poisson structure

iy =xyi,  {xixt={yy}={xyt=0 i#j
Moreover, the map satifies the pentagon relation V.G o V& o Vf, = V/f} o V& provided

ag = apog, o =aaos, Ba=acBH, Bs=PBcBH, Bc=aabc

PROPOSITION

With the same form of the gauge function the Veblen map preserves the ultralocal Weyl
commutation relations

YiXi = qxiyi, XiXj = XjXi, Yi¥i = Yi¥is Xiyj = YjXi, i #j

Moreover such map satisfies pentagonal condition with the same relations as above
between the parameters
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ULTRALOCAL/QUANTUM MAP WITH ZAMOLODCHIKOV’S PROPERTY

The map R* = Pa3 o Vi3 o N3 given explicitly by

%= (X +x1y3) " xix 71 = (ayixs + Bxiye)(Xs + x1ys) ™
Xo= X3+ X1ys Jo=y1ys
X3 = y1XxeXa(ay1 X3 + BX J/2)71 V3 = Ya(Xs + x1y3)(ay1 X3 + Bx }’2)71

preserves ultralocal Weyl commutation relations, and satisfies Zamolodchikov’s
condition
H G F E D C B A
Ri23 0 Ri4s © Ross 0 Rase = Aase © Rzss © Riys o Azs,

provided the parameters of the gauge functions satisfy
B = BFBH, ac = aeag, arF =agap, Be=PBabc

anfr = Bpas, Peag = Bcaa, aaag = agan, Paae = apBy

REMARK

The above Zamolodchikov-type map can be realized by a unitary operator (in
appropriate Hilbert space) whose definition involves the non-compact quantum
dilogarithm function.
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CONCLUSION

@ The possibility of adding to an integrable equation arbitrary number of its copies
involving additional independent variables provides new meaning to its commuting
symmetries [AD, Santini 1997], [AD, Santini, Marias 2000]

@ Multidimensional consistency of 2D discrete equations can serve as integrability
detector [Nijhoff 2002], [Adler, Bobenko, Suris 2003 ]

@ Zamolodchikov’s equation as multidimensional generalization of the Yang—Baxter
equation [Zamolodchokov 1981], [Kashaev, Korepanov, Sergeev 1998]

@ The Hirota equation in integrable systems theory [Hirota 1981], [Miwa 1982], ...

@ The non-commutative Hirota equation, its geometric meaning, and its Ay-type
affine Weyl group symmetry [Nimmo 2006], [AD 2010], [AD 2011]

@ Pentagonal maps in construction of solutions to the Zamolodchikov equation
(classical, non-commutative, quantum) [Kashaev, Sergeev 1998], [AD, Sergeev 2014]
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