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A classification problem

¥ > G/H

where G/H = your favourite homogeneous space

Examples of G/H

R™ = (SO(n) x R*)/SO(n) = Euclidean space
R” = (GL(n,R) x R?)/GL(n,R) = affine space
RP,, = SL(n + 1,R)/P = real projective space

5" =S0O(n+1,1)/P = conformal space
C" = (GL(n,C) x C")/GL(n,C) = complex affine space

Today: | real or complex (equi-)affine space
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Curves In the real affine plane

e straight line

e circle (or ellipse)

e parabola

o YV =X¢

o 1 = e (spira mirabilis (Jacob Bernoulli))
o YV =X

o Y =XlogX

Normal forms y=0 y = 22 y=a2+at+bxd+ -

Y = Xlog X ~ y:x2+:c4+§:65+---

b2 = invariant

Y =eX ~ y:a:Q—a:4+—2\5/§x5+---
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Non-degenerate equi-affine surfaces in  C?

N

o /=XY

o 72=XY +1
e XY/ =1 + Guggenheimer 1963
o X2(Z+Y?)3=1

e 7 =XY + X3 (Cayley surface) |
e /=XY +logX Nomizu & Sasaki 1991

Equi-affine symmetries of the Cayley surface

XX X X+s
YV +t Y Y -3sX - 352 (Abelian)
Zw—Z+tX  Zw Z+sY -352X - 553
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Infinitesimal symmetries

Cayley surface z = zy + a3

T =T

0 0
y—=y+t xaz+ay
z=z+1tx
T =T +S
y|—>y—33x—%s2

3.2 1.3

ZI—>Z+8y—§S ZIZ—§S
z=xy+-=F(x,y)

o G

oz’ Oy’

0 0 0 |
O 0 0 |+] 1
1 0 0/ [0
0 0 0
T
1] M Y +31=0
| F(z,y) |

O 0 O 1
-3 0 0 [+ O
0 1 0 0
symmetry -
algebra
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Normal forms

Non-degenerate

z=x’+y’+- OF zZ=gy+-

Blaschke normal (Leichtweil31989)
k

7= Gt W @ g oo

e+t o~ al el g+ 2(”;2)77.C ~ | a;, trace-free

Pick Invariant

k

az-jkaij eg. z=axy+ az> +by> +- ~ ab

z=xy+ad+y>+-- O z=xzy+a+--
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Affine homogeneous surfacesin  C3

N1
N2

N3

N4
N5
N6
N7
N8
N9
N10
D1
D2
D3
D4
D5
F

z=xy+ 25 +y° +axt - 2023y — 2axy’ + by* + O(5)
z=zy+z° +9y°

+bzt = (4b+9)z’y — £ (20+9)(8b+9)z?y® — (4b+9)zy> + by* + O(5)
2=y +2° +y

+bxt + (4b - 92y + (6b - 9)x?y? + (4b - 9)xy> + by* + O(5)
z=xy+z° +y° + Jbat + Z2%y? + 3(1/b)y* + O(5) where b #0
z=xy+x°+ 2t +br3y+ O(5) whereb#0
z=xy+z° +z* +bx® + O(6)
z=xy+2°+x°y+0O(5) (the Archimedean screw)
z=xY+ T3 + 0(5) =2y + 3 (the Cayley surface)
z=xy+ 2y’ + O(5) = (1-+/1—-4zy)/2 (hyperboloid)
z=xy+0O(5) =xy
z =2+ 2%y + 23y + 2y? + 2° + 32°y? + 2%y’ + O(6) (<« twisted cubic)
z =22+ 2% + ax® + O(6) = afunction of = alone (cylinder)
7 = :1:2+:132y+:c2y2+:1:5+:c2y3+4335y+:1:2y4+a337+10335y2+x2y5+0(8) (cone)
z =2+ 2%y + 2%y + 2%y + O(6) = 22/(1 - y) (cone)
z =22+ 0(5) = 22 (cylinder)
2=0(3)=0
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Non-degenerate with non-vanishing Pick invariant

z=ay+ 23+ y° + coort 4+ 3123y + o 07%Y? + ¢ 32y 4 couy* + O(5)

Y

C4,0C3,1 = C1,3C0,4 and Co o = (204,0 + 01,3)(400,4 - 03,1)/9

C4,0 7é 0 Cq0 = 0 and Coa = 0 Cq0 = 0 and C1,3 = 0

Y

3 3 _
c31” —c13° =0

)

26074 + 03,1 =0

03,1 = C173 WLG

Y

(0173 + 9)2C173 =0

ciz3=-9]c3=0

Y

(2¢40 + C1,3)(C4,03 — 00,43)01,3 =0

C173 = —204_’0 C074 = C470 WLG 0173 =0

1604_’000_’4 =81

()

(2C470 + Clﬂg)(4C470 + 9 + Clyg)(4C470 —9— 6173) =0

Y

C1,3 = —204,0 C1,3 = —404,0 -9 C1,3 = 4C4,0 -9

e

e


Michael



Non-degenerate with vanishing Pick invariant

z=xzy+2*+04) | z=2y+ 0(4)

Y

z=ay+ 23 + 02" + c312%Y + co02?Y? + 1 32Y° + coay* + O(5)

2z =xy + cp0xt + 3123y + 207y + 132y + coay* + O(5)

Copa =C13=0C31=C0= 0
g3,3¢22 =0

no
g3, =0 62’2| 0 z =zy + 2*y* + 0(5) WLG 22
Y yes
c3,1(3p11 +4cq)c22 =0
P33 =(q33 = 0
C31 = 0 P11 = —404,0/3 Coo = 0
z=zy+x® + 2* + c3,2%y + O(5) WLG yes
| N10
no
——— 3, =07
no /.. g2 3,1 yes
; yes
Y
43,3 = C3,1

z =y + 2* + 23y + O(5) WLG

Pri=q1=0

z=uzy+2z°+ 0(5)

Y

z=ay+ 2>+ 2t + 502 + ci 12ty + 3203y + c232%Y% + ¢ axy* + co5y° + O(6)

Y

Cos = Ciu = Cy3=C39=20Cq1 =0
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Degenerate

z =2 4 1 2%y + 102y + o 3y° + O(4)

Y
Y

‘ Co,3 = C12 = 0

.4—{ = l< no —_
Add Quartic Terms 1 =1 WLG ™ ey = 07
Cq0 = 0 WLG

‘ Add Quartic Terms i yes

Y

Cpa = C13 = 0 Ca 0 = 1‘

‘ Coa = C13 =Ca2 =2C31 = 0‘

o no — N
ez, =07 yes ‘ c10 =1 WLG Ca0 = 0" yes
no ’
‘Add Quintic Terms‘
" [Addc |
_ Add Quintic Terms
‘03"1 =1 WLG‘ ‘Add Quintic Terms

‘ Co5 = C14 = C23 =C32 =C41 = 0‘

\
‘ Co5 =C14a =C32 =2C1 = 0 Ca3 = 1 @

‘ Co5 = C1,4 = 0 Ca3 = 1 C32 = 3‘ ‘6570 =1 WLG 1o

‘ Add ‘C'Quintic Terms ‘

‘ Cos =C1a =C3 =C32=0C41 =C50 = 0‘

Y

Y

‘Add Sextic Terms‘
‘ Cy1 = 0 WLG ‘

‘ Co6 = C1,5 = C33 = C42 = Cg,0 = 0 Co 4 = 1 C51 = 4‘

Y

q1,3 = 3/2 C5.0 = 1 P13 = -5

|50 =0 WLG|

@ ‘Add Septic Terms‘
‘ Cor=Crg=Ca=0C3=0C1=0 c5=1 ¢50.=10
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Non-degenerate equi-affine hypersurfacesin  C*

Equation Basepoint
11 | W=XY + 27?2 (0,0,0,0)
2 | W2=XY +72+1 (1,0,0,0)
3 | W=XY+27%2+X3 (0,0,0,0)
14 | W =XY + 7% +logX (0,1,0,0)
15 VV(XY+Z)2 = 1l (1,0,0,1)
16 WQ(XY+Z2)3 =1 (1,0,0,1)
Al | WXYZ =1 (1,1,1,1)
A2 | WZ+WY2+X2Z+X2%2Y2=1 (1,0,0,1)
A3 | 6WXYZ -4X3Z -3X2Y2+W?2Z2 +4WY3 =1 (1,0,0,1)
Ad | W =XY +7%2+X27+aX? (0,0,0,0)
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Non-degenerate equi-affine hypersurfacesin  C*

Equation Basepoint
Bl | WZ2=7+X3+XYZ (1,0,0,1)
B2 (W+XY+X3)QZ:1 (1,0,0,1)
B3 (WZ+Y2+X2Z)4:Z (1,0,0,1)
B4 | (W?2+X?)2(Z+Y?)3=1 (1,0,0,1)
B5 (W+X2Z+XY)ZZ:1 (1,0,0,1)
B6 (W+XY)2(Z+X2):1 (1,0,0,1)
B7 | WZ2=7+X?+XYZ (1,0,0,1)
B8 (W+YZ+X2Z)5:Z (1,0,0,1)
BO | (WZ+X2+YZ?)° =274 (1,0,0,1)
SORRVED. O EVAED. V4 (0,0,0,0)
B11 | W2 =XY + XY + X27 (1,1,0,1)
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Invariants

Pick invariant = aijkaijk aijkaiﬂamnlam”k
|

OLgy
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THE END

THANK YOU
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