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• Contact geometry is a Classical topic
in differential geometry

( Arnold
'

s book , 1989 ; Liberman -Merle Í book

198 7)
• A renewed interest in the theory after

the Contributions by the Warsaw team

/ Grabowska , Grabowski and collcboratrs)

and other peuple ( vitagliano and

cul laboraHrs ,
. . . |



Recently , Contact dynamics has been

extensiuely disurssed by several authors :

Argentina ( Instituto Balseiro )

Italy (Naples )

Mexico ( Mexico City )

Spain ( Barcelona , La Laguna , Madrid )

UK ( Lancaster )

vs A ( Texas )
o

:



The plan of the talk

1. Contact geometry
2. Contact dynamics

3 Sorne recent and old topics.in

Contact dynamics

4 Conclusion / and out look



1.- Contact geometry ( Liberman -Maite , 1987 ;

1. 1 contacl-1-for.ms
Arnold

,
1989 )

C a Smooth manitold ; dim G- Zmtl

%c0nto-ct1-fornonciisa1-formhp.such that nada)
m is a volume form }

R a Contact 1 - form on Ci

⇒ cis orientable

y a contact
1 - form on c ⇒ J !

REXM) /
ir dn :O ,

ir 5-1

R is the Reeb vector field of M



Sorne example :
• IRZNH ( qi , Pi , Z)

y = dz _ pidqi

• 1-☒Q ✗ IR = 1- *Q
'TÍ
> Q

la = dz - Ja

Ja the Liouville 1- forman TQ

• ( Q , g) a Riemann icnmauifold

SGITQ) /1) = {✗ c-TQ / 11×14=1 }
Fhemsphériccotanjent bundle
is : Sg IFQ) G)← TQ

SÉ :(1)
" Dal



The symplectification of G
'

S ± C ✗ IR ,
W = d le Pn)

(PI

w is a homogeneous symplectic
structure [% pw

= w

The inverse prole ( the (onludific a

ti on of an exact symplectic mauifdd )
(Siw =D ) ) an exact symplechc manipula

I
(ES ✗ IR

, y = dz
-b) a Contact Structure

(Z)



Example S :

• ¢ =TQ -5
"QXIR , RQ)

(✗ IR
=>TQ ✗ IRXIRTETYQXIR )

((✗ ,
Z ) , P ) →CPKq.dz/z1isasymplecticisomorphismbetweenfxIR,dlePRa) ) and (T"QXIRXIRTWQXIR)

•f- 5g IFQ) (1) , >E)
STYQI /1) ✗IRE> TQ -OIQ)
g

( ✗ , p)-
> e. Por

is a symplectiiisomorphism between

(Sg (1-+0-1111×112 , dleijal )
and

(TQ - Ola) .wa)
-

"

a >a



Anotherinterestins example :

r a Contact Structure on
G

I

( C ✗ IR , w ) the symplectificationofcí

µ→Kano ,
Ishihara , 1973)

(Tkx IRI , WY
"

Elixir ✗ IR
↳ the complete lift of w

( p) (Z)

HopfW
'
=↳ pw)

'

= we

I
TCIIG

'

✗ IR admits a Contact Structure

( Z )
The tangent Contact Structure RT

7T= 2- RT + R'

2
"

: the vertical lift of R

RE the complete lift of n



But , we are in Warsaw ! So, . . .. .

1. 2 Contuctstnctures

A Contact Structure µ on C

is a distribution of codimensión 1

which is maximal y non - integrable

Xe G
' ⇒ J UEM an open subsetpceu

Diu = < no >
°

Tu n @nu )
m is avolume form on U



D a distribution of codimensión I

on [
2Mt I

D is a Contact structure on Ci

S =D
°
- { o } TE is a sympledicsubma

nipildof TE

IRE 611111121 = IR-101

§⇒ Ci is a principal IR
"
- bundle

which admita homogeneous symplectic

Structure w

( Arnold
'

s book , 1989 ; Grabowski ,

2013 ; Bruce ,
Grabowski , Grabowski ,

2017 )



Remar K ( the connection with the symplec

tificalion )
Y a Contact 1- from on

Ci ⇒

S = Ci ✗ IR
✗
= ¢ ✗ IR+) U (Cx III )

(( ✗ IRTW) = Kxltí ,w ) = (CXIR , dletnl )
The typica example ( the pwjeclive

cotunsent bundle )IR
"

] Da→ The Liouville vector
1-
"

Q-010-1 Field on T "Q

{P
IPT

✗

Q = TQp.NO#



Remar K

IPT
"Q is not , in general , orientable

I
IPTQ doesn ' t admit , ir general ,

Contact 1- forms ☐

IY a Smooth mauifold

Ñ the Double cover
II

{ (× , Ox) / ✗c-Mi Ox is an orientativa

in T.cn }
IT : ñ→ M the Covering map

11

ryz
,

Ñ is orientable



M = G
' admits a contact structure D

I
[ admits a Contact 1 - Form

with Contact distribution IT - pnjeclubk

over D

(Blair , 2010)

Example (Qcg / a RiemannIan manipula

The double cover IPÍQ of IPT"Q
is diffeomorphic tu ST

"

Q

IPT✗Q÷ STIG
[a ]→ [EN



Darbouxtheorem

D a Contact Structure on Canti

I

the M JUEG
'

an open subset ,
XEÜ and local coordinantes

lqi , pi , 2- I on U such that

DE = < dz - pidq! >



Legendrian submauifokls
D a Contact Structure on CZMH

SC> C a submauifold of C

•San integral submanifold of D

⇒ dim SE m

• There exist integral submauifolds

of A of Maximum
dimension m

A Legendri an submauifold of (GD)
is an integral submauifold of D

of dimensión m



Las C a submauifold of C

"R
"

}£> C the homogéneous sympleche

principal III - bundle

L is a Legendriansubmauifld of C

I
P
" 14-1 is a Lagrangiansubmauipold
of S



2 Contact dynamics

In what follows , Contact Structure is a

Contact 1- form

( Libermann - Marle , 1987 ; Arnold , 19891

2. 1 Hamilton i an Contact dynamics

y a Contact I
- form on (

2m +1

R the Reeb vector Field on C
H : C-> IR c- col C)

The Hamiltonan vector Field of H

is characterized by
¡Hydra = DH - RIHIR , Izz, R:

- H

Rernark : 71 . , = R

Local expresión :

( 9-
i
, Pi

, 2-1 Darboux coordinantes in Ci

* = 3¥.

%qi -13¥. + ii Ez ) Gpi
+ ( piE - H / % z

opi



Contact Hamilton equatiuns

JH dpi¥É ji , ☒ = - 3¥. -PIEJZ

¥ = Pi 3¥. - H

Remar KS

• H is not , in general , a first integral of 71+1

ti = datlz = -HRIHI
• 71+1 doesn ' t preserve , in general , the Contact

Structure

↳
µ
R=
- RIH / y

• 7)y doesn ' t preserve , in general , the Liouville

Volume

4-1*11^04
" /= - Im +1) RIHI nnldrfm

However
,

[RR:O , [rlnnfdnlm / =O



2.2 Contact Lagrangiana Mechanics

The Herglutz rariational principe
( Herglotz , 1930)

L : TQ = TQ ✗ IR→ IR a Lagrangian function

R lazo , 9- 1) = {c :[0 , ☐→ Q a Smooth
Curve /

< lo / = qo , C 111=9-1 }
Z : R Ho , 9- 1) mm) Co ([0,1]→ IR /

{%¥= iíai , ZKII2- (c) 101=2-0

The Contact action functional

A: Noto , 9- 1)→ IR

C→Aldi 2-(c) (11-2-1410)

=[LICIH , ¿ IH , zccltlldt



c is a critica / point of A

=
ü-1¥ ¥1:* -Ei:&.¥
Í =L lqiltl, izi IH , ZIH )
Contact Euler-Lagrange Eqs

Remark

The lagrangiana energy EL is
not a firsf

integral

EL= (L) - L , A the Liouville vector

field on TQ
a

Ei = ¥¥ - EL I
Oz



2.3 The Legendre map and the HamiltonIan

formalism ( de León andcolkboralors )
L : TQTQ✗ IR > IR the lagrangiana function

The Legendre map

Lega : TQ
→ TQ

It ,
-v1→ It , Legaltit )

• < Legilt , -4,4 > = § ,
[, ltivtsu )

S 5=0

UIVETQQ

Lis regular (⇒¢÷j;) risa regular )
matrixI

leg , : TQ → 1-
☒Q isalocal )

diffeomorphism



The Hamilton ian function

H = EL o Legi
'
: T

"

Q > IR

I
71 ,, the Contact

HamiltonIan vector Field

of H in T
"

Q

The equivalence

c : I-> Q is a Solutions of the Contact

Euler-Lagrange equation) for L
I

G- Lego Ic : I-s T
'

Q i , asolution of

the Contact Hamilton equation, por H

TQ =TQXIR És TQ =TQXIR

Ea Ña

je
Q F- Leg ,oj 1C

C

I



3 Sorne recent and Old to pi is in Contact dynamics

3. 1 Connection with linear dissipation

: TQ > IR a Lagrangian function
EL = ALLI - L the Lagrangiana energy

• We have an especial dis, i pation of the Lagran

gian energy for the Contact Euler-Lagrange

equation
ÉL = EL 3¥

y a Contact Structure on C

H : C-> IR a Hamilton ian function

Xy the Hamiltonian vector field of H

• We have an Special dissipation of the Hamill?

ni an energy for the Contact Hamilton equation

ti =-H RIH)



The typica examples

(qi , ji , z)→ Llqiiii, -2-1=12 Mi; ÉÉi _vcq) +tz

(qi , pi , 2-1→ Hlqi ,Pi , 2-1 = { Mii pipjtirqltlz

Contact Lagrargian /Hamiltonianl dynamics

I
Standard Lagransian /Hamilton ian ) dynamics

with linear dissipation .

This fact has been extensiva /y
used by

Same Spanish groups ( Madrid , Barcelona )



3.2 Connection with Standard homogeneous

sympkctic dynamics

I a Contact 1- forman C

H :c→ IR a Hamilton ian function
y
DICPR)

T (CNR) (
×"" (✗IR , wl Hnom =EPH

Tprs Prs y
IR

✓ ✓

TC <
" "

(an ) H

Contact Dynamics in C

I
Homogeneous symplectic dynamics

in (✗ IR



Even more ( Liberman n - Marle , 1987;
Arnold , 19891

112×7
TS <

✗Hmm
(S , w )

Hhom
> IR

TP P

✓ ✓

TC <
Y Hnom ( C , D)

A the infinitesimal generator of the
IN- action on S

[☐W = W , [☐ Hnom = H '
no m

71+1
non
is the HamiltonIan vector Field on

C associated with the homogeneous Hornillo

nian function Hhomon S



3.3 Contact Dynamics and Legendrían

Submauifolds

Hamiltonian si de Racontuct Structure on G
'

H :C > IR a Hamilton Ian function

⇒ / XH
,
RIHI ) :c >[C- TCXIR , 2T)

is a Legend rían embedding

(Ibáñez , de León , ] CM , Martin de Diego , 1997)
L NH =

> TÍQXHAIHIH
II.a

ti, RIHIOCKÓ ⇐ ÍTQ H
> IR

O

I

Cris asolution of the Hamilton eqs

for H ⇐> GTIIIENH



The Lagrangian si de

f-FQ , RE )
✗
°

> f- "TQ , 7.a)
a Contact isomorphitm ( a contact analogous

of the sympleclic Tukzyjewisomorphism )

L : TQ → IR a Lagnangian function
I

T
"

L : TQ→ 1-
*

TQ
II

(d Lil )

The Legendrían submauifold
NEIKYIOTLKTQI

g-
*

JQ <
✗
°

TÍQ
T TI

TITÍTÍA
>
g-QL L

> IR



The Contact Euler-Lagrange dynamics

Ni

1-
*

JQC
✗
°

TÍO <

TTÍQ
, a

TITI TQ

TQ Lea
>TQ (Legia)'s1

C

Legia

I

Cisa Solutions of the Contact Euler-Lagrange

equation por L

I
llegue /TIIIENLL

Llega.at/H--fd-+lLe99uid.Y-zIciH)(ESeniLainz,deLeo'n
,
Marrero

,
2021 )



The Warsaw Team : Extension for the more

general Case when the involved Contact Structure,
don't come from Contact 1- forms



3. Y Connection with Reeb dynamics

in a Contact Structure on C

i) 1-1=-1 ⇒ 71+1=3-1 . , = R the Reeb

vector field

⇒ Under certain regularity conditions ,
Contact Hamilton Ian dynamics is

Reeb - Liouville Dynamics

( Bravetti , de León , JCM ,
Padrón

, 20201

H :(→ IR a Hamilton ian function

U = {✗En / 1-11×11=0 } an open subset of IY

21-1 = - ¥ | ☐
is a Contact 1- forman

U and the Reeb vector field RH is

RH = El HII ir

e



714 lo preserve, the volume form
- ITIMIT Rnldnjm

What happens in the sub iset 5=1-1-401 ?

O is a regular value of H ,
R is

transverse to the HyperSurface I : 5=1-1%01
↳ M and = sin

•

w =D is an exact sympkchistnc }| µ, on ⇐ µ
. , ,,,

• A the Liouville vector field of S

l i ☐ d * = | ⇒ ✗His = - Hloil A

• The Contact Hamilton i an Dynamics
in S is , up to reparametrizction ,Liouvilledynamics .



The precious description is useful to

discuis the existence of invariant volume

farms for ✗HIS

Under certain regularity and complete
Mess conditions , ✗His preserve) a Volume firm on

s I
• C muy be idenlified with

the contar

tipicaMon of S and , in turn , 5 may be| idenlified with the sympkctification of
a Contact submauifold B of C of codimen
Sion 2

Under the Precious Identification ,
XHIS admits a global rectification .

Contact sympuctic copntuct
T T

E < > 5×112 < > ☒✗ IR) ✗ IR
"

the sympleclic sandwich with Contact
bread

"

(Brauetti , de León , Marrero ,
Padrón

,
2020 )



Future Collaboration . Between "

Warsaw Team
"

and
"

La Laguna team
"

: Extension of the Precious
result for the more general Cale when ( only
admits a Contact Structure



Iii The Jacobi - Maupertuis Princip le

H :TQ→ IR H= Kg +Volta

kg = the Kinetic energy inducedby
a Riemann ich Metric on Q

V : Q -> IR EM CQ) the potential energy

Assume that V is bounded

Vlqlce , tq c-Q

( for instance , if Q is Compact ; if not ,

we can consider the open su b)et

Ue = {QEQ / Vlqke } I

I



Se = & - F) g a new Riemann
Ian geometry

on Q (theJacobi metric )
Kge : FQ→ IR the Kinetic energyassociatedwith ge

I note that ✗kg ,
is just the geodesia flow

07 Se in T
'

Q )
(God billón , 1969 )

• The trayectorias of the Hamilton Ian System

(T
"

Q
,
HI with energy e are , up to repara

metrizalion , geodesia, of Ge with Riemannin

length 1

• The re, trick on of ✗ kge to Sge IT
"QI 111

is tangent to Sge IFQI (1) . In fact ,

✗
kgel Sge ITQI 111

= ¢ -Y ) RÉ

Roi = the Reeb vector field of the Standard
Contact Structure on Sge IFQI /1)



Avery interessting Connection !
• Standard Hamilton Ian Systems
( Mechanical Hamilton ian trayectoria with

fixed energy )

• Riemann i an Geometry
( LI ni t Riemann i an geodesia )
:

• Contact Hamilton ian dynamics
I Orbit of the Reeb vector field )



Important conSequence,
• Geodesia flows on Closed

'

Riemann i an

manípulos with negative curvatura
( Ansosov , 1969 ; previously Arnold )
Flow> with Structural slnbility ,

many dense orbits , ergodiáty , . . . . .

The typica example :

Q = THE the hyper bolic plane

D= a discreta isometría group

• Periódico rbits in general :

periódicorbits por RÓ⇒ perico dicHamiltoniantnjectrie, of Energy en

Famous Weinstein conjetura : The Reeb flow
on a Compact Contact mauifold Carrie, at least
One pericodic Orbit

( Viterbo , 1994 ; Hofer- Viterbo , 1992 ;
Taubes 20071



• Integra bility
First integra Is of the mechanical Hamilton Ian

System IFQIHI [
.

First integral s of the geodesia flow on
Sge ITQI 11 ) (or the Reeb vector Field onsge ITOKII )

Linear first integral, = Noether theorem for
the cotungent lift of an isometría action

His her order firstintegmls = Killing tensor

. Variational integra hors

Hybrid varialional integraHrs based

on the Jacobi - Maupertuis Princip le of least

action

( Naira , Ober- Blübaum , Marsden , 20091



4. Conclusion and Outlook

Contact dynamics Plays an important rok
in several place) when you discnss geometría
Mechanics

In my opinion ,
two important

Connections :

1) Symplectic homogéneous Hamilton Ian

dynamics

Potential applications : • Thermodynamics
• Sailing - symmetries + Standard symmctries

+ reduction (Marsden - Weinstein , . . . )
( Workin Progress with Bravetti , Grillo

and Padrón )



iY Reeb Dynamics and Standard
HamiltonIan mechanical Systems

Jacobi - Maupertuis principe

• Extension of the principe to the

more general Poisson setting

( Workin Progress with Iglesias and

Padrón )
But , a lo 1- of work romains to

be

done here on homogeneous Poisson

dynamics !

( Relative) Structural strbility ,periódicorbits
,
ergodiáty ,

. .
.



THANKS !

DZIEKUJÉ !


