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Following Lasiecka and Triggiani an abstract hyperbolic equation with random
boundary conditions is formulated. As examples wave and transport equations
are studied.

0.1. Introduction

Assume that A is the generator of a Co-group U = (U(t))ter of bounded linear
operators on a Hilbert space H. Let U be another Hilbert space and let u €
L2 (0,+o00;U). Typical examples of H and U will be spaces L*(O) and L?(00).
Lasiecka and Triggiani, see’* 17 and,*!® discovered that for a large class of boundary
operators 7, the hyperbolic initial value problem

d
dit

considered with a non-homogeneous boundary condition

X(t)=AX(t), t>0, X(0)= X,

T(X(t) =u®), t=0,
can be written in the form of the homogeneous boundary problem

d

dt
by choosing properly the space U, an operator £ € L(U, H) and a scalar A from the
resolvent set p(A) of A.

In this paper u will the time derivative of a U-valued cadlag process €. We
will discuss the existence and regularity of a solution to the problem (0.1.1). The
abstract framework will be illustrated by the wave and the transport equations.

Let us describe briefly the history of the problem studied in this paper. To our
(very limited) knowledge, the first paper which studied evolution problems with
boundary noise was a paper® by Balakrishnan. The equation studied in that paper

was first order in time and fourth order in space with Dirichlet boundary noise.
28

X(t) = AX () + (A — A)Bu(t),  X(0) = Xo, (0.1.1)

Later Sowers=® investigated general reaction diffusion equation with Neumann type
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boundary noise. Da Prato and Zabczyk in their second monograph,'? see also,'!
have explained the difference between the problems with Dirichlet and Neumann
boundary noises. In particular, the solution to the former is less regular in space
than the solution to the latter. Maslowski?® studied some basic questions such as
exponential stability in the mean of the solutions and the existence and uniqueness
of an invariant measure. Other related works for parabolic problems with boundary
noise are E. Alos and S. Bonaccorsi’? and Brzezniak et. al.® Similar question
have also been investigated in the case of hyperbolic SPDEs with the Neumann
boundary conditions, see for instance Mao and Markus,?? Dalang and Lévéque.” %19
Moreover, some authours, see for example Chueshov, Duan and Schmalfuss®'2 have
studied problems in which deterministic partial differential equations are coupled to
stochastic by some sort of boundary conditions. To our best knowledge, our paper
is the first one in which the hyperbolic SPDEs with Dirichlet boundary conditions
are studied.

0.1.1. The Wave equation

Let A denote the Laplace operator, 7 be a boundary operator, O be a domain in R?
with smooth boundary 00O, and let §'(00) denote the space of distributions on 9O.
We assume that £ take values in §’'(90). In the first part of the paper, see Sections
from 0.3 to 0.9 we will be concerned with the following initial value problem

0?u
W:Au on (0,00) x O,
CS
Tu= n (0,00) x 00, (0.1.2)
u(0, ) = uo on O,

ou
E(()’ ) = Up,1 on O.

In fact, we will only consider the Dirichlet and the Neumann boundary conditions.
In the case of the Dirichlet boundary conditions we put 7 = 7p, where Tpi(z) =
Y(x) for x € O, whereas in case of the Neumann boundary conditions we put

T = TN, Where TnY(x) = g—lﬁ(:zr), xz € 00 and n is the exterior unit normal vector

field on 900.

0.1.2. The Transport equation

In Section 0.10 we will consider the following stochastic generalization of the bound-
ary value problem associated to the following simple transport equation introduced

bp5
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3
in* Example 4.1, p. 466,
Oou Ou
il on (0,00) x (0,27),
u(0,-) = ug on (0, 27), (0.1.3)
_ 4

T(u(t,-))
where 7(¢) = (2m) — ¢(0).

=3 (t) for ¢ € (0, 00),

This paper is organized as follows. The next section is devoted to an abstract
framework. This framework is adapted from works by Lasiecka and Triggiani and
also the book by Bensoussan at al.* In the following section we study the wave
equation with the Dirichlet and the Neumann boundary conditions. In particular
we will investigate the concepts of weak and mild solutions, their equivalence, their
relation with the abstract framework and their regularity. The final section (Section
0.10) is devoted to the transport equation.

0.2. Abstract formulation

We will identify the Hilbert space H with its dual H’. Therefore the adjoint operator
A* is bounded from its domain D(A*), equipped with the graph norm, into H and
hence it has a bounded dual operator (A*)": H — (D(A*))". It is easy to see that
the latter operator is a bounded linear extension of a linear map A: D(A) — H.
Since A is a closed operator, D(A) endowed with a graph norm is a Hilbert space.
Alternatively, we can take € p(A) and endow D(A) with the norm ||(k — A) f||#.
Clearly these two norms are equivalent.
We assume that for any 7' > 0 there exists a constant K > 0 such that

T
| 1B AU R < K f1Re f e DA, (0.2.1)
0
Assume that X is a mild solution of (0.1.1) with u being the weak time derivative
of £, i.e.
' dg(r)
0 s

Then, integrating by parts we see that the mild form of (0.1.1) is

X(t) =U(t)Xo+ (A — (A")) [BE(t) — U(t) EE(0)]
t (0.2.3)
+ /0 (AUt —r)(A = A)EE(r)dr, t>0.

In other words,

X(t) = Ut)wo + (A = (A")) [BE(t) = UM EEO)] + (A) Y (#),  ¢>0,
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where
Y(t) = /t Ut —r)(A—A)EE(r)dr, t>0.
0

Since the trajectories of the process £ are cadlag, they are also locally bounded
and hence locally square integrable. Hence, by* Proposition 4.1, the process Y has
trajectories in C'(Ry;H). Since (A*) is a bounded operator from H to (D(A*))
we have the following result.

Theorem 0.1. Assume (0.2.1). If & is an U-valued cadlag process, then the process
X defined by (0.2.3) has cadlag trajectories in (D(A*))’.

0.3. The Wave equation - introduction

In the next section we will introduce a concept of weak, in the PDE sense, solution
to the boundary problem for wave equation (0.1.2). Next, denoting by 7 the ap-
propriate boundary operator, by D, the boundary map with a certain parameter x
and by A, the Laplace operator with homogeneous boundary conditions, in Section
0.5 we will show in a heuristic way that problem (0.1.2) can be written as follows

dX =A, Xdt + (k — A2)D.d¢,

(0.3.1)
=A,Xdt+ ((r — A;) D,) dg,
where
U 0 I 0
e (3) w- (82 2-(3)
0 (0.3.2)
_ T
(=200 = (8 p.
Note that

Let U, be the semigroup generated by the operator A,. In Section 0.7 we will
show that a weak solution to problem (0.1.2) exists and moreover, it is given by the
following formula

X(t) = U, ()X (0) + /Ot U-(t—7) (k — A2) D,d¢(r), t>0. (0.3.4)
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In other words, a weak solution to problem (0.1.2) is the mild solution to problem
(0.3.1). In (0.3.4), the integrals are defined by integration by parts. Thus

/O U, (t = 1)(r — A2)D, de(r)
= (k= A2)D,£(t) — Uy (8)(k — A2)D,£(0) (0.3.5)
+ /t AU (t =) (k — A2) D &(r)dr, t>0.
0

From now on we will assume that x > 0 is such that both x and /k belong to
the resolvent set of A,. Then

i) (e, ) = 8 o (o)

- ((“—XT)DT) = ((k—A;) D)l

and hence we see that our case fits into the abstract framework with A = \/k, and

D
E = T .
< VED- >
Since condition (0.2.1) is satisfied,* we get the following corollary to Theorem 0.1.

Proposition 0.1. The process X defined by formula (0.3.4), is (D(A*)) -valued
cadlag.

Alternatively, one can give a proper meaning of the term (x — .A2)D, by using
the scales of Hilbert spaces
Hip
HI =D((k—-A,)"%), HI:= x , seR,
H
where k belongs to the resolvent set of A, see Section 0.6 for more details. It turns
out that if ¢ is sufficiently regular in space variable, then D,£ takes values in the
domain of A; considered on H, _; for s large enough, so the term appearing in the
utmost right hand side of (0.3.1) is well defined.

0.4. Weak solution to the wave equation

We will introduce a notion of weak solution to the wave equation and we will discuss
their uniqueness.

By S(O) we will denote the class of restrictions of all test function ¢ € S(R?)
to O and we will denote by (-,-) the duality forms on both &'(0) x S(O) and

S'(00) x §(00). We will always assume that any S’'(O)-valued process v is weakly
measurable, that is

Q x[0,00) 3 (t,w) — (v(t)(w),p) €R
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is measurable for any ¢ € S(O).

Assume now that ¢ is an §'(00)-valued process. Taking into account the Green
formula, see e.g. the monograph?® by Lions and Magenes, we arrive at the following
definitions of a weak solution.

Definition 0.1. We will say that an §'(O) x §'(O)-valued process (u,v) is a weak
solution to (0.1.2) considered with the Dirichlet boundary condition, i.e. 7 = 7p,
iff (aD) for all ¢ > 0,

(u(t), o) = (uo,cp)—i—/o W), @)dr,  P—as.  YeeS@),  (04.1)

and (bD) for all ¢ > 0, P-a.s. for all ¢ € S(O) satisfying ¥ = 0 on 90,

00.0) = (o) + [ @) avar+ (60 -50.52). ©042)

We will call an §'(O) x §'(O)-valued process (u,v) a weak solution to (0.1.2)
considered with the Neumann boundary condition, i.e. 7 = 7y, iff (aN) equality
(0.4.1) holds and (bN) for all ¢ > 0 and ¢ € S(O) satisfying 32 = 0 on 9O, P-as.

(u(t), ) = (uo, ¥) +/O (u(r), Ag)dr — (£(t) — £(0),9) .- (0.4.3)

Let k > 0. For the future consideration we will need also a concept of a weak
solution to the (deterministic) elliptic problem

Au(z) = ku(z), z€ O,

Tu(z) = y(x), =z € 00. (04.4)

Definition 0.2. Let v € §'(90). We call u € §'(O) the weak solution to (0.4.4)
considered with the Dirichlet boundary condition 7 = 7p iff

(u, Av) + (7, g—ﬁ) = r(u, ), Vi € S(O): ¥ =0 on 90. (0.4.5)
We will call u € S'(0) a weak solution to (0.4.4) considered with the Neumann
boundary condition (7 = 7y) iff
= 0
(u, AY) — (v,v) = & (u, V), Vi € S(O): % =0 on 00. (0.4.6)

For the completeness of our presentation we present the following result on the

uniqueness of solutions.®

Proposition 0.2. (i) For any uog, ug,1 andy problem (0.1.2) considered with Dirich-
let or Neumann boundary conditions has at most one solution.
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(#3) For any~y € 8'(00) and k > 0 problem (0.4.4) with Dirichlet boundary condition
has at most one solution.

(tit) For any v € S'(00) and £ > 0 problem (0.4.4) with Neumann boundary
condition has at most one solution.

We will denote by Dpy and Dy~ the solution to (0.4.4) with Dirichlet and
Neumann boundary conditions. We call Dp and Dy the Dirichlet and Neumann
boundary maps. Note that both these maps depend on the parameter x and hence
should be denoted by D% and D%;,. However, we have decided to use less cumber-
some notation.

0.5. Mild formulations

In this section we will heuristically derive a mild formulation of the solution to
the stochastic nonhomogeneous boundary value problems to the wave equation. In
Section 0.7 we will show that a mild solution is in fact a weak solution.

Assume now that a process u solves wave problem (0.1.2). As in'! we consider
a New process iy := u — DT%. Clearly Ty(t) =0 for t > 0 and

B o€ oy . 0 . 0
y(O) = Ug — D-,—E(O), E(O) = Uo,1 8tDT ot (0) (051)
Next, by the definition of the map D, we have
0%y o& 0% o€
e A e T

Let (U-(t))ier be the group generated by the operator A, defined by equality
(0.3.2). Let us put z = %. Then, for ¢ > 0,

() -0 (39
+ /Ot Ur(t =) <HDT%(7~) —Og_;DT%(T)> "

On the other hand, by the integration by parts formula, we have

‘/ot Urt =) (g—;D?%m) = (%DTO%(U)
#0000 (g 50)) = L A (s )

Set
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Then, for ¢t > 0,

/OtATU(t —7) <%DTO%(T>) dr = /Ot Ut —7) (%Dﬁ(ﬂ) dr
= Z(t) +/0t,47UT(t_T) (DT%(H> dr

— 70 + /OtAZUT(t — ) <D o (r)) dr.

T or

Hence, in view of the equalities appearing in (0.5.1), we arrive at the following

(?Z/) (t) = U.(t) (uzzol) - (gfjl;;g_ta—(ft()t)>

t 9 0
s [0y ) Foan zo

identity

du(t)

or e observe that

0 o 0 a0
o) =29 0 p %y — o)+ 20 L,

and hence we obtain (0.3.4).

Putting v(¢) :=

0.6. Scales of Hilbert spaces

Let (A,D(A)) be the infinitesimal generator of an analytic semigroup S on a real
separable Hilbert space H. Let & belongs to the resolvent set of A. Then, see e.g.,?!
the fractional power operators (k — A)®, s € R, are well defined. In particular, for
s <0, (k—A)® is a bounded linear operator and for s > 0, (k—A)* := ((%—A)_S)_l.
For any s > 0 we set H, := D ((& — 4)*/?) = R ((k — A)~*/?). We equip the space
H, with the norm

£ llzr, = (& = A/ fll,  f € Hs.

Note that for all s,r > 0, (k — A)T/Q: Hgy, — Hg is an isometric isomorphism.
We also introduce the spaces H, for s < 0. To do this let us fix s < 0. Note that

the operator (& — A)*/?: H — H, is an isometric isomorphism. Hence we can define

H, as the completion of H with respect to the norm || f||z, := ||(& — A)*/2 f|| . We

have

| (F—A) " fllm, =|fla  for feH_,.

Thus, since H_; is dense in H, (kK — A)75/2 can be uniquely extended to the linear
isometry denoted also by (& — A)75/2 between Hy and H.

Assume now that A is a self-adjoint non-positive definite linear operator in H.
It is well known (and easy to see) that A considered on any Hy with s < 0 is
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essentially self-adjoint. We denote by Ag its unique self-adjoint extension. Note
that D (As) = Hgqo. Finally, for any s > 0, the restriction Ag of A to Hgqo is a
self-adjoint operator on Hg. The spaces Hg, s < 0, can be chosen in such a way
that

H,—H.— H— H_,— H_,, Vs>r>0,

with all embedding dense and continuous. Identifying H with its dual space H' we
obtain

Hy— H=H— H., 5> 0.
Remark 0.1. Under the identification above we have H, = H_,. Moreover,

(Asfr9) = (f,A—sg),  V[eD(As), geD(Ay),

where (-, ) is the bilinear form on Hg x H_g whose restriction to (Hs N H) x H is
the scalar product on H.

Given s € R, define

On H, we consider an operator A, defined by the following formulas

01

As 1= [ASO

] y D (.Ab) = Hs-‘,—l-
By the Lumer-Philips theorem, see e.g.,?* A, generates an unitary group U, on H,.

0.6.1. Application to the boundary value problem

Let —Ap and —Ay be the Laplace operators on H = L?(0) with the homogeneous
Dirichlet and Neumann boundary conditions, respectively. The corresponding scales
of Hilbert spaces will be denoted by (HP) and (H) and the restriction (or, if s < 0,
the unique self-adjoint extension) of Ap and Ay to HP and HY by AP and AY.
Finally, we write

HP HN,
HP = x and HY = x
HP HYN

and
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Example 0.1. (i) Let O = (0,1) and « = 0. Define functions t;, i = 1,2 by
1(x) =1 and 12(z) = z for # € [0,1]. Then, see e.g.,> Dp: 00 = R? — C([0,1])
is given by

Dp ((Z) = a1 + (b— a)a,

and, by Remark 0.1, see also,> APy, = %50—%51 and AP,y = —%51 for s < —1.
Taking into account (0.3.3), for s > 1 we have

4D \2 @\ _/ AD Tfay) 0
(AZ,)"Dp <b) —( A*SDD) (b> B (—a%%-ﬁ-b%(ﬁ).

(#4) For the Neumann boundary conditions on O = (0,1) we take k = 1. Then

a b—ae b— a
DN<b>_e— —11/}1+<a+ 1>1/}25 (b>€R2:805

where 11 (z) = e~® and ¥2(z) = €. Then, by Remark 0.1, for any ¢ € D (A}), and
s> 1,
(82%,006) = (A%00) = [ i) S @
Since
¢ [t %

- dqs do Lo

=) = 20+ 00 —00) + [ o)
and

1 d2¢ 1 d2¢
/0 1/)2(:17)$(:17)dx—/0 e @( x)dz

and since 92(0) = 42(1) = 0, it follows

dx
AJl/vswl = 6_161 - 60 + 1/117

AN 4y = —edy + 8o + Pa.

Consequently,

(1-AN,) Dy <Z>

b— b—
= e (50 - 6_161) + (a—i— — eaie ) (651 - 50)

e—e !

= —ady + (b — ae) 41,
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and hence

(1= (A%)%) D (Z) = ((1-A%) DN)Jr (Z)

- (—a50+(2—ae)51,>'

(iii) Let O = (0,00) and x = 1. Then, see e.g.,5 Dp: 00 = R — C([0,00)) is
given by Dpa = a1, where ¢(x) = e~*. Next, again by Remark 0.1, see also,’
AP o) = diéo 4+, s > 1, and consequently for any s > 1,

x

(1= (A2)2) Doa) = (1= 8%) Dp) (@) = (5%, )

d
—CLH(SO

(7v) For the Neumann boundary problem on (0, c0) with £ = 1 we have Dya = —a),
where 1)(z) = e~®. Then, AN 1) = 6y + 1. Consequently,

(1= (%)) Dv(a) = (1= a%) ) (@ = (0 )

—CL50

0.7. Equivalence of weak and mild solutions

We denote by 7 either the Dirichlet or the Neumann boundary condition. We
assume that D, is a corresponding boundary map, i.e. it satisfies

AD, = kDyp,  7D;p =1 on 90. (0.7.1)

Recall that H is the domain of (k—A;)?, hence in particular, H], , is the domain of
the Laplace operator A7 considered on H]. We denote by (U 7 (t)) the Cp-group
on H] generated by A7.

The following existence theorem is the main result of this section.

teR

Theorem 0.2. Assume that D.€ is a cadlag process in a space H] for some s €
R. Then for any Xo := (uo,uo1)’ € HI_, there ezists a unique weak solution
u to problem (0.1.2) whose trajectories are Hy_3-valued cadlag, with the boundary

condition Tu = 5 Moreover, the process X = (u, %)T is given by
t
T T T T
U7 50X + [ U7 ylt =) ((n = AT)D,) " de(r
0

=Ul_3(t)Xo + /t AT_UT 5t —71) ((r — A;2)DT)T £(r)dr (0.7.2)
0

+ (k= ALy) D7) €(t) = Uy (1) (5 = AT)D;)'€(0),  t>0,

Proof. Clearly the process X defined by formula (0.7.2) is cadlag in HI_5. We will
show that it is a weak solution to problem (0.1.2). By the well-known equivalence



September 29, 2009 12:43 World Scientific Review Volume - 9.75in x 6.5in bp5

12 Z. BrzeZniak and S. Peszat
result, see e.g.'® or,2® for any h € D (( ;3)*>,

(X (1), Ry, = (X(0), ez, + / (X(), (AT_y)" By dr

+ (b, (k= AT,) D) (€)= €03, >0,

T * 0 A;—,g
= (10"")
Let X = (u,v)T, and let ¢ € S(O) and ¢ € S(O) be such that 7¢ = 0 on 9O.

Note that hy := (¢,0)T, he := (0,4)T € D (( ;3)*>. Applying equality (0.7.3) to
h = hy we obtain

(0.7.3)

Clearly,

ult), )i, s = (w0, @)1, o + / (W), odr, £ 0.

Consequently, for @ := (K — A)* 2 ¢,

(u(t), &) = (uo, &) + / (w(r).@)dr, >0,

Next, for h = ha,

(0 0)m, s = (w01, D), 4 + / (), AG) g,y dr + Ro(t), 120,
where, for t > 0,
Ro(t) = (. (5 — AT ) Do&(®)) s s — (b, (5 — AT_,) Dot(O)) s, .

Let ) := (k — A)S_3 1. It remains to show that in the case of the Dirichlet boundary
operator,

94
R, (t) = t) —&£(0), =—
0 (so &) 6n>
and, in the case of the Neumann boundary operator,

R (t) = — (&) = £(0),9) .

These two identities follow from an observation that by Definition 0.2, if z is such
that D,z € Hg, then for any ) € S(O) satisfying ¢ = 0,

AT D (=0,%) if 7 is Dirichlet,
(d]’( - 5_2) A )) I (ﬁ(t) — 5(0),1/;) if 7 is Neumann.
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0.8. The Fundamental Solution

Let G, be the fundamental solution to the Cauchy problem for % = Au associated
with the boundary operator 7. In other words, G,: (0,00) x O x O — R satisfies
TG, (t,x,y) = 0 with respect to x and y variables, G, (0, z,y) = 0 and G = (0, z,y) =
5z (),

2
88g7 (t,ian) = AzG‘r(t,I,y) = AyGT(t,I,y), t > O, T, c O

Then the wave semigroup is given by, for x € O,

U-() (uzf)ol ) ()

_ Jo (ZG-(t, 2, y)uo(y) + G- (t, 2, y)uo(y)) dy
o (%GT<t,w,y>uo<y> + 4Gt yuoay) dy )

Hence, for x € O,
U-(t) (5 — A7) D7) ()

( fo (t,2,y)(x — Ay) Drv(y)dy ) (0.8.1)
Jo 3Gtz y)( — A;)Dyu(y)dy )

Let us now denote by o the surface measure on 0O. The following result gives
the formula for the solution to wave problem (0.1.2) in terms of the fundamental
solution.

Theorem 0.3. Assume that u is a solution to wave problem (0.1.2), where for
simplicity ug = 0 = uo,1-
(i) If T is the Dirichlet boundary operator, then the solution is given by

/ 90 3ny = 5, 2,y)o(y)dE(s)(y)o(dy), t>0,z€0.

(i) If T is the Neumann boundary operator, then

u(t,x) = /0 /ao G- (t — s,z,y)dE(s)(y)o(dy), t>0,z€0.

Proof. Let us assume that ug = ug,; = 0. Then by (0.8.1), the solution to wave
problem (0.1.2) is given by

t
u(t,:z:):/o T (t — s)d&(s), t>0,xz€0,

where

T (t)v(z) = /(9 G, (t,z,y)(k — Ar)Drv(y)dy, t>0, zeO.
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Note that, first by Remark 0.1, and then by the fact that G, satisfies the boundary
condition 7G, (¢, z,y) = 0 with respect to y-variable, we obtain, for t > 0, x € O,

T (t)v(z) ::/OGT(t,:C,y)(Ka — A;)Dvu(y)dy

_/O(,k; - A),G,(t,z,y)Drv(y)dy.

The Green formula and the fact that (k — A)D,;v = 0, yield then

T.(tv(z) = / 0D (y)) o(dy)

80 on,
for all t > 0 and = € O. Hence if 7 is the Dirichlet boundary operator, then

T (t)v(z) = — o (:)9;;7 (t, z,y)v(y)o(dy), t>0,z€0.
y

oG
(- it ) Drs) + Gt ,0)

If 7 is the Neumann boundary operator, then repeating the previous argument we
obtain

T (t)v(z) = o G (t,z,y)v(y)o(dy), t>0,ze€0. .

0.9. Applications
Assume that the process £(t)(z), t > 0, x € 9O, is of one of the following two forms
b)) = MWi(ter(z), t>0,z€0, (0.9.1)
k

or

) (z) = Z Zy(t)ek(z), t>0, €0, (0.9.2)
k

where (\;) is a sequence of real numbers, (ey) is a sequence of measurable functions
on 00, (Wy) is a sequence of independent real-valued standard Wiener processes,
and (Zy) is a sequence of uncorrelated real-valued pure jump Lévy processes, that
is

t t
Zi(t) = axt —|—/ / 27 (ds, dz) +/ / m(ds, dz), t>0,
0 J{lz|<1} 0 J{lz|>1}

where 7, are Poisson random measures each with the jump measure vy.
In the jump case, let us set

/\k,R = ap + I/k{l < |Z| < R}, :\k,R = )\k,R + I/k{o < |Z| < R}
Then, for all k£ and R,

t
Zk(t):/\k,Rt+Mk7R(t)+/ / r(ds,dz),  t>0,
0 {|z|>R}
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where

My r(t / / 27k (ds, dz), t>0.
{lzI<R}

Tk,R ‘= inf{t >0: |Zk(t) — Zk(t—)| > R}.

Let

Then 74,z T +00 as R T +o00. Moreover,
Zk(t) = )\k,Rt+ MkyR(t) on {Tk,R > t}.

Recall, see e.g.?® Lemma 8.22, or,?® that My g are square integrable martingales
and that for any predictable process f and any T > 0,

t T
E sup / F(8)dMy r(s)| < Crp{0 < |2| < R}/ E|f(s)|ds,
tefo, 7] 1Jo 0
and
t 2 T
E sup / f(s)dMy r(s)| <C z2l/k(dz)/ IE|f(s)|2ds7
telo, 7] |J0 {0<|z|<R} 0

where C'is a certain (independent of f,T, R and 7;) universal constant.

Recall that G, is the fundamental solution to the Cauchy problem for the wave
equation with boundary operator 7. It turns out that the Dirichlet problem has a
function valued solution if £ is absolutely continuous. Therefore we present below
the result on the Neumann problem. For specific examples see e.g.” %19

Theorem 0.4. Assume that T is the Neumann boundary operator. (i) If £ is given
by (0.9.1), then the solution u to (0.1.2) is a square integrable random field on
[0,400) x O if and only if

I(t,z) = Zk: Ai/o

Moreover,

u(t,x) = ; )\k/o /ao G- (t —s,z,y)er(y)do(y)dWi(s), t>0,2€0O

2
/ G:(s,z,y)ex(y)o(dy)| ds < oo, t>0, z€O.
80

and B |u(t,z)|* < I(t,x) for allt >0 and z € O.
(ii) If € is given by (0.9.2), then for all R > 0,

:zxk,R/t

0

G (s,z,y)er(y)o(dy)|ds < co.
o0

and the solution u to (0.1.2) is a random field if TR, — +00 as R — +00. Moreover,

Z/ /ao —s,x,y)ek(y)o(dy)dZk(s), t >0,z € O

and Elu(t, z)|Xt<rpy < CJr(t,x) for allt >0,z € O, and R > 0.

bp5
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Example 0.2. As an example of the wave equation with stochastic Dirichlet bound-
ary condition, consider d =1 and O = (0,400). Then the fundamental solution G

is given by
1
G(t,z,y) = 3 (X{la—yl<t} — X{Jo+yl<t}) t>0, z,y >0.
Then
_g—ri(taxao)_(st(x)? tal"ZOa

and, by Theorem 0.3, see also Example 0.1(iii), the solution to (0.1.2) with ug =
up,1 = 0, is given by

u(t,z) = /0 0t—s(x)dE(s), t,x > 0.

In general, process u = (u(t)) +>o takes values in a proper space of distributions. In
fact, for a test function ¢, B

(ult), ) = / ot —s)de(s), £ 0.

For similar results in the case of the transport equation see Examples 0.3 and 0.4.

0.10. The Transport equation

Let us describe an abstract framework in which we will study problem (0.1.3).
Namely, in this case we put H = L?(0,27) and U = R. We will identify H with the
space of all locally square integrable 27 periodic functions f: R — R. Alternatively,
we can identify H with the space L2(S'), where S! is the standard umit circle
equipped with the Haar measure (multiplied by 27). In the space H we consider an
operator A defined by

du
_ l2 —
D(A) = Hy2(0.2m),  Au=—, (0.10.1)
where H2(0,27) is the Sobolev space of functions u € L?(0,27) with the weak
derivative 9% € L2(0,27), and

H2(0,27) = {u € H"?(0,27): u(0+) = u(27—)}.

per

It is easy to see that A generates a Co-group (U(t))tcr in H. In fact, this group is
the standard translation group defined by

Ut)u(z) = u(ttx), teR, z € (0,2m), (0.10.2)
where + is the addition modulo 27. Let 7 be the boundary operator defined by
HY2(0,27) 3 u — Tu = u(27—) — u(0+) € R. (0.10.3)

Note that by the Sobolev embedding theorem H':2(0,27) — C([0,27]) and hence
w(27—) and u(0+) make sense for each u € H'2(0,27). Finally, we assume that £ =
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(&(1)) i is an R-valued cadlag process defined on some complete filtered probability

space (Q, F, (F),P).
With all these notation we can now present an abstract form of problem (0.1.3),

&ggf) = Au(t) fort € (0,00),
u(0,-) = ug on (0, 27), (0.10.4)
Tlu®)] = %(tt) for t € (0, 00).

The problem needs to be reformulated as, for example, on the one hand there is an
expression Au(t) and on the other hand T[’U/(tﬂ may be different from 0, and hence
u(t) may not belong to D(.A). In order to give a proper definition of a mild solution
to the above problem we will argue heuristically as in Section 0.5. For this we need
to introduce a counterpart of the Dirichlet map D, from Section 0.4. To this aim
let zo € H'2(0,27) be the unique solution of the following problem
d
d—zo(:v) = 20(z), z € (0,27), zo(2m) — 20(0) = 1.
T
Thus 2o(x) = (e*™ — 1)~ e®, 2 € (0,27).
Then we define a map D,: R3 a— azy € H1’2(07 27). Note that the map D,
satisfies the following
19 du
u € H>%(0,2m), L= o (0,27) and 7(u) =a < D (a) =u.
x
In other words, 7o D, is the identity operator on R.
Let u be a solution to (0.10.1). As in Section 0.5 we consider a new process y
defined by the following formula

d¢

~o 0. t>0. (0.10.5)

y(t) :=u(t) = D
Clearly Ty(t) = 0 for t > 0 and y(0) = ug — DT%(O). Next we have
—A(v0+ 0.5 0) - 5 (-F0)
— Ay(t) + [DT%@) - % <DT%(t))] .
Continuing as in Section 0.5 we obtain

) = U0+ [ ) D0 - (D F0)] 0
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On the other hand by integration by parts formula
¢ 9 de d¢
- Ut—r)=— (D= dr=-D,—(t
/0 ( %T( dT(r)) r (1)

dg

d¢ ¢
+U(t)DTE(O)—/O AU(t—r)DTa

(r)dr.

Hence, we infer that

0 =0 (40 + D.50) - D0

+ [(a-aue-n[p.Lw]a 120

Therefore, in view of (0.10.5) we arrive at the following heuristic formula

u(t) = Utyug +/0 (I— A)Ut—7) {DT%(T)} dr, t>0.

Since (A*)’ is an extension of A, to obtain a meaningful version of the above equation
one should write

) = U+ [ (1= (ANUE-n) D] @ ez0. ©100)

where U is the extension of the original group to (D(.A*))".

Summing up, we have shown (for more details see*) that the transport problem
can be written in the abstract form (0.1.1) with £ = D, and A = 1. It is known
(see) that the condition (0.2.1) is satisfied.

It follows from* Proposition 1.1, p. 459, that the above integral defines a function
belonging to C([0, c0); H) provided % € L2 (0,00). However, we are interested in
cases when this condition is no longer satisfied. Hence, if we perform integration
by parts in the integral in (0.10.6) we obtain the following Anzatz for the solution

to problem (0.10.1):

u(t) = U(t)uo + (I — (A*)) [D-£(t) — U(t)D-£(0)]

# [(a- A ave-nplan 120 (0-10.7)
0

Let us observe that formula (0.10.7) is a counterpart of formula (0.3.5) from
Section 0.3. In some sense, this could be seen as a stochastic counterpart of a
deterministic result from,* see Proposition 1.1 on p. 459.

As far as the problem (0.10.1) is concerned, it remains to identify the space
(D(A*))" with an appropriate space of distributions. We have the following.

Proposition 0.3. The space (D(A*))" is equal to H=12(0,2r) and the operator
(A*) is equal to the weak derivative. In particular,

((A*)/U,QO) = - (U, j_i) s u e H, Y e H1’2(0, 27‘(’)

bp5
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Recall that D (o) = azo, where zo(z) = (™ — 1)_1 e”, x € (0,2m). Thus, by
the proposition above, for any ¢ € H%2(0,27),

27
(A 20,0) = — / (@) 52 (x)dr

— —2p(2m)p(2) + 20(0)(0) + / " co(@)p(e)dz,

and hence

(I —(A")) Dr[o] = (e; - T02m e%l_ 150> a. (0.10.8)

Next not that, for any test function ¢ € H2(0,27),

(/Ot U(t — 5)02-d&(s) ) Ot dam, p(t — s4)) d&(s)

/Otgot—8+27r )¢ = / (t — s+0)d¢
(!

Ut — s)00dé(s), )

0
Therefore, by (0.10.8),

t t
([ ve-9u-npage.e) = [ ot stoae
and in other words, we have the following result.

Proposition 0.4. The solution u to problem (0.1.3) is an H~%2(0,27)-valued pro-
cess such that for any test function ¢ € HY2(0,27),

(ult). ) = (uo, ) + / olt — sH0)dE(s), ¢ 0.

Example 0.3. Assume that £ is a compound Poisson process defined on a proba-
bility space (2, F,P) with the jump measure v; that is

II(t)
t)y=> Xp t>0,
k=1

where II is Poisson process with intensity v(R) and X} are independent random
variable with the distribution v/v(R). Let 74 be the moments of jumps of II. Then

¢
/ o(t — s+0)dé(s) = Z o(t — 73,+0) X
0 T <t
Since each 71 has a absolutely continuous distribution (exponential), the formula
can be extended to any ¢ € L?(0,27), and hence the solution is a cylindrical process
in L%(0, 27); that is for each ¢ > 0, u(t) is a bounded linear operator from L?(0, 27)
to L*(Q, F,P).
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Example 0.4. Let £ be a Wiener process. Then again u is a distribution valued
process and a cylindrical Gaussian random process in L?(0, 27).

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

E. Alos and S. Bonaccorsi Stability for stochastic partial differential equations with
Dirichlet white-noise boundary conditions, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 5, 465-481 (2002)

E. Alos and S. Bonaccorsi, Stochastic partial differential equations with Dirichlet white-
noise boundary conditions, Ann. Inst. H. Poincaré Probab. Statist. 38, 125-154 (2002)
A. V. Balakrishnan, Identification and stochastic control of a class of distributed sys-
tems with boundary noise. CONTROL THEORY, NUMERICAL METHODS AND COMPUTER
SYSTEMS MODELLING (Internat. Sympos., IRIA LABORIA, Rocquencourt, 1974), pp.
163-178, Lecture Notes in Econom. and Math. Systems, Vol. 107, Springer, Berlin,
1975.

. A. Bensoussan, G. Da Prato, M.C. Delfour, and S.K. Mitter, REPRESENTATION AND

CONTROL OF INFINITE DIMENSIONAL SYSTEMS, Second edition. Systems & Control:
Foundations & Applications. Birkhduser Boston, Inc., Boston, MA, 2007.

Z. Brzezniak, B. Goldys, G. Fabri, S. Peszat, and F. Russo, Second order PDEs with
Dirichlet white noise boundary conditions, in preparation.

I. Chueshov and B. Schmalfuss, Qualitative behavior of a class of stochastic parabolic
PDFEs with dynamical boundary conditions, Discrete Contin. Dyn. Syst. 18, 315-338
(2007)

. R. Dalang and O. Lévéque, Second order linear hyperbolic SPDE’s driven by isotropic

Gaussian noise on a sphere, Ann. Probab. 32, 1068-1099 (2004)

R. Dalang and O. Lévéque, Second-order hyperbolic SPDE’s driven by homogeneous
Gaussian isotropic noise on a hyperplane, Trans. Amer. Math. Soc. 358, 2123-2159
(2006)

R. Dalang and O. Lévéque, Second-order hyperbolic SPDE’s driven by boundary noises,
Seminar on Stochastic Analysis, Random Fields and Applications IV, pp. 83-93,
Progr. Probab., 58, Birkhuser, Basel, 2004.

G. Da Prato and J. Zabczyk, STOCHASTIC EQUATIONS IN INFINITE DIMENSIONS, Cam-
bridge Univ. Press, Cambridge, 1992.

G. Da Prato and J. Zabczyk, Evolution equations with white-noise boundary condi-
tions, Stochastics and Stochastics Rep. 42, 167-182 (1993)

G. Da Prato and J. Zabczyk, ERGODICITY FOR INFINITE DIMENSIONAL SYSTEMS,
Cambridge Univ. Press, Cambridge, 1996.

J. Duan and B. Schmalfuss, The 3D quasigeostrophic fluid dynamics under random
forcing on boundary, Commun. Math. Sci. 1, 133-151 (2003)

I. Lasiecka and R. Triggiani, A cosine operator approach to modeling L2 (0, T; L*(I"))-
boundary input hyperbolic equations, Appl. Math. Optim. 7, 35-93 (1981)

I. Lasiecka and R. Triggiani, Regularity of hiperbolic equations under L2 (0, T; L*(T'))-
Dirichlet boundary terms, Appl. Math. Optim. 10, 275-286 (1983)

I. Lasiecka and R. Triggiani, DIFFERENTIAL AND ALGEBRAIC RICCATI EQUATIONS
WITH APPLICATIONS TO BOUNDARY/PIOINT CONTROL PROBLEMS, Lecture Notes in
Control and Inform. Sci., vol. 165, Springer-Verlag, Berlin, Heidelberg, New York,
1991.

I. Lasiecka and R. Triggiani, CONTROL THEORY FOR PARTIAL DIFFERENTIAL EQUA-
TIONS: CONTINUOUS AND APPROXIMATION THEORIES. II. ABSTRACT HYPERBOLIC-

bp5



September 29, 2009 12:43 World Scientific Review Volume - 9.75in x 6.5in

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

21

LIKE SYSTEMS OVER A FINITE TIME HORIZON, Encyclopedia of Mathematics and its
Applications, 75. Cambridge Univ. Press, Cambridge, 2000.

I. Lasiecka, J. L. Lions, and R. Triggiani, Non homogeneous boundary value problems
for second order hyperbolic operators, J. Math. Pures Appl. 65, 149-192 (1986)

O. Lévéque, Hyperbolic SPDE’s driven by a boundary noise, PhD Thesis 2452 (2001),
EPF Lausanne.

J.L. Lions and E. Magenes, NON-HOMOGENEOUS BOUNDARY VALUE PROBLEMS AND
APPLICATIONS I, Springer-Verlag, Berlin Heidenberg New York, 1972.

A. Lunardi, ANALYTIC SEMIGROUPS AND OPTIMAL REGULARITY IN PARABOLIC
PrOBLEMS, Birkhauser, 1995.

X. Mao and L. Markus, Wave equations with stochastic boundary values, J. Math.
Anal. Appl. 177, 315-341 (1993)

B. Maslowski, Stability of semilinear equations with boundary and pointwise noise,
Ann. Scuola Norm. Sup. Pisa 22, no. 1, 55-93 (1995)

A. Pazy, SEMIGROUPS OF LINEAR OPERATORS AND APPLICATIONS TO PARTIAL DiF-
FERENTIAL EQUATIONS, Springer, New York, 1983.

S. Peszat and J. Zabczyk, STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS DRIVEN
BY LEVY PROCESSES, Cambridge Univ. Press, Cambridge, 2007.

E. Saint Loubert Bié, Etude d’une EDPS conduite par un bruit poissonien, Probab.
Theory Related Fields 111, 287-321 (1998)

L. Schwartz, THEORIE DES DISTRIBUTIONS I, II, Hermann & Cie., Paris, 1950, 1951.
R.B. Sowers, Multidimensional reaction-diffusion equations with white noise boundary
perturbations, Ann. Probab. 22, 2071-2121 (1994)

bp5



