ON SOME SMOOTHENING EFFECTS OF THE TRANSITION
SEMIGROUP OF A LEVY PROCESS
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ABSTRACT. Let (P;) be the transition semigroup of a Lévy process (L;) taking values
in a Hilbert space H. Let v and N respectively be the Lévy measure and compensated
Poisson random measure of (L;). It is shown that for any bounded and measurable
function f,

AP, f(x) = [ L‘r// N(ds dy} forallt >0,z € H.

where A, is some non-local operator. As a corollary,
1
/ |Pf(z+y) — Pof (@) v(dy) < ;Ptfz(x) forallt >0,z € H.
H

As v can be infinite this formula establishes some smoothening effect of the semigroup
(P;). In the paper some applications of the formula will be presented as well.
Key words: Bismut-Elworthy—Li formula, Lévy processes, Smoothening effect.

1. INTRODUCTION

Let (X;) be the unique solution to an SDE on a Hilbert space H driven by a non-
degenerate Wiener process W. Let

Fif(r) =E(f(XY),  feB(H), t=0,

be the corresponding transition semigroup defined on the space of bounded measurable
functions By(H). Then the following Bismut—Elworthy—Li formula holds (see [7] or [12])

1) vpif(o) = & (500) [ Ksoas).

where K (s,v) is an adapted stochastic processes independent of f. This formula implies
the strong Feller property of (F;), and therefore is very useful for studying its ergodic
properties. For other applications we refer to e.g. [18, 2, &].

In this paper, we derive the following, similar to (1.1), derivative formula for a family
of Lévy processes LY = x + Ly, t > 0, x € H, taking values in a Hilbert space H;

(1.2) Athf(x):—E[ L’”// N(ds dy)]

Above A, is a certain non-local operator A, corresponding to a function ¢ playing a
similar role as v in (1.1). Thus the associated transition semigroup (F;) transforms
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By(H) into the intersection of domains of some non-local operators (see Theorem 3.1 for
more details). Next, see Corollary 3.2 below, we show that

(1.3) /H \Pf(z+y) — Pof(z)] v(dy) < %Ptfz(x) for f € By(H), t >0,z € H.

Note that if the Lévy measure v of (L;) is infinite, then for any open ball B.(0) with the
center at 0 and radius € > 0 one has v (B.(0)) = +o0o0. Therefore (1.3) means that for
any © € H, P,f(x +y), y € B:(0), is in a certain sense close to P, f(x).

By choosing a special ¢ in (1.2) we obtain a ’fractional gradient’ estimate for some
symmetric Lévy processes. From this estimate, we further get the ’fractional gradi-
ent’” estimate for the perturbed stable type stochastic systems. By Corollary 3.2 and a
generalized Campanato’s theorem, we calculate modulus of continuity of the transition
semigroups of "log-stable’ processes.

The paper is organized as follows: the next section includes some preliminary facts on
Lévy processes. The main general results are formulated in Section 3. The last three
sections are devoted to applications. In the appendix we prove the generalized Campanato
theorem of harmonic analysis.

2. PRELIMINARY FACTS ON LEVY PROCESSES

Recall some preliminary facts on Lévy processes (for details see e.g. [I, 13, 14]). Let
(L¢)t>0 be an H-valued Lévy process. It is well known that there is a vector m € H, a
symmetric positive definite trace class operator (): H — H, and a Borel measure v on
H satistying

2.1) D=0 [ 1A lfitdy) <+,

such that
E el lt)r — e_t¢(x)a reH,

where the so-called Lévy exponent ¢ of (L;) is given by the following Lévy—Khinchin
representation:

¢($) = i<$, m>H -+ %<Q$,$>H —|—/ [ei<x’y>H —1- i<x,y>H1{|y‘H§1}} V(dy).
H

We call v the Lévy measure of L and (m,Q,v) the generating triplet of L.
The Poisson random measure associated with (L;) is defined by

N(t,T):= > 1p(L,—L.), T e€B(H), t>0,

s€(0,t]

and the compensated Poisson random measure is given by

N(t,T) = N(t,T) — tw(I).

By the Lévy-Ito decomposition (cf. [1, p.108, Theorem 2.4.16] or [13, p. 53, Theorem
4.23]), one has

Ly =mt+ Wql(t) + / xN(dt,dx) + / xN(dt, dx), t>0,
{lela>1}

{0<|z|m <1}

where W, is a Wiener process in H with covariance operator ().
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Let () be the filtration generated by (L;), and let us denote by £2  the space of all
predictable stochastic process v satisfying

t
IE/ / [v(s,y)|3v(dy)ds < oo for t > 0.
0o JH

Then for any ¢ € L2 the stochastic integral fo [, 0(s,y)N(ds,dy) is a well-defined
square integrable and mean zero martingale. Moreover, the following It6 isometry holds
(see e.g. [1, p. 200] or [13, Section 8.7])

o[ oo [ [ s

(2.2)
:IE/O /Hw(s,y)w(s,y)V(dy)d& Y, ¢ € Lip-

Let L = (L;) be a Lévy process with a generating triplet (m,@Q,v). Consider the
Markov family

(2.3) LY =z + Ly, t>0, v e H.
Its transition semigroup (P;) is given as follows
(2.4) P, f(x) =E f(L}), t>0, x€ H, fe By(H).

Observe that (F;) is strongly continuous on the space UCy(H) of uniformly continuous
bounded functions on H equipped with the supremum norm || - ||, i.e., Py is the identity
operator, Py, = PP for all t,s > 0, and lim o || P.f — flloc = 0 for all f € UC,(H) (see
[13, p. 80] for more details). Moreover, the domain of its generator £ contains the space

UCZ(H), and

£f(x) = (Df (@), m)y + 3 Trace QD ()
+ /H (flz+y) = fl2) = Lap <y (Df(2), y) ) v(dy), feUCH), t>0, z € H.

3. MAIN RESULTS

Let L be a Lévy process on H with the generating triplet (m,Q,v). Let (L¥), t > 0,
x € H, be the Markov family given by (2.3), and let (F;) given by (2.4) be the transition
semigroup of (L7).

Given q € L*(H,B(H),v), define

- {f € Bu(H): sup/ (@ +y) = f(@)|laly)lv(dy) < oo}.

zeH

Next, let

(31)  Af() = /H F@ty) - f@)]aww(dy) for feD, aeH.
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Taking into account (2.1), we see that C} (H) C D,, A, is a bounded linear operator form
C}(H) into By(H) and

HAquoo ‘= Sup |Aqf<$)|
xeH

<271 ( /| \Hzl van) ( /| - cﬂy)v(dy))é
#1071 ( [ |y|%,v<dy>)% ( [ . q2<y>u<dy>)% <o

Theorem 3.1. Let ¢ € L*(H,B(H),v). Then for allt > 0 and f € By(H), P.f € D,

and
AP f(x) ——E{ Lx// N(ds dy]

P.f*(x) /HqQ(y)V(dy) forallz € H.

N|=

Moreover,

|[AgPof (2)]” <

~+ |

Proof. We follow the spirit of the proof of Theorem 2.1 in [7]. Assume f € UCZ(H) and
consider P,_¢f(L?) with 0 < s <t¢. Applying Kolmogorov’s backward equation to P,_f
and It6 formula to L? (see e.g. [1]), we obtain

) - nsw) = - [ ensast [ £rswoas
i / t /H [P (L2 + ) — P o f(12))] N (dy, ds)
(32) + [(DRs D), AWl
/ [ P02 ) = P (1) Ny

/ (DP_ f(LF), dWo(s)) s

0

Multiplying the both sides of (3.2) by

/ | at¥tay.as)

and taking into account (2.2), we further get

{ (L) // dy,ds] :E/Ot/H[B_sf(LHy)—H_sf(Li)]q(y)V(dy)ds

= /Ot /H [Pspt—sf(x + y) - PsPt—sf(x)] Q(y)y(dy)ds
=t [ IRf(a+9) - R @) a)v(dy) = tA,P 1 o).

This clearly implies the first formula in the theorem.
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From the previous formula, by the Holder inequality and It6 isometry we obtain

agrs) < @) ([ [ i) :

< (P () 12 ( /H q2<y>v<dy>)m.

Thus the desired estimate holds for any f € UC?(H). Assume that f € B,(H). Let
x € H. Then there is a sequence (f,,) C UCZ(H) such that

ILm Pth(x) = Ptf2($)a

and
lim P, f,(xr+vy) = Pf(x+y) forv almost all y.
n—oo
Consequently, the desired estimate for f follows from the Fatou lemma. O

Corollary 3.2. For arbitrary f € By(H) we have
1
/ |Ptf(93+y)—Ptf(:v)|2V(dy)§ZPth(x), x€H, t>0.
H
Proof. By (3.1), we have

/H Pf(x +y) — Pof(a) v(dy)

/H (P +9) — P () aly)(dy)

, g /HQQ(y)V(dU)Sl}

=sup{\Athf(:v)!2, q: /PIQQ(y)V(dU)Sl},

and the estimate follows from Theorem 3.1. O

(3.3) = sup {

Given f € By(H) we define the difference operator Vi — f(z), z,y1,...,yn € H
putting

ngl Yn+1 f(x) = Vyn+1 (VZ1 ynf> (x>

..........

Corollary 3.3. For any f € By(H) andn € N,

sup [ oo [ 9 () @F vl ovtdn) < (3) 11

zeH

Proof. Tt is enough to show the estimate for f € UCZ(H). Let q1,...,q, € L*(H,B(H),v).
We claim that the operators A, and P; commute. Indeed, by Fubini theorem and the
fact L¥ +y = LY, for all f € UCE(R?) we have

PAf(x) = E A, f(LY) = / (F(IE +y) — FID)) aly)(dy)

H

:/H[Ef(Lf+y)—Ef(Lf)] q(y)v(dy)

_ /H [Pif(z +y) — Pof(x)] g(y)v(dy)
= A P f(x).



Thus, by Theorem 3.1 and commutative property between A, and P,
2
A - Ay oS = sup Ay . Ay, Pof (@)
xe

2
= 51612 |(Aq1Pt/n> . (Aqnpt/n)f(x)’

n
< S lI(AgPim) - (Ag Poyn) FIE Nl Z2 o000,

n\m”" “
< (5) 12 TT NauliEaqor sy
k=1

Since
[ oo Vo (B @ ) . ()
(3.4) e
=sup {4y A PG 0 [ vian <1
H
the desired inequality holds. U

4. APPLICATION 1: SHORT TIME BEHAVIOUR OF THE SEMIGROUP

We investigate the fractional gradient estimate of a-stable and truncated a-stable
processes. In this and next sections H = R? The norm on RY will be denoted by

1.
Theorem 4.1. Let the Lévy measure v be of the form
1
v(dz) = Wl{lxKK}dgﬁ
where o € (0,2] and K € (0,00]. Then for any f € («/2, ) we have

(4.1) I(=2)F Piflloe < CO+ T )Ifloer V>0, f € By(RY),
where C' = Cy g only depends on o and (3.
Proof. Without any loss of generality, we may assume that K = 1. Choose g such that

W=l VWL [ i <o
{lyl>1}
It is easy to see that
(42) |t = [ ey <o
{lyI<1} {lyI<1}

Therefore, ¢ € L*(R%, B(RY), v).
Observe that

B flz+y) — fz) ) — f(x y
Af(2) = /ﬂqu} P /{lyl>1} [f(o+ 1) — F(=)) aly)v(dy)

(-2)% f(2)| =

fl@+y) —f(w)dy’

R4 | ylotd=

‘/ flx+y) - ‘ ‘/ flx+y) — flx )dy
{lyl>1) |y|°‘+d 5 i<ty ylere?




It is easy to see that

(z+y) — f(z) ‘
dy| < Ca,ﬁ’HfHom
‘/{y|>1} |y|ota=r

and that

[ BEEZ A < sl | [ R - Pr@)ia)
{lyl<1} [yl {ly>1}

<t Fllosllgll 2 e say.) + Coall fllsollal 2 e s@ay,

where the last inequality follows from Theorem 3.1 and Holder s inequality. Collecting
the previous inequalities, we get the desired one. O

5. APPLICATION 2: ESTIMATE FOR A PERTURBED DYNAMICS
Let X be the value at ¢ of the solution to the following stochastic differential equation
(5.1) dX; = b(X;)dY; + dZ,, Xy ==,

where b € CZ(R?) and Z;, Y; are both symmetric stable processes with the parameters
a, f € (0,2). Our result below is also true if b is a bounded measurable function, to avoid
the complicated differentiability issue and stress the idea, we assume b € UCZ(R?).

Eq. (5.1) in more general setting has been intensively studied (see e.g. [0, 11, 1, 5] and
the references therein) and has a unique weak solution. Let

Pof(x) =Ef(X}),  V[€By(RY),

be the corresponding transition semigroup. The semigroup is Cy on the space UCy(R?).
Let £ be the generator of (P;) considered on UC,(R?). It is well known that UCZ(R?) C
Dom (£), and that for all f € UCZ(R?),

Lf=—(=D)"2f —[b(x)|7(=A)"f,
and the following backward Kolmogorov equation holds
(5.2) OP.f = LP.f.
We use (4.1) to show some properties of the associated backward Kolmogorov equation.

Theorem 5.1. If 8 € (0,a/2), then there exists ty € (0,1) depending on «, 8 and ||b|,
such that for any f € UC,(RY),

I(=2)°2Pflloc < Crt 2| fllocs ¢ <o,
I(=2)°2P, flloc < Collfllocs > to,
where C1, Cy depend on «, [ and ty.

Proof. Since UCZ(R?) is dense in UC,(R?) and (—A)%? is closable, it suffices to show
(5.3) for f € UCE(RY).
For any f € UCZ(RY), define PP f(x) = E[f(Z; + x)]. Tt satisfies

(5.4) 0P f = —(=A)Pf.

(P?)i>0 can be extended to a Markov strongly continuous semigroup on UCy(R?). Due
o (5.2) and (5.4), using the classical Duhamel principle we obtain

(5.5) Pif(x) = P f(z) - / P} [|b]’(=A)PP2P, f](z)ds

7
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Since b € UCZ(RY) and f € UCE(R?), P.f € UC}R?) and P?f € UCZ(R?) both hold.
By (4.1), we have

(56) N2 2R e < CO+ ) flloo < 2072 flloe, VE<L,
which, together with (5.5), yields

t

I(=2)*2Pflloe < Ct2| flloo + 0/0 (t = )72l (=2)72 P floods
t

< Ct V2| flloo + C/ (t = )" 2Bl (= 2)72 P flocds
0

¢
=Ct™?|| fllo + C/ (t— )72 2B L s 2 (= A)PP Py f || ods.
0
Define
Ly := sup t1/2||(—A)B/2Ptf||oo

0<t<T

with 7" > 0 to be chosen later. From the previous inequality we have
t
Ly <C|flloo + CT? sup / 3_%(25 — s)_%ds||b||§OLT
(5.7) 0<t<T Jo
< Ollfllss + CB(3/2,3/2)T% ]2, Lz,
where B is the beta function. Choosing ¢y € (0,1) (depending on «, 3, and ||b]|,) such
that CB(3/2,3/2)tZ[|b]|%, < i, we obtain
Ly < 20| floo-

This immediately implies the first estimate in the theorem.
For the second estimate, taking P, o f rather than f as the initial data, by the same
procedure as above we have

NI

-
-8Rl <y (1= 2) 1By asle

(ST

<C (t—%o)_ 1fllo: Vi€ (to/2,3t0/2).

Therefore

N |=

-8R f < €1 (3) Ml VEE (t0 302

Now taking P, f as the initial data, we obtain

N |=

-8R0 < € (3) Ml V€ (Bt0/220)

Iterating the above argument, we finally get

N|=

to

8P fle <€ (B) TMler VEZt

which is the desired second estimate. O



6. APPLICATION 3: MODULUS OF CONTINUITY OF TRANSITION SEMIGROUP OF A
FAMILY OF LEVY PROCESSES

When the Lévy measure v on RY satisfies
(6.1) / v(dz) = oo, Vr >0,
{lzf<r}

the process (L;):>o has infinitely many small jumps in any time interval [t,¢ + J). Then
(see e.g. [11, Theorem 27.4]), the law £(L;) of L; is continuous but not necessarily
absolutely continuous with respect to Lebesgue measure. However, if additionally v is
radially absolutely continuous with some divergence condition, then £(L;) is absolutely
continuous (see e.g. [l1, Theorem 27.10]). Let us also recall, see e.g. [10], that the
law £(L;) is absolutely continuous if and only if the corresponding semigroup satisfies
P;: By(R?Y) — Cy(R?). Thus the absolute continuity is equivalent to the strong Feller
property.

Below we provide some estimates for the moduli of continuity of the transition semi-
group which is beyond the scope of the a-stable type process. Namely, assume that the
Lévy measure v is absolutely continuous with respect to Lebesgue measure on the ball
B1(0) = {z: || < 1} and
v(da) _ [log, [o][

de. = |xld 7

where v € (1,00) is a constant.

(6.2) x € By(0),

Theorem 6.1. Let (L;)i>¢ be a Lévy process with Lévy measure v satisfying (6.2). Then
(Lt)t>0 is strong Feller. Moreover, there exists an ro > 0 such that

(6.3) P () — Pof(y) ¢

| S 717
| logy |z —yl[
where C' depends on v, d,t and ry.

|$_y| S 7o,

Let Q C R? be an open set. Given a function f: Q = R, z € Q and r > 0 such that
the ball B.(z) C €, define

- 1
= dy.
o = T T

To prove the theorem, we need to use the following lemma, which is a generalized Cam-
panato theorem. The proof of the lemma is deferred to the appendix.

Lemma 6.2. Let Q C R? be open and bounded, and let f: 2 — R be a bounded function.
Assume that there are constants C' > 0 and v > 1 such that
d

- r
6.4 [ 100 Fubay < 0
(6.4) BT@)\ () | Tog, 110
for any ball Bt(x) C Q. Then f is uniformly continuous and there exists ro > 0 such that
for any open Q2 C Q with diam (2) < o and dist (2,00Q) > 1o, we have

~

_ 1. .

. zr S 1 a1 Q?
(6.5 For = J@I € Gy, Vae
where C depends on d,~v and C'. Moreover,

(6.6) sup | f(z) — f(y)l|logy |z — |t < C,

z,y€Q,z£Y
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where C depends on C, dist (Q,09),d,y and ry.

Remark 6.3. It is interesting to point out that (6.5) is a Poincaré type inequality, which
might be of independent interest.

Proof of Theorem 6.1. Let f € By(R?) and set g(z) = P,f(z). For any ¢t > 0, we have

1
Ig(y)—gx,r\Qdyz/ ‘/ 9(y) — g(2)) dz dy
/r@c) {y—al<ry | Br@)? | Jyam x\<r}
1
(6.7) < / — g(2)[* d=dy
{ly—=z|<r} |B7"(x ’ {|z— a:|<7‘}
1
< / / — g(=)[dzdy,
{ly—=z|<r} ‘Br<x ’ {ly— z|<2r}

where the last inequality follows from the inclusion
{ly =zl <rin{lz—z| <r} cA{ly -z <r}{ly — 2| < 2r}.

From (6.7) we further get

/ |g(y) - gz,r|2dy
B ()

1 2 Jz—yl*  |logy |z —y|[”
< / l9(y) — 9(2)] dzdy
tly—al<ry [Br(2)] Jgy—zi<an [logy [y — 2[> [z —y|?
2|4 |log, |z]|*
= l9(y + 2) — g(y)I” dzdy
/{|y—a:|<r} 1B (@)] Jyj21<2ry [logy [2[|>Y |2
|2]¢

1 / 9
< l9(y +2) —9W)|" —— 5z v(d2)dy
/{|y—x|gr} 1B (@)] J{121<2ry | logy | 2|[*Y

Since ﬁ is decreasing as r < ry/2 for small o > 0, the above inequality further

gives

rd 1 5
9(y) — G2y < C / / 9y + 2) — g(u) 2 w(d=)dy
/ (@) | logy 7 | B ()| Jqjy—ai<ry J1z1<2m)

7nal

2
= sup lg(y + 2) — g(y)|" v(dz)
| 10g2 T|2’Y y€B-(x) JRE

d 1
Criaymt W1

where the last inequality follows from Corollary 3.2. Combining the estimate above and

Lemma 6.2 we obtain the desired conclusion. O
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7. PROOF OF LEMMA 6.2

We follow [0]. For 0 < ry < r; < min{dist (Q2,99),1} and any = € Q, we have
(7.1)

B B 1 B B
|fz,7“1 - fz,r2| < B |f(y> - fz,T2|dy + B |f(y) - fz,r1|dy
| r2 | By, () | 72 | By, (x)
1 o 1 o
S B |f(y) _fx,r2| dy+ B |f(y) _foc,r1| dy
’ T2’ Bry (z) ‘ 7”2’ Bry ()
1 - B 1 -
</ |f(y) - f:v,r |2dy + - |f(y) - fac,r |2dy
\/|Br2| By () ’ B, | [Bry| JB,, (@) '

i d/2
I ’ log, 7’2|ﬂY T2 ‘ logy 71 ‘7

a/2

1 1
<o+ (2) | ——,
- (7"2) ] | logy |7

where the last inequality is by the assumption of the lemma. For all 0 < r, < r,, <

dist (€2, 0Q), define
N = [log2 (—T )1 ,
Tn

without loss of generality we assume 7, < 1/2. By (7.1) we have

N
|f:t,7“n - fx,Tm| S Z |fa:,2*krm - fz,2*k+1rm| + |faz,2*Nrm - fx,rn|

k=1
N
1 1
< C, C
<G T g TN gyl

1
<Cgyr—.
= | logy 7' |7

(7.2)

Hence, there exists an f such that
lim f,, = f(x), VaeqQ,
r—0

and there exists an ry > 0 such that as r < rq,

_ - 1 N
7.3 o — < Cygnr——, v Q.
On the other hand, by the Lebesgue theorem,

lirr(l) for = f(2) for almost allz € Q.
r—
By (7.3), all the points in Q are Lebesgue points. Hence, f,, — f(x) uniformly for = € Q

as r — 0 with

_ 1 -
4 — < _ Q.
(7 ) |f:t,r f(aj)l = Cd:’Y | log, 7,|y_1? Vo e

Now for z,y € Q, denote r = |z — y|, we have

(75) |fy,2r - foc,?r‘ S ’fy,Qr - f(Z)’ + |f(Z) - fx,2r|a KAS BQT(:E) N B2r(y)'
11



Since By, (1) N By, (y) contains a ball with radius r, as r < rq/2,

(7.6)

_ _ 1 _ _
|fy,2r - fz,27’| S |B | |fy,2r - f(2)| + |f(2) - f$,27‘|dz
7| J Bay(z)NBzr(y)
1 - 1 _
= 15 ‘f,QT_f(z)‘dZ—i__ ’f(z>_fx,2r|dz
1Br| Jpp ) ! | Br| J By ()
<ot
~|logy |

where the last inequality is by the assumption of the lemma. Observe that

(7.7) (@) = FWI < 1f(@) = forrl + 1) = foorl + [ for = fooul.
This, together with (7.6) and (7.4), immediately implies the desired inequality.
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