GAUSS-MARKOV PROCESSES ON HILBERT SPACES
BEN GOLDYS, SZYMON PESZAT, AND JERZY ZABCZYK

ABSTRACT. K. It characterised in [16] zero-mean stationary Gauss-Markov processes
evolving on a class of infinite-dimensional spaces. In this work we extend the work of
It6 in the case of Hilbert spaces: Gauss—Markov families that are time-homogenous are
identified as solutions to linear stochastic differential equations with singular coefficients.
Choosing an appropriate locally convex topology on the space of weakly sequentially
continuous functions we also characterize the transition semigroup, the generator and its
core thus providing an infinite-dimensional extension of the classical result of Courrege [4]
in the case of Gauss—Markov semigroups.
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1. INTRODUCTION

Let {u(t,z): v € H, t > 0} be a family of Gaussian transition kernels on a real separable
Hilbert space (H, (-, -)g), that is

plt, x) = Am(l, x), Q(t, ), (1.1)

and for every Borel set I' C H, the functions = — u(t,z)(T'), t > 0, are measurable, and

pu(s+t,z)(l) = / p(s, x)(dy)u(t,y)(T), s,t>0, e H. (1.2)
H

It is well known, see for example Theorem 8.4 in [17], that there exist a measurable
space (§2,.#) endowed with a filtration (.%#;), an H-valued and (.%;)-adapted stochastic
process Z defined on H, and a family of probability measures {P*: z € H} on 2 such that
for every # € H the process Z is Markov on the probability space (2,.%, (%), P%), its
transition kernel is u(t, x) with

m(0,z) =P*(Z(0) =z)=1, z€H. (1.3)

Let us recall that the system (Q, %, (%), Z,{P*: x € H}) is called a Markov family with
transition kernels p(t,z), v € H, t > 0, and it said to be a Gauss-Markov family if the
process Z is Gaussian under each measure P*.

The aim of this paper is to characterise such processes. Our Theorem 2.4 describes the
structure of the transition semigroup, Theorem 2.7 provides a construction of a stochastic
equation which the process satisfies and Theorem 2.8 characterises the generator of the
transition semigroup. In particular, we will prove that there exist

e a Cy-semigroup (L(t)) (with the generator A) acting on H,

e a Hilbert space V' in which H is densely and continuously embedded and such that
the semigroup (L(t)) can be extended to a Cy-semigroup (Ly(t)) on V,

e a vector by € V and a bounded linear operator B : H — V,

such that for all h,g € V' — H' = H, and t > 0 and x € H, the mean value m(t, z) and
covariance Q(t, z) satisfy

(m(t,z),h)yg = (L(t)z,h) g +/0 (Ly(s)by, h)ds, (1.4)
and
(Q(t.2)hg) i = / (B*Liy(s)h, B*Liy()g)  ds. (15)

In the formulae above we used the notation (-, -) for the canonical bilinear form on V' x V'
which coincides with the scalar product (-,-)y on H x V.

Having the above form of m and @, we prove that given a Markov family (2, %, (%), Z),
{P*: x € H} with transition kernels {u(t,z): © € H, t > 0}, there is a generalized process
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W on the Hilbert space Hy := Im B* such that under each P*, W is cylindrical on H, see
Definition 2.6, and Z is the mild solution (see (2.6)) to the equation

dZ = (AZ + by) dt + BAW. (1.6)

The above characterisation is an extension of the work of K. It6 who obtained in [16] a
similar representation for a stationary Gauss-Markov process with zero mean. Since we do
not assume stationarity and we work with a Gauss-Markov family of processes instead of a
single process, the approach of [16] cannot be adopted and a different argument is required
to derive representations for m(t, z) and Q(¢,x).

Our third, purely analytic result is in the spirit of a theorem of Ph. Courrege [4]. Namely,
Courrege obtained a representation of generator for an arbitrary Markov semigroup, that
is strongly continuous in Cj (Rd)l and such that C° (Rd) is a core for its generator. It is
well known, see for example [6], that the space C;"™(H) of bounded continuous functions
on H endowed with the supremum norm is not appropriate for the analysis of Markovian
semigroups on Hilbert spaces. In order to obtain a counterpart of the Courrege theorem
we need to introduce two locally convex topologies. The first one is the bounded weak
topology on H defined in [13]. It was demonstrated in [20] and recently in [3] that, in
fact, it is a natural concept for Markovian transition semigroups and particularly useful
for proving the existence of an invariant measure. We will use the notation Hy, for the
space H endowed with the bounded weak topology, Cj, (Hy,) for the space of bounded
continuous functions on Hy,, and C;"™ (Hy,,) for the space Cj (Hyp,) endowed with the
norm topology. It was shown in [20] that C*™ (H,,) is precisely the space of bounded
functions that are weakly sequentially continuous. Another locally convex topology, known
as the strict topology, will be introduced on the space Cj, (Hpy,). The strict topology can be
defined as the strongest topology on Cj, (Hp,) which on norm bounded sets of CJ*"™ (Hy,)
coincides with the topology of uniform convergence on compacts of Hy,. For alternative
definitions of this topology and its applications to the theory of Markov semigroups, see
[15] and references therein.

In this paper we show that the transition semigroup

P(z) = /H o(w)u(t, 2)(dy) (L.7)

is strongly continuous in C§#* (Hy,,). Moreover, we will identify a core of the generator
4 of (P,) in C§'*“* (Hy,) and will derive an explicit formula for the generator acting on
functions from the core, see Theorem 2.8. These results provide a version of the Courrege
theorem for a Gauss—Markov semigroup in a Hilbert space.

Although the extension concerns a rather narrow class of transition semigroups we believe
that it does suggest how a general infinite dimensional version of the Courrege theorem
should look like.

We use standard notations Cj (Rd) for the space of continuous functions vanishing at infinity, and
Ccx (Rd) for the space of infinitely differentiable functions with compact support.
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If the state space H is one-dimensional then results of our paper are part of the mathe-
matical folklore. More generally, it is not very difficult to obtain our result if dim(H) < co.
Let us note here that in finite dimensional spaces a similar problem is considered in the
framework of affine processes, see for example [12]. In the theory of affine models a much
wider class of processes is considered but the linearity of the function x — m(t, z) and the
fact that = — Q(t, z) is constant are assumed from the very beginning while we do derive
these properties as a result of a careful analysis.

In infinite dimensions the only result in this directions was obtained by It6 in [16]. Let us
also recall a related problem to characterise a family of measures that satisfy the so-called
skew convolution equation [22]. In that paper it is assumed again from the very beginning
that the expectation m(t, z) is linear in = and the covariance Q(t,z) constant in x.

Main results are formulated in Section 2. The proofs are presented in the following
sections. In the final Section 6 we discuss an application of our results to models with
boundary noise.

2. MAIN RESULTS

Let (Q,. %, (%), Z,{P*: x € H}) be a Gauss-Markov family with transition kernels
wu(t,x), x € H, t > 0, that is, the process Z is Gaussian under the measure P* for ev-
ery x € H. By definition we have

m(t,z) =E*Z(t), xze€ H, t>0,

where E” is the operator of mathematical expectation with respect to P*. Let Q(s,t, )
denote the covariance operator of the process Z under the probability P*; that is for

h,k € H,
(Q(s,t,x)h, k) =E*(Z(s) —m(s,x),h)y (Z(t) —m(t,z), k) . (2.1)

If s =t then we put
Q(t,x) =Q(t, t,z), € H,t>0.

Let ¢ : H — R be continuous and such that |¢(z)| < C (1 + |z|%). Then for all s,t > 0
and z,y € H, the Markov property yields

EY (¢ (Z(t +5))| Z(s) = ) = E"¢ (Z(1)) -
The following hypothesis is a standing assumption of the rest of the paper.
Hypothesis 2.1. (1) For every x € H and h,k € H the functions
t—= (m(t,x),h),; and t— (Q(t,x)h, k)

are continuous on [0, 00).
(2) For anyt >0 and h,k € H the functions

r— (m(t,z),h)y and z= — (Q(t,x)h,k)y



are continuous on H.
(8) For any t >0 and any x € H,

ImQ(t,z) = H.
We note that in view of (1.3), Hypothesis 2.1 yields for every = € H:
ltifoﬂ (m(t,x),h)y =(x,h)y, heH,

and
l}gl (Q(t,x)h, k) =0, h,keH.
In order to formulate our results we need some preparations. Let L = (L(t)) be any
Co-semigroup on H and let A denote its generator. Then for A > 0 big enough (A — A) is
boundedly invertible on H hence a new norm on H can be defined by the formula

|z| 1 = ‘()\—A)_lx’H, x € H.

Definition 2.2. The space V' associated with L is the Hilbert space being the completion
of H with respect to the norm |- |_;.

Clearly, the topological space V' does not depend on A > 0. Under identification H' = H
we have V! — H' = H — V. We denote by (-,-) the canonical bilinear form on V' x V.
We will need the following technical lemma. Its proof is postponed to Appendix A.

Lemma 2.3. (i) The semigroup (L(t)) extends to a Cy-semigroup (Ly(t)) on V with the
generator Ay whose domain dom Ay = H. Moreover, Ay is a bounded linear operator
from H to V.

(17) V' = dom A*, where A* is the adjoint operator to A in the space H identified with its
dual H'. Moreover, A* is a bounded operator from V' to H and A* = (Ay)*. Finally, for
any t =0, Ly (t) is the restriction of L*(t) to V.

(1ii) Let S: V' — V be a symmetric, non-negative operator. Then there is a bounded
operator B: H — V' such that S = BB*.

We can formulate now our first main result. It gives a precise description of the mappings
m and ) and will also play the crucial role in the proofs of Theorems 2.7 and 2.8 below.
The proof of Theorem 2.4 is postponed to Section 3. Below L} (s) and B* are adjoint
operators to Ly (t) and B, where the dual space V' to V is identified by the scalar product
on H. Thus Lj (t) is a bounded linear operator on V' and B* is a bounded linear operator
from V' to H' = H.

Theorem 2.4. There exist a strongly continuous semigroup (L(t)) with the generator A
on H, and the space V' associated with L, a vector by € V', and a bounded linear operator
B: H — V such that for allt > s >0, x € H, and h,g € V', the mean-value m(t,z) is
determined by (1.4). The operator Q(s,t) := Q(s,t,z) is independent of x € H, and

Q(s,t,z) = L(t —s)Q(s), 0<s<t, x€H. (2.2)
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In particular, the covariance operator Q(t) = Q(t,x) is independent of x € H, and is
determined by (1.5).

Moreover, for any t > 0, the operator B*Li,(t): V! — H has a (unique) extension to a
Hilbert-Schmidt operator (still denoted by B*Li,(t)) from H to H, and

T
/0 IB Lo,y dt < oo, VT >0. (2.3)

Finally
T
Q(T) = / (B*Li,(t))" B*Li,(t)dt < oo, VT >0, (2.4)
0

where the integral is considered in the Bochner sense in the space of nuclear (or trace-class)
operators on H.

Remark 2.5. Let t > 0 and h € V'. By (1.4),

t t
/ (Ly(s)by,h)ds = (/ Ly (s)byds, h) = (m(t,x) — L(t)x,h) g
0 0
Since V' is dense in H, we have
t
/ Ly (s)byds =m(t,x) — L(t)xr € H, Vit > 0.
0

For any ¢ > 0, Ly(t)B is a bounded linear operator from H to a bigger space V. Since
Ly(t)B = (B*Ly(t))",

it is in fact a Hilbert—Schmidt operator on H. Moreover,
T
/ | Ly (t )B||L [(H.H) dt < oo, VT > 0. (2.5)
0

In the remaining part of this section (L(t)), V, by, and B are as in Theorem 2.4. For
the convenience of the reader we recall below the definition of a cylindrical Wiener process.
For the theory of stochastic integration with respect to it we refer the reader to [8].

Definition 2.6. Let (2,.%) be a measurable space, and let E be a Hilbert space. A family
of linear mappings W (t), t > 0, from E to the space of measurable real-valued functions
on (£, #) is called a generalised random process on E. Assume now that P is a probability
measure, and (%) is a filtration on (£2,.#). Then a generalised random process W is a
cylindrical Wiener on E defined on the probability space (2, .7, (%), P) if:
(i) for any finite subsets {x;: i =1,...,n} C E and {t;:i=1,...,n} C [0,+00), the
random vector (W (¢y)[z1], . ( )[ »]) is Gaussian in R”,
(ii) for each x € E, such that |x|E = 1, the process (W (t)[z]: t > 0) is a standard
Wiener process with respect to (%),
(iii) for all xz,y € E and t,s > 0, EW (¢)[x]W (s)[y] =t A s(z,y)E.



A cylindrical Wiener process W on E can be identified with
W(t)=> Wilt)er, >0,
k

where (ey) is an orthonormal basis of £ and (W},) is a sequence of independent real-valued
Wiener processes on (€2, %, (%;),P), see [8] for more details.

Now we can formulate our second main result. Its proof is postponed to Section 4. In
the formulation of the result Hy = Im B* is the closed subspace of H equipped with the
scalar product inherited from H.

Theorem 2.7. Let (2, F, (%), Z,{P*: x € H}) be a Gauss—Markov family with the tran-
sition kernels {u(t,z): v € H, t > 0}. Then there exists a generalised process W on the
Hilbert space Hy such that for any x € H, W is a cylindrical Wiener process on Hy defined
on (Q, F, (%), P*), and such that for every x € H we have

Z(t) = L(t)x + /t Ly (t — s)byds + /t Ly(t—s)BdW(s), t>0, P*—as.  (2.6)

Our final result is an extension of the Courrege theorem. We introduce first certain
convenient locally convex topologies.

In the terminology of [13] the bounded weak topology 7% on H is the strongest locally
convex topology on H that coincides with the weak topology on every ball. We will denote
by Hy, the space H endowed with the topology 7°“. It has been proved in [20] that
¢ € Cy (Hyy) if and only if ¢ is bounded and weakly sequentially continuous on H.

Let 7" and 7¢ denote, respectively, the norm topology and the topology of the uniform
convergence on compacts on the space Cy(Hy,). The strict topology 7° is defined as
the strongest locally convex topology on Cj, (Hy,) that coincides with the topology 7¢
on compacts. We will say that ¢ € .FCp° (A*) if there exist n > 1, f € Cp° (R") and
hi,...,h, € V' = dom A* such that

o(x) = f({x, h)m, - (T, ha) 1)
and
sup |(z, A"D¢(x)) | < o0.

It can be easily shown that ZCp° (A*) is dense in C§'“* (H,,). The proof of the result
below is postponed to Section 5. In the theorem (/) is the semigroup defined by (1.7).

Theorem 2.8. The semigroup (P,) is strongly continuous in C{'°" (Hy,,). Let 4 denote
the generator of (P;) in C5'"t (Hy,). Then the space FCg° (A*) is a core for 4 and for
every ¢ € FCp° (A¥),

Go(x) = 5Tx (B*D*6(x)B) + {r, A" Do(a)y + by, Do(x) (2.7)

3. PROOF OF THEOREM 2.4

We recall first a basic fact about the conditional Gaussian measures.
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3.1. Conditional Gaussian measures. Let (Hy, (-,-)g,) and (Ha, (-, -)g,) be two real
separable Hilbert spaces and let (X,Y) be a Gaussian vector defined on a probability
space (€, .%#,P) and taking values in H; x Hy. Let

mx =EX and my =EY.
The covariance operator C'y of X is determined by the equation
E(X —mx,h)y (X —mx, k) gy, = (Cxh, k), , hkeH,

and a similar condition determines the covariance Cy of Y. The covariance operator
Cxy: Hy — H, is defined by the condition

<Cth7k>H2 = E<X —mx,h>H1 <Y—my,l€>H2, h € Hl,k’ S HQ,

and then C%y, = Cyx. For a linear closable operator G on H;, i = 1,2, the closure of GG
will be denoted by G. For a symmetric and compact operator K : H; — H; we will denote
by K~! its pseudo inverse. For the convenience of the reader we present the following
known result (see. e.g. [19]).

Theorem 3.1. The following holds.
(a) We have

Im (Cyx) C Im (c}f) , (3.1)

and the operator K := C’)_(I/QC’YX is of Hilbert—=Schmaidt type on Hy and K* = C’XYC)_(Im.
(b) We have
E(Y|X)=my + K*Cy? (X —mx), P—as.
(¢) The conditional distribution of Y given X is Gaussian N (E(Y|X),Cy|x), where
Cyix = Cy — K'K.

Moreover, the random variables K*C’;/QX and <Y — K*C§1/2X> are 1ndependent.

3.2. Proof of Theorem 2.4. The proof of the theorem is divided into a sequence of
lemmas.

Fix y € H. Putting P = P¥, X = Z(s), and Y = Z(¢) in (3.1) we find that for any
y € H and any 0 < s < t,

K(s,t,y) = Q"(5,9)Q"(s,1,y) (3:2)
is a well defined Hilbert—Schmidt operator on H, where K (s,t,y) is the covariance operator
defined in (2.1).

Lemma 3.2. (1) For any s,t such that 0 < s < t the operator-valued mappings x —
Q(s,t,x) and v — K(s,t,x) are constant in x € H. Putting Q(t) = Q(t,t,0) and K(s,t) =
K(s,t,0) we have

Q(t - S) = Q(t) - K*<87 t)K(S’ t)? (33)
and

K(s,t) = Q7*(s)Q" (s, 1). (3.4)



9

(2) For any s,t such that 0 < s < t the operator L(t,s) := K*(s,t)Q'?(s) with the
domain Im (Q'/?(s)) has a unique extension to a bounded linear operator L(t,s): H — H
and for any x,y € H,

m(t —s,x) = m(t,y) — L(t,s)m(s,y) + L(t, s)x. (3.5)
Moreover,

m(t —s,m(s,y)) =m(t,y), 0<s<t, ye k. (3.6)

Proof. Invoking Theorem 3.1 we find that for any 0 < s < ¢t and y € H the following
equality holds PY-a.s.

EY ((Z(t) = E(Z(1)|Z(s))) ® (Z(t) — B (Z(t)| Z(s5)))| Z(s))
= Q(t,y) — K*(s,,y) K(s,1,y).
Applying the Markov property to (3.7) we obtain for 0 < s < ¢,
Q(t —s,x) =Q(t,y) — K*(s,t,y)K(s,t,y) for pu(s,y)—a.e. z. (3.8)
For any h,k € H,
(Q(t — s, x)h, k) = (Q(t,y)h, k) — (K*(s,t,y)K(s,t,y)h, k), for u(s,y)—a.e. z. (3.9)
Therefore the function z — (Q(t — s, z)h, k) ;; is constant on a dense set and by Hypothesis

2.1 is continuous on H. It follows that equality (3.9) holds for every # € H. Finally, for
all h, k € H the function

(3.7)

Y — <K*(Sa t> y)K(Sv t? y)hv k>H
is constant in y € H. Thus (3.3) holds.
Invoking Theorem 3.1 and the first part of the proof we obtain for 0 < s <t and y € H,

BY(Z(0)2(5)) = mt, ) + K*(5, 6, 1)QV2(s) (Z(s) — m(5, 1)), P — s

Then the Markov property yields for 0 < s < ¢,

m(t —s,x) =m(t,y) + K*(s,t,1)Q Y?(s)(x —m(s,y)) for pu(s,y) —ae. z, (3.10)
Putting x — m(s,y) = z € H equation (3.10) takes the form

m(t —s,z+m(s,y)) = m(t,y) + K*(s,t,9)Q ?(s)z for v, —a.e. 2,
where v, = .4(0,Q(s)). The measurable linear operator K*(s,t,y)Q~'/?(s) is well defined
linear on a dense linear space Im (QI/ 2(5)). By Hypothesis 2.1 the operator
K*(s,t,)Q"2(s)

has a unique extension to a bounded linear operator L(t,s,y) on H. Therefore, for any
u,v € H and z = QY2(s)u and 2z = Q'/?(s)v we have

m(t —s,x) —m(t —s,2z) = K*(s,t,y)(u—v).

Hence K*(s,t,y) is constant in y € H and (3.5) easily follows. Putting in equation (3.5)
x =m(s,y) we obtain (3.6). We have also proved that

L(t,s) = L(t,s,0) = K*(s,t)Q~/2(s). (3.11)
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Lemma 3.3. For 0 < s <t we have L(t,s) = L(t — s) and (L(t)) is a strongly continuous
semigroup on H and

Q(s,t,x) =Lt —95)Q(s), z€ H, 0<s<t.
Proof. For any z,z € H, (3.5) yields
m(t —s,x) —m(t —s,z) = L(t,s)(z — z). (3.12)
Therefore,
L(t,s)x =m(t —s,x) —m(t —s,0)
depends on t — s only and there exists an operator-valued mapping, still denoted by L,
such that
L(t,s)=L(t—s), 0<s<t.
Invoking (3.12) we obtain
L(s+t)(z —y) = m(s +t,x) —m(s +1,y)
- m(87 m(t7 ZL’)) - m(87 m(t7 y)) - L(S) (m(t7 (L’) - m(t7 y))
= L(s)L(t)(x —y).
Finally,
L(s+t)x = L(s)L(t)z, =€ H,
and
L(t)x = m(t,x) — mf(t,0).
By Hypothesis 2.1,

Since t — m(t,y) is weakly continuous for every y € H, we obtain

sup |[L(t)yly < Cr(y).
t<T

Therefore, the semigroup property of (L(t)) and a well known result (see e.g. [21], Theorem
1.4, p. 44) imply

limL(t)r =z, x€H,
£0

which proves that (L(t)) is a Cp-semigroup on H. The last part of the lemma follows
immediately from (3.4) and (3.11). O

Lemma 3.4. There exist Ao, C' > 0 such that

Im(t,0)|,; < Ce™ ¢ >0.
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Proof. We have
m(t,z) = m(t, ) — Lty + L(t)e,
and therefore, the H-valued mapping
g(t) == m(t,y) = L(t)y

is independent of y € H. Putting m(t,0) = g(¢) it is easy to check that

g(t+s)=L(t)g(s) + g(t), s,t=0. (3.13)
For any k > 1 equation (3.13) yields

Since (L(t)) is a Cy-semigroup in H there exist finite M and Ay > 0 such that
L) Ly < Me™, ¢ >0,

where || - || (#) denotes the operator norm on the space L(H) of bounded linear operators
on H. Therefore,

9 ()]s < (ZHL@')HL(H)> 9 (Dl < (Z M) 9 (D)l

M
€= 1|g(1)|H.

Now, take any t = k + s where k > 0 and s € [0,1). Then
g(t) =g(k+s) = L(k)g(s) +g(k),

Let

and hence

l9(t) | < Me P sup |g(s)| g + ce™F < CeM,
s<1

and the lemma follows. O

Lemma 3.5. There exists by € V' such that
t
m(t,0) = / Ly (s)byds.
0
Proof. Let g(t) = m(t,0). For A > X\ the function

+oo
0= [ eyt

is well defined by Lemma 3.4. Taking the Laplace transform of both sides of equation
(3.13) we obtain for A > A,

“+o00
eAS/ e Mgt s)dt —g(A) = (A — A)g(s),
0
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hence - (§<>\) B /Os e‘A“g(U)dU> — G = (A — A)g(s).

Therefore,

= [ o (22).

s s s
The left-hand-side of the above equality converges to

by = Ag(\)
for s | 0 and thereby the H-valued mapping %S) has a limit by := (A — Ay) by in V for
s 1 0. More precisely,

by = 1im 2 = (3= 40) 050V)).

sl0 8§
Invoking again equation (3.13) we obtain

lim g(s i t) — g(t) = lim <Lv(t)®> = Lv(t)bv,

sl0 S s]0

where the convergence holds in V. Finally,

and the lemma easily follows. Il

Let us recall that
L(t —s) = K*(s,)Q~Y%(s).
Thus (3.3) can be written in the form

Q(t +5) = Q(t) + LHQ(s)L* (1), s, > 0. (3.14)

Note that if R: H — H is a trace class operator, such that R = R* > 0 then it gives rise
to an operator R: V' — V which is again of trace class, and R = R* > 0. In the sequel
we will use the same notation R for both operators. For any bounded R : H — H let

T (t)R = L(t)RL*(t).
It may be checked that (7 (t)) is a Cy-semigroup on the space of trace-class operators on
H. Let (Ly(t)) denote an extension of (L(t)) to V. Then, see Lemma 2.3, L} (t) can be
identified with the restriction of L*(t) to V'. Let & denote the separable Banach space
of symmetric trace class operators R: V' — V endowed with the nuclear norm. The dual

space &' can be identified as the space of bounded operators from V' to V'’ and the duality
form (-,-) on & x & is given by

(P, R) =Tr (RP),
see pp. 34 and 65 of [11] for details. It is easy to see that the adjoint semigroup acting on

&' has the form
T*(t)R = L, (t)RLy(t), R:V — V'
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Lemma 3.6. There exists a B € L(H,V') such that, BB* € &, for anyt > 0, B*L},(t) has
an extension to a Hilbert-Schmidt operator on H, the mapping (0,+00) 3 s — B*L{,(s) €
Liusy(H, H) is continuous, and (1.4), (2.3), (2.4) hold.

Proof. Using the same arguments as in the proof of Lemma 3.4 we can show that there
exist Ao, C' > 0 such that

Q)] < Ce™, t>0.
Therefore, for any A > Ay the operator

O = /0 e,

where the integral is the Bochner integral in E. Let <7 denote the generator of the semi-
group (7 (t)) on &. In view of (3.14) we can apply the same arguments as in the proof of
Lemma 3.6 to obtain

Q(s) = AQ(N), (3.15)

where the convergence holds in &. Let us recall that for A,k € V' a bounded operator
h®k:V — V'is defined by the formula

(h®@k)x = (h,z)k, xe€V.

lim (A — ﬂ)—ll

sJ0 S

For u,v € Dom(A) C V we have u ® v: V! — V. Moreover, u ® u € Dom(.«) and
A (u®@u) =u® (Au) + (Au) ® u.
Similarly, if w € V' then u® u: V — V', u ® u € Dom (&/*) and
G (u@u) =u® (A*u) + (A*u) ® u. (3.16)
Recall that (-,-) is the duality form on & x &”. By (3.16), for h€ H C V and u € V',
(h@h, " (u@u)) =(h®hu® (A%) + (A%u) @ u)

=(h@hu® (Au)+ (h®h, (Au) @ u)

= (h,u) gy (hy A%u) yy 4 (hy A%u) y (hou) gy

=2(h,u) gy (h, A*u) g

—2((h o hyu, A,

where the first step follows from (3.16). Therefore, by the properties of the nuclear norm
on F we find that for any R € & and u € V’,

(R, " (u®u)) =2 (Ru, A*u), . (3.17)
By (3.15) we have

lim (()\ - gf’)_léQ(s), P) = (A@(A), P)

s0
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for any P € &'. Taking P = (A — &) (u ® u) with u € Dom (A{,) C V' and using (3.17)
we obtain

lim <§Q(s)u, u>H = ()\@()\), A=) (u® u))
)\ <A@(A)u, u>H — 2\ <@()\)u, A*u>H
The bilinear form

Bu,v) = lim <1Q(s>u,v>

sJ0 S H

=\ <>\Q(>\)u, U>H “A <@()\)u, A*U>H Y <@()\)v, A*u> :

H

well defined for u,v € V' = Dom (A*) and symmetric as a limit in s | 0 of symmetric
bilinear forms. Moreover,

|B(u,v)| < cluly: vy, and  B(u,u) > 0.
Therefore, there is a symmetric operator S: V/ — V such that
B(u,v) = (Su,v), u,v € V',

Since, see Lemma 2.3, A has a bounded extension to a operator from H to V and A* is a
bounded linear operator from V' to H,

S = AQ(N\) — AMQ(N) — AQ(N)A*.

Hence S is a nuclear operator from V' to V as @()\) is a nuclear operator on H. Then, see
Lemma 2.3, there exists a bounded linear operator B from H to V such that S = BB*.
Invoking (3.14), we obtain that for v € V",

d
dt
Hence, using polarisation, we obtain (1.5).
Let ¢ > 0. Since Q(t) is a covariance operator, it is nuclear on H, and as a consequence
of the identity above, (B*L}(s))" B*L} (s) has for almost all s, a unique extension to a
nuclear operator on H. Since

(Qt)u,uyy = B(L*()u, L* (t)u) = (SL*(t)u, L*(t)u) = (B*LE (t)u, B* L ()u) ,

t t
0> Trace Q1) = [ Trace (B'Li(s) B Lip()ds = [ 1B Ly s

Thus for almost all s, B*L}{,(s) has an extension to a Hilbert—Schmidt operator on H.
Taking into account the semigroup property of (L} (¢)) we obtain that B*L} (s) has an
extension to a Hilbert—Schmidt operator on H for all s and the mapping (0, +00) 3 s —
B*Li,(s) € Lus)(H, H) is continuous. Combining this with (1.5) we obtain (2.3) and
(2.4). 0
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4. PROOF OF THEOREM 2.7

Let (Q,.7,(%#;), Z,{P*: x € H}) be a Markov family with the transition kernels pu(t, z),
x€ H,t>0. Let z € H. We define a V-valued and (.%;)-adapted process

M(t) = Z(t) — Z(0) — thy — /O A Z(s) ds.
It is easy to check that for each z, P*-a.s.
M(t) = Z(t) — m(t, z) — /0 " A (Z(s) — m(s2)) ds. (4.1)
Then P*-a.s.
B7 (M (12)| Fi) = B (Z (1) — m (02, 2)| Z (12)
— [z - misenas = [ avE (2 () = mis. )| 2 1)
Lt 1) (Z(0) —mltn)

—/OlAV (Z(s) —m(s,x)) ds—/QAVL(s—tl) (Z (t1) —m(t1,z)) ds

— 2 () —m(t,7) — /0 CAv(Z(s) — m(s,x)) ds
_ M ().

Let My(t) = (M(t),h)y for h € V' = dom (A*). Then on each filtered probability spaces
(Q, 7,(F),P"), M}, is a continuous Gaussian martingale with M,(0) = 0. Since the
martingale is Gaussian, we have

(M), = E” | My (t)]”.

It remains to compute E* | M), (¢)|*. To this end we write

M) = Z(0) — m(t,2), Y + ( [ (26) i), 4, ds)

2

) /0 (Z(8) = m(t, 2), B (Z(s) = m(s,x), Ah),; ds.
Then

E® [My(8)] = (Q(t)h, h) i +/O /0 E*(Z(s) — m(s,z), A*h) i (Z(u) — m(u,x), A*h) , duds

) /0 (Lt = $)Q(s)A B B, ds.

Since (Q(t)h, h) g can be written in the form

(Q(t)h,h)yg = /Ot (B*Ly,(t — s)h, B*Ly,(t — s)h) ;; ds
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we obtain

d * *
BT (M0 = 2(Q(t)h, Ah) g + | B*hly

t

+ | E*(Z(s) —m(s,z), A*h) ; (Z(t) — m(t,x), A"h) ds

J
t
—l—/ E* (Z(t) — m(t,x), Ah) y (Z(u) — m(u,x), A*h), du
0
t
—2 [ (L= QU Ah AR, ds = 2(QUO. AR,
0
= |B*h|3,.
Let {e; : i > 1} denote an orthonormal basis spanning the closure Hy of Im (B*) in H and
let B*h; = e;. Then under each P*, the processes
Br(t) = My, (1), i2>1,

are standard independent Brownian motions, hence we can define a generalised process

W on Hy such that My (t) = W(t)[B*h]. Moreover, W is a cylindrical Wiener process
on Hy defined on each filtered probability space (2, %, (%#;),P*) and such that for any
h € dom (A*),

t t
(Z(t),hyg = (Z(0),h)y —|—/ (Z(s), A*h)  ds +/ (by,h) ds + W(t) [B*h].
0 0
Now, Theorem 2.7 follows from the equivalence of weak and mild solutions established in
[5], see also [8].

Remark 4.1. Let us recall an alternative but typical for stochastic differential equations,
description of the Markov family with transition kernels {u(¢,z): © € H, t > 0}. A starting
point is a filtered probability space (€2, %, (%#),P) and a family {Z*: © € H} of H-valued
and (.#;)-adapted stochastic processes, such that for every z € H, we have P (Z%(0) = z) =
1, and for all £,s > 0, and Borel set ' C H,

P(Z°(t +5) € [|.Z,) = pu(t, Z°(s)(), P —as.

Then with a minor modification of the proof we can show that for each initial value x € H
there exists a cylindrical Wiener process W?* on H, such that

t t
Z%(t) = L(t)x +/0 Ly (t — s)byds + /0 Ly(t —s)BdAW?*(s), t>0, P—a.s.

To see that in this case the process W may depend on z it is enough to consider the
following one dimensional Wiener processes

Z%(t) = x + B(t) cos + B(t)sinz, reR, t>0,

where 8 and /3 are independent real-valued Brownian motions.
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5. PROOF OF THEOREM 2.8

It was proved in [20] that P,Cy (Hpy) C Cy (Hpw). Let B, C H denote the centered closed
ball of radius r. Let us recall that bounded sets of Hy,, are precisely the bounded sets of
the norm topology and the sets B, are compact in Hy,. The proof is a simple modification
of the proof of Theorem 4.2 in [15]. Let us note here that by definition of the bw-topology,
see [13] the space Hy, is a k-space and therefore the space C; (Hy,,) is complete. We
provide details only for the proof of strong continuity. To this end it is enough to show
that for every weakly sequentially continuous ¢ : H — R and every r > 0,

lim sup |Fid(x) — ¢(x)| = 0.

Assume that this convergence does not hold. Then there exist ¢ > 0, a sequence t,, — 0
and a sequence (z,) C B, such that

|P,, ¢ (2n) — ¢ (2,)] > €.

Therefore
/H ¢ (m (tn, 20) +y) — ¢ (x0)] u(tn)(dy) > €, (5.1)

where by Theorem 2.4 the measure u(t)(dy) := A7(0,Q(t, x,))(dy) is independent of n.
Since (x,) is bounded, by the Banach—Alaoglu theorem it is weakly compact. Taking a
subsequence we can assume that (x,) converges weakly to a certain € H. Since ¢ is
bounded and ¢(z,) — ¢(x), for n large enough we have

/ 16 (m (ts 2) + ) — 6 ()] ulta) (dy) > (5.2)

[\DI(‘f)

Hypothesis 2.1 yields
(m (t,,0),h)y — 0, VheH,
and as |L*(t,)h — h|,; — 0, we have

lim (x,, L* (t,) h) ;= (x, h)u, VheH.

n—0o0

Thus ,
(m (tn, zn), h) gy = (@, L* (tn) h) g + (M (t,,0) , h) y — (x, h) m, VheH.

Let (Y,) be the sequence of random variables, such that each Y, has the distribution
N (m(tn, z,),Q(t,)). Then (Y,,) converges in probability to the constant vector x. On the
other hand, for n large enough (5.2) yields

Elp(Yn) — o(z)| =

Y

DO ™

which leads to contradiction.

We pass now to the proof of the second part of the theorem. It is easy to check that
for any ¢ € FCp° (A*) formula (2.7) holds and by the definition of the space .#Cp° (A*)
the function Z¢ is a well defined element of C§™** (Hy,). The proof that FCs° (A*) is
a core for .Z is an easy modification of the proofs of Lemma 4.4 and Theorem 4.5 in [15]
and thus omitted.
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6. EXAMPLE: HEAT EQUATION WITH BOUNDARY NOISE

We will consider here a stochastic PDE with boundary noise introduced in [7], see also
9], and studied in [1], [2], and [14];

B(t,6) = GE(t.6), t>0,6>0,
( 0) = B(t), t>0, (6.1)
Z(t,€) = (9, £>0,

where 8 = (f(t)) is a real-valued Brownian motion. Using some heuristic arguments Da
Prato and Zabczyk [7] defined a solution to (6.1) as the process

Z(t) =z 4+ (1—A) /t e =2 DdB(s),
0

where A = d?/d¢? is the Laplace operator in L?([0, +00);d€) with Dirichlet boundary
conditions, and D: R — L*(0, +oo; d§), given by the formula

R > 7 — Dr(€) =re € L*([0, +00); df),

is the so-called Dirichlet map. Alos and Bonaccorsi [1] defined a solution to (6.1) in the
following way

“+oo t
2(t,€) = / Gt &, m)a(n) dn + / 2—5@ ~5,6,0)dB(s), (6.2)
where
1 e 2 B 5
G(ta€>77) = \/ﬂ (e emi/at € (& /4t> ) 6777 2 0.
T

Note that G is the kernel of the semigroup (e?). In [2] a systematic study of general
stochastic boundary value problems using the concept of weak solution was initiated, and
in particular the equivalence between Da Prato and Zabczyk, and Alos and Bonaccors
definitions is established. In [2] the solution lives in the space of generalized functions
whereas in [14], it is shown that (6.1) defines a Markov family in the weighted space
H = L([0, +00); p(£)dE), where p(€) = min (1, ) with « € (0,1). Below a result from
[14] is presented in the framework introduced in our paper. Recall that the space V' and
the extension Ly were introduced in Definition 2.2 and Lemma 2.3, respectively.

Proposition 6.1. (i) {Z*: x € H} defined by (6.2) is a Gauss—Markov family in H.

(it) The heat semigroup (e') has an extension to an analytic Co-semigroup (L(t)) on H.
(1ii) The law L (Z*(t)) of Z*(t) is Gaussian A (m(t,x),Q(t)), where m and Q) are given
by (1.4) and (1.5), respectively with by = 0, the operator B given by the formula

<ZL‘, f)H

Bz = (1—Av)f |f|H s

f&)=e,
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and Ay being the generator of (Ly(t)).
(tv) There exists a cylindrical Wiener process W on Hy = linspan {f} such that

t
Z°(t) = L(t)x +/ Lu(t—$)BAW(s), >0, z¢€H.
0
Remark 6.2. Part (i7) of the proposition has been proved in [18].

APPENDIX A. PROOF OF LEMMA 2.3

Proof of (i) Let t > 0. Since H is dense in V, to show that L(¢) has a bounded extension
to the operator Ly (t) on V' it is enough to show that there exists a constant Cy such that

|L(t)x|y < Cylx|v, VeeH.
To see this note that, as L(t)z € H,
[L(t)zly = [L(t)z|-1 = |(A = A)T'Lt)zlg = [LE)(A — A) " zlm
<ILO eI = A~ 2l = [ L@ [ =l

where || - || ¢z is the operator norm on the space L(H) of bounded linear operators on H.
Obviously, (Ly(t)) is a semigroup on V. The strong continuity follows from the fact that
| Lv () |leevy < ||L(t)| oy and that Ly (t)z — x as t — 0, in H and hence in V.

We are going to show first that A has an extension to a bounded linear operator A from
H to V. Then we will show that the generator Ay of Ly is equal to A. To see the first
claim take z € dom A. Then

|[Azly = (A = A)7 Azl = [AN = A)2ln < AN = A) 7z |2]s-

Since dom A is dense in H, this proves that A has a unique extension to a bounded linear
operator from H to V. Now let Ay denote the generator of Ly. Obviously Ay is an
extension of A. Note that H C dom Ay. Indeed, let x € H. Then there is a sequence
(2,,) of elements of dom A such that x,, — z in H, and hence in V. Since A is a bounded
operator from H to V', we have

Ava, = Az, = Ax, — fl:c,

where the convergence is in V. Since Ay is closed z € dom Ay and Az = Ayx. Thus Ay is
an extension of A. To see that dom Ay C H note that dom A is a core for Ay. This, , see
e.g. [10], Theorem 1.9, p. 8, follows from the fact that dom A is dense in V' and invariant
for (L(t)) and hence also for (Ly(t)). Now let z € dom Ay. Then there is a sequence
(x,) C dom A such that z,, - z in V and Ayx, — Ayz also in V. Thus

lim |(A—Av) (zn — zm)|, =0.

n,M—00
But
|()‘ — Ay ) (2, — xm>|v = |5En - xmlH

Hence (z,) converges in H, and consequently x € H.
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Proof of (ii) We are showing now the second part of the lemma. To do this note that if
x € dom A* then for any y € H,

oyl = (A = A%z, (A= A y)u| <A = Al [yl -

Thus z can be extended to a linear functional on V', and hence x € V’. Assume now that
x € V'. Then there is a constant C' such that for any y € dom A.

[z, (A= A)y)u| < ClA=Ayly, =Clyly -

Hence x € dom A*, and the desired conclusion follows.

Proof of (ii) If S : V! — V is non-negative and symmetric then there exists a separable
Hilbert space Hg and an imbedding ¢ : Hg — V such that S = i o ¢*, see for example
Proposition 1.6 and the following Corollary in Chapter IIT of [23]. Let [ : Hg — H be
the canonical isometry of Hg on a closed subspace of H. Then B =1 o I* has the desired
property. U
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