FUNCTIONAL CENTRAL LIMIT THEOREM FOR ADDITIVE
FUNCTIONALS OF o-STABLE PROCESSES

SZYMON PESZAT AND ANNA TALARCZYK

ABSTRACT. Let 8 be a standard Brownian motion, let X be an a-stable process, and
let f = p be the Fourier transform of a discrete measure. It is shown that weakly in

C([0,+00)), .
na”/ f(nXs)ds = \/Ctaft as 17 — +00,
0

or equivalently

ﬁ / f(XS)dS = \/Cf,aﬂt as \ — +00.
0

1. INTRODUCTION

The paper is concerned with assymptotic properties of the additive functionals AX(f) :=
fot f(Xs)ds, t > 0, of real-valued processes X. Limit theorems for additive functionals
of Markov processes have a long history. The study of this problem was initiated by
Kallianpur and Robbins [9] for Brownian motion and bounded integrable functions f.
Darling and Kac [6] considered a much more general class of Markov processes and f
with compact support. The case where X is a Brownian motion is also described in
detail in the book of Bingham, Goldie, and Teugels [3] (our very limited list of references
includes also [2], [10], [14], [15], [16], [17], [18]). A very powerful martingale method
useful for a large class of ergodic Markov processes had been invented by Papanicolaou,
Stroock, and Varadhan [13] and was later developed by Kipnis and Varadhan [11] (see also
the monograph by Jacod and Shiryev [8]). There are also some results for non-Markov
processes (see e.g. [12]).

Let us start with some elementary consideration. Namely, let us assume that there is a
local-time LX of X and that for f the density occupation formula holds

A = [ @ ez
R
Then, for any n > 0,

A () =1 / F )L () = / F)LE (g™ dy.
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Therefore, if f is integrable and L;* is continuous in x one can expect the following asymp-
totic result
ligl AP (f) = / f(z)dzL¥(0), P — a.s.
nN—Too R

In fact if X is a Brownian motion, then, see [14], using the inverse It6 formula one can
extend the definition of the additive functional AX(f) for Borel sign measures f on R
with finite total variation || f||var, and show that nA’* (f) converges P-a.s to f(IR)LX(0).
Moreover, see [14], if [o |[|| f|lvar(dz) < oo, then

Vit (147 () = FR)LE(0))
converges weakly as n — 400 to 2 \/c_fﬁLgc (0)» Where

¢ = / (F(—00,2)) — F(R)X(0s00))” (2)dlz,

and [ is an independent of X Brownian motion.
Recall that a symmetric a-stable Lévy process X is self-similar, i.e. for any A > 0 the
process (Xyt)i>0 has the same law as (Al/aXt)tZO. Hence, for any v > 0, the convergence

in law of (nVA?X(f)> L +oo and of (\/*LAX(f))
t

In the case of the a-stable process and if f is integrable and sufficiently “nice” (e.g.
bounded) the situation is clear. It is easy to check that if & < 1, more generally in d-
dimensional case if a < d, then A{(f) converges pointwise and in L' to an integrable
random variable 0+°° f(X,)ds, and consequently for any ¢ > 0, the process A5, converge
in law in C([e, +00)) and its limit is constant in time. If & > 1 then the local time L* of X
exists (see e.g. [1]) and the processes (A/*"1 AL (f)) converges in law to (L;*(0)f(R)), as
expected. If & = 1, more generally if « = d, d = 1,2, and X is d-dimensional, then for any
e > 0 the processes ((log \) "' AX(f)) converge in law in C([e, +00)). The limit is constant
in time and is of the form Const f(R)p, where p is an exponential random variable, see [5]
Lemma 2.12 and Theorem 2.13.

In this paper we are interested in the case when f is not integrable. Quite a lot is known
in the case of a Brownian motion. If f is square integrable, and its Hilbert transform
is integrable, Yamada (see [17], [18]) showed that uniformly in ¢ on bounded intervals,

>0 @ A — +00 are equivalent.

)\_%Af\(t(f) — Hy7 in probability, as A — 400, where 7 is a process depending on the
Brownian motion X, H; = %fR H'f(x)dz and H~' is the inverse Hilbert transform.
Using self similarity of the Brownian motion one obtains that nA’* (f) converges weakly
(uniformly in ¢ on bounded intervals) to Hyv, as n = VA — 4o0.

Assume now that

m

(1) f(z) = Z (a;e® + aze Pi%)

j=1

where m € N, py, ..., p,, € R\{0}, and ay, ..., a,, € C. Then, again for a Brownian motion
B, the martingale method introduced in the classical work by Papanicolaou, Stroock, and
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Varadhan [13] yields that uniformly in ¢ on bounded intervals n A}~ (f) converges weakly
to \/C}3;, where (see e.g. [14]), Cy = 4377 aj|*[ps|~* and B is a Brownian motion. In
fact the convergence can by shown in a larger class of functions f (see e.g. [11] or [14]).
The aim of this paper is to establish a similar result for an « stable process X. We will
use the direct yet elementary moment method as in e.g. [5] or [7]. It seems that a similar
result can be deduced from [11] for f given by (1).

2. MAIN RESULT

In what follows X is a real-valued symmetric a-stable Lévy process with o € (0, 2].
Recall that |2]® is the Fourier exponent of X, that is E %t = e7#I* for ¢ > 0 and z € R.

Definition 2.1. We say that a function f: R — R is of class D, if f(x) = pu(z) =
Jp €Y p(dz), where p is a complex-valued measure of finite total variation ||zt var, satisfying

a(=T) = p(), T € B(R), u({0}) = 0, and

2) /H|sz|‘“||u||%:rdx> s,  VneN,

Un =1 i=1

where U, := {:UE]R":Zizlxﬁé(),kzl,...,n}.

Remark 2.2. Let f =i € D,. Note that f{x:y} lellvas(@o)lver [d9) o Moreover,

||

3 Oy im? /{x+ ) pldo)u(dy) _ /{m: }u(dw)m

|z[* ||
is real and non-negative.

Example 2.3. Let f be given by (1). Then f € D, for any « € (0,2]. For, f = i, where
=y, (aj0,, +@;0_,,) clearly satisfies (2). Note that

R

Example 2.4. Clearly cos = % ((i?él) and sin = = ( 51 5 ) In both cases C'y, = 2

p]|a

The main result of this paper is the following functional central limit theorem valid for
a-stable processes with o € (0, 2]. Tts proof has been postponed till Section 4.

Theorem 2.5. Assume that f € D,, Cy, is given by (3) and § is a standard Brownian
motion. Then, weakly in C([0,+00)),

(4) n*PAT(f) = /Cralh asn— +oo,

1
AN(f) = V/CraB as A — +00.

(5) 7
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Remark 2.6. Since nX; = X,q, in law, we have,

t nt
o in law —a
AR " [ O = [ s
0 0
and hence (4) and (5) are equivalent.

3. MOMENT ESTIMATES

Let f =1 € D, and let X be an a-stable process. In this section we are concerned with
the behavior of the moments of 7%/ A} (f).
Let us note first that fort > 0,7 >0, n=1,2,..., and z = (21,...,x,), we have

7l E (AP

t t1 tn—1
— ! / " (dx) / dty / dty ... / At 12 B @11 X ot inen Xe,
0
tn—1
= n! / "(dx) / dty / dty .. / dt,n"/?
0

(6) X Eelml(Xfl th +in(z1+w2) (X,s2 Xt3)+ Ain(zi+..4n) Xe,
— / "(dz) / dt, / dt, ;. / ity
X e (tl t2)|n1‘1|a t2 t3)|77 $1+x2)|a_ _tn‘n(xl‘f' +$n)|a

_ n|/ /T( nna/Qe—sl\nml\a—52\n(xl-l—m)la_,,,—sn|n(x1+...+mn)\aM@n(dx)dS’
n n,t

where ds := ds; ...ds,, and

T (n,t) = {s:(sl,...,sn): s; >0, Zsi gt}.

Clearly, u®" is supported on
R :={x=(x1,...,2,) ER":2; #0,0=1,...,n}.

Write
A o {xERf:xzk,lexgk:O,kzl,...,%} if n is even,
R ) if n is odd.

Lemma 3.1. (i) For allt >0 and n € N,

— o — —
/sup/ na/2 s1nz1|*—=sz|n(z1+z2)|* —...—sn[n(z1+...4+2n)| ds||u||{8};(dx) < o0,
Rn n>1 [Ot]"

(8) lim /R\A/O r,,m/2e*81In:vlIa*szIn(rlﬂz)\“7...fsn\n(x1+---+xn)|“HM’@;(dx)dS:0_
n t

n—-+oo
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(i1) For allt >0 and even n € N,

lim n|/ L( )nna/2631|n;p1|asg|n(m1+m)°‘___snn(x1+...+xn)|au®n<dx>ds
n n,t

n—-+os
= (Cf,at)% dna
where d,, is the n'™ moment of the normal distribution N'(0,1).

Proof of (i) For x = (zy,...,2,) € R? define

Kn(z) = {k‘ <n: le # O}.

Observe that if x € R?, then

if n is even,

9 Co(2) > 2
9) 7 (x)—{"T“ if 1 is odd.

Moreover, for n even
(10) A, = {x € R™: #K,(z) = g} .
Obviously, the integral in (7) can be estimated by

—Q

eV (d)-

k
D

i=1

I(t) = (v1)" Sup/ sup n%n—a#;cn(x) H
R

> >
nzl JRm nz1 keKn ()

By (9) and (2), I(t) < 400, and (7) follows. Since z € R"\A,, implies K,,(x) > 7 identity
(8) follows from (2). O
Proof of (ii) For an even n set

H,.:(n) = n!/ / nm/Qe*SlIm“lI"*Sz|Vl($1+$2)\“*---*Sn\n(:v1+---+:vn)|"u®”(dx)dS.
n J T (n,t)

We have
=nl ®n
H,:(n) =n! /{32+34+...+sn§t} dsodsy ... ds, /{%IH%ZO} " (dx)

520 j=1,...m/2

noz/2€—81\na:l\O‘—sg\nxgg\O‘—...—sn,1|nxn,1 |

d81d83 Ce dSnflT]

X
/{51+33+---+5n—1 St*(82+84+-..+sn)}

SjZO

dsodsy . ..ds,In(n,t — (so+ sS4+ ...+ 8n)),

=nl
so+54+...+s5n <t
SjZO
where

na a @ o @
I,(n,c) ;:/ u®”(dx)/ dsidss...ds,_1m2e sz [ g=salnes|® - g=snolmen—1l®
n {s1+s3+...4+sn-1<c}
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We have to show that

Cta 2
lim H,(n) =n! et i dsedsy ... ds,
n
N——+00 ) 2 {82+S4j;.6rsn§t}

n! " N
=y (Crat)® = dal(Cpa)?.

—
|3

Note that by (2), I,(n, ¢) is uniformly bounded for ¢ € [0,¢]. Thus it is enough to show
that for any ¢ > 0,

n——+0o0 2

(11) lim I,(n,c) = (Of’“)g.

To this end observe that for any ¢ > 0,

1 — e—clmnl®

(12) / n” / e 1l Ay ) p(dys) = / ———————u(dy1) p(dy).
{y1+y2=0} 0 {y14+y2=0} |y1 |

As n — +oo, the integrand converges pointwise to ﬁ and is bounded by ﬁ Hence the
expression in (12) is bounded and converges to C,/2. Thus (11) holds for n = 2. Next
we use induction. Suppose that (11) holds for n — 2. We will show that it also holds for n.

Since
Cta
In(T/? C) = N—Q(Tla C)% + Jn(nv C)a
where

(n—2)a

Tne)i= [ s [ dsi ... dsy_gn " T el | gmsnshiasl
A {s1+...4+sn—3<c}

c—(s14...4+5n-3) R 1
X / ne sn-thenalPqe | ——
0

(07 bl
|Tn—1]
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the proof will be completed as we show that .J,,(n,¢) — 0 as n — +oo0. We have

(i, 6)] < / lullEn (de) / dsy ... ds, s
An {s1+...4+sn—3<c}

X n("*;)a esl|m:1|°‘ e es”_3|m3”—3|a 1 Oée(*CJrler...Jrsn—S)\nmn—l|a
| T -1
< [ g | dor--ds, s
An {s14...+sn—3<c/2}
x 2 mml® | gsn—slnzn—sl® 1 e (e/2)lnwa|*
| T -1
+ [ i) [ st s
An {s14...4+sn—3>c/2}
X TIWT%!GSI'WIIQ . eSn-slnzn—sl® 1 _
| T -1
1 o
< 67(0/2)|77$n—1| ®n dz
_/An lz1]® .. |Tn_]® Il (de)
1 o
+ e~ (e/n)na1] Qn (dr

where in the last estimate we have used the fact that if s; +... 4 s,_3 > ¢/2, then at least
one s; is greater than ¢/n. By the dominated convergence theorem and assumption (2)
both terms appearing in the estimate above converge to 0. [J

4. PROOF THEOREM 2.5

Assume that {X,} is a sequence of random elements in C([0, +00)). Let us recall (see
[4], Theorems 8.1, 12.3) that the sequence of laws £(X (n)) converges weakly in C(]0, +00))
to the law L£(X') of a random element X in C'([0, +00)) if

(i) forall 0 < t; <ty < ... <t < 400, L(X,(n),..., A, (n)) converges weakly to
L(X,. .., %),
(ii) for any T € (0, +00) there is a constant C' < 400 such that for all n and ¢, s € [0, T,

E (X, (n) — X,(n))* < C|t — s|?.

Convergence of finite dimensional distributions Since Gaussian laws are determined
by their moments, the convergence of finite dimensional distributions follows from the
convergence of all moments. Thus it suffices to show that for any k,nq,...,np € N and
any 0 =19 <ty <...<t, we have

nj

k ok
(13) tim pEZamE ] (AP - AP () 7 = (Cra)™= T [ dn (s — 5072
J=1 j=1

n—+oo
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Observe that if r < s and F, := o(X,,: u < r) then, by the definition of f, and since X
has stationary independent increments, we have

0"PE (AP (f) — A ()" | F)

(14 = ( ([ st - x) + n)@)du)n %)
— Tyl s — . X,),

where
t n
Jy(n,t,y) = n"*E </ /ei”X“mei”yx,LL(d:c)du) :
0o Jr

As in the proof of (6) we obtain
Jy(n,t,y) =nl / / M@t tan) g=sifnz|* —san(@i+e)|* . —saln(@itAon)|® @7 (dz)ds.
n JT(n,t)

Therefore, for any y, by Lemma 3.1 (i) we obtain that if n is odd, then lim, . J,(n,t,y) =
0, and if n is even, then, since 1 + ...+ x, = 0 on A, by Lemma 3.1 (ii) we have

lim J,(n,t
Jm Jy(n,t,y)

(15) = lim n'/A L( )nna/26—51|nx1|a—sg|n(x1+x2)O‘—...—snn(x1+...+xn)|au®”(dx)ds
n n,t

00
— (Cpat)? d.
Moreover, by Lemma 3.1(i), J,(n,t,y) is bounded. To obtain (13) we use induction on k.
If £ =1 then
B (AP = AL() T =Byt to, Xo,)
and, since J,, is bounded, (13) follows from (15). Suppose that (13) holds for £ — 1, then

nj

g5 T (A7) - A7, 00)

k—1

= [T (A2 = AL(0) st = 1, )

Jj=1

e k—1

k—1 _
= nF S T (AP ) = AP () da(Cralts — ) * + Ry,
j=1

where
gy ln, T nX nX " 5
Ry =3 BB TT (AP () = A2 (D) [t =t X ,) = oy (Cralti = tir))

j=1
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By the Schwarz inequality

E—1 2

Ryl < \[B (0= TT (A - a2, 0)”

j=1

N
X \/E <Jn(nk, tk — tkfl, thil) — dnk (Cf,a(tk — tkfl))%) .
Since J,, is bounded, the right hand side of the inequality above tends to zero by (15).

Tightness in C([0,7]). Let 0 <r < s <T. By (14),
(16) En? (AX(f) — AX(f) = EJy(4,5 — 7, X,).
Using (15) and (2) we obtain

sup [J,(4,s — r,y)|
yeR

<Ai(s — 1) / Il (de) / ds, / dsgeilmm " —sshas|®
RAN{z: z14+x2=0} 0 0

— 1500) [y [ gyt
RAN{z: z14+x2#£0} 0 0
1
<4!(s —7)? (/ a1l (d2)
RAN{z: z14+x2=0} |ZL‘1| |ZL‘3| v

1
o f o)
R4N{z: x1+w27£0} 21| 21 + 22 v
< C(S - T)za
and hence (16) gives the desired estimate. [J
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