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Abstract

We study nonlinear heat and wave equations on a Lie group. The
noise is assumed to be a spatially homogeneous Wiener process. We
give necessary and sufficient conditions for the existence of a function-
valued solution in terms of the covariance kernel of the noise.
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1 Introduction

In the paper we are concerned with the existence of a solution to the Cauchy
problem for the stochastic heat equation

) = Lut Bl ul®) + BEu@)W(0), w0 =uw ()
and the stochastic wave equation
ig(t) = Lu(t) + R (t,u(t)) + B (t,u(t)) W(t),
ot o (2)
u(0) = uy, E(()) = p.
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In (1) and (2), £ = 22:1 X? is a sub-elliptic operator on a Lie group G, see
Section 1.1, W is a spatially homogeneous Wiener process taking values in
the space of tempered distributions §'(G) on G, see Section 1.2, and

Ftu®) (@) = f(tzu ), (Bt u®)f) (@) =0, 2, ull,2))f(z),
l

R(t,u(t)) (t,2) = f(t,z,u(t,2)) + Y X (fi (8,2 u(t, 7))

i=1

are Nemytskii operators corresponding to functions f, f;, b: [0,00) X G X R +—
R and vector fields {X;} on G. In the definition of B, f belongs to the
Reproducing Hilbert Kernel Space of the Wiener process, see Section 4 for
more details.

This article is part of a global attempt, initiated during the last past years,
of studying stochastic heat and wave equations on spaces of dimension greater
than 1. The existence, uniqueness and regularity problems are addressed
in [8], [9] and [21] using Walsh’s martingale measure technique, while this
program is taken up in [2], [3], [4], [17], [18], [23], [24], [26] and [27] considering
solutions to the corresponding stochastic evolution system. On the other
hand, our work is also a continuation of [31], where an effort was made in
order find conditions that had to be imposed on the spatial covariance of the
noise to ensure the existence of a function-valued solution to the stochastic
heat equation on a compact Lie group. Since we have chosen to work with
Markovian solutions to our equations, we will be inspired by methods given
in [24], [26], and [27]. The case of equations on R? driven by homogeneous
Lévy processes is treated in [28].

Although we refer the reader to [25] for bibliographical information on
the equations on RY, we recall, see [17], [18], and [27], that the stochastic
heat equation on RY admits a function-valued solution provided that the
coefficients f and b are Lipschitz, and the space correlation I' of W is a
measure bounded from below and satisfying the following condition

Jyypeny log(y 0 (dy) < oo if d =2, "
Jiwi<n) ly| 42T (dy) < oo if d > 2.

If d = 1 then the existence of a solution follows from the fact that I' is a

tempered measure. Furthermore, (3) is a necessary condition provided that

b is non-degenerate. It turns out, see [9], [21], [17], [18], and [27] that (3)



is also a sufficient, and in a sense necessary condition for the existence of a
function-valued solutions to the stochastic wave equation.

In this paper we are concerned with Markovian solution. Thus (1), or
(2) will define a Markov family on a given function state space. We consider
scales of state spaces. Namely let 0 be the Carnot—Cathéodory distance
associated with £, see Section 1.1, and let ¥,(z) = e @) Let Lp =
LP(G,9,(x)dx), and let C, be the space of all continuous ¢: G +— R such
that |¢(z)|0,(x) — 0 as 9(z,e) — oo. We will deal with the heat equation
in spaces Lb and C,, p € R, p € [2,00). We consider the wave equation in
X, = (L5, H; "), where L2 = L*(G, 6,dz) and 6, is a certain regularization of
¥,, see Section 2 for more details. We will assume that the space correlation
of the noise is a measure bounded from below, see (9). Then we will show that
the necessary and sufficient condition (10) for the existence of a solution to
(1) and (2) arises from (3) by replacing the Euclidean distance by 9. However
in general the characteristic d appearing in (3) is bigger than the dimension
of the space G, see (5).

Our Theorem 2 gives conditions for the space-time continuity of a solu-
tion. Using the same method one can obtain conditions for its Holder con-
tinuity. The fact that we deal with general Lie groups causes the following
additional difficulties:

(i) The complexity of Fourier’s analysis, which was an important tool in
the works mentioned above, on general non-compact Lie groups makes
it difficult to use in a fashionable way for our purposes. We will try
to avoid most references to this tool in the sequel, though a character-
ization of our main hypothesis (10) in terms of the Fourier transform
of the covariance of the noise will be given in case of the Heisenberg
group, see Section 11.

(ii) As a consequence of (i), the reproducing Hilbert space kernel of the
noise W will not be given in an explicit way.

(iii) To our knowledge, the fact that the wave operator generates a Cy-
semigroup on the weighted space X,, defined by (14), is not known.
We will prove it in Section 8.

The paper is organized as follows. In the next two subsections we recall
the definitions of a sub-elliptic operator on a Lie group G and the corre-
sponding Carnot—Carathéodory distance, and we introduce the definition of



a spatially homogeneous Wiener process on GG. In Section 2 we formulate the
main results; Theorems 1 - 3, on the existence and regularity of a solution to
(1) and (2). Section 3 is devoted to basic properties of the heat semigroup on
weighted spaces. In Section 4 we recall main facts concerning stochastic in-
tegration in L?-spaces. Then in Section 5 we establish some estimates for the
so-called y-radonifying norm of a multiplication operator. These estimates
are the crucial ingredients of the proofs of the Theorems 1 and 2, see Sections
6 and 7. The next two sections are devoted to the proof of Theorem 3 dealing
with the existence of a solution to (2). Our results present conditions ((9)
and (10)) for the existence of a solution in terms of the spatial correlation I'
of the noise. In Sections 10 we deal with two examples; I' being a bounded
function, which on R corresponds to the case of W being a random field,
and T' of the type (J — £)"“. In Section 11, G is the Heisenberg group. We
formulate our main condition (10) using Fourier transform. In the appendix
we present the definition and basic properties of the Fourier transform on a
Lie group.

1.1 Lie group G and the sub-elliptic operator £

In the paper G is a locally compact connected Lie group of a dimension N,
with the Lie algebra G and identity element e. The group G is assumed to
be equipped with a left invariant metric q given by a scalar product on G,
and with a left invariant volume element, denoted by dx, which is unique up
to a multiplicative constant. We assume that G is unimodular, so that the
Haar measure dz is also right invariant. Moreover, see e.g. [12], p. 48, dz is
invariant with respect to the inverse mapping = + 1.

Let {X1,...,Xn} be an orthonormal basis of G, and let {X1,...,X;} be a
fixed Hormander system taken out of this basis. In the present paper we are
concerned with the sub-elliptic operator Zézl X2 Tt is known, see e.g. [7], p.
21, that Y'_, %2 with the domain C5°(G) is a symmetric negative defined
operator on L? = L?(G,dz). We will denote by £ its Friedrichs extension,
see [7], p. 20. Then £ is a negative defined self-adjoint operator on L.

Let Cx be the set of absolutely continuous paths pk [0,1] — G satistying
A(t) = 22:1 a;(t)X;(y(t)) for all t € [0,1]. Set |y| = fo |a(t)|g:dt. Then

o(z,y) = inf {|7|;7 € Cx,7(0) = z,7(1) = y}

defines the Carnot-Cathéodory distance associated with £. Topologically, the



distances q and 9 are equivalent, see e.g. [7], p. 39. We write 0(z) = 0(z, e).
As 0(z,y) = 0(2z, 2y) (see [7], p. 40) we have d(x) =0 (z71).

We assume that G is of polynomial growth, i.e. the volume of the ball
B(e,r) = {z € G: 3(x) < r} does not grow faster than a polynomial in r as
r — 00.

Let S = {S(t),t > 0} be the semigroup on L? generated by £. Thus for
any u(0,-) € L? u(t,-) = S(t)u(0,) is a unique solution to the equation

ou

ot
Then S is a symmetric Cy-contraction semigroup. In the paper we deal with
the weighted LP-spaces Lb = LP (G, J,(x)dr), p € [1,00), p € R, where

(t,z) = Lu(t,x), (t,x) € (0,00) x G.

9,(z) = e 7@, (4)

Obviously g = 1. For brevity we write L? instead of L5. We will show,
see Lemma 3, that ¥, € L' N L? for p > 0, and the heat semigroup S is a
Co-semigroup on any Lb-space.

Let Z(l) be the set of multi-indexes I with values in {1,...,l}. For I =
{ir,....ia} € (1) we define X! = [X;, [X4,,...,[Xi, 1, %] ]]. Given j >
0 we set K; = Span {X;1 € Z(l),|I| < j}. Then, the Hérmander condition
implies the existence of a minimal s € N such that K, = G. Define ng = 0
and n; = dim Kj, 7 > 0, and

d = Z(N—nj). (5)

1.2 Spatially homogeneous Wiener process on G

Let us denote by S(G) the space of all infinitely differentiable functions v
on G for which the seminorms

Pmn(¥) =sup  sup ‘D(x)"%il X () }, m,n € N,
x€G I€Z(l):|I|1<m
are finite. The dual §'(G) of S(G) is then the space of tempered distributions
on G. In what follows we denote by (£, 1) the value of £ € §'(G) on v € S(G).

Definition 1 Let A = (Q,F,P) be a complete probability space with a filtra-
tion (Ft)i>0. We say that an S'(G)-valued process W defined on 2 is Wiener

iff



(i) for arbitrary finite sets {11,..., ¥} C S(G) and {t,...,t,} C[0,00),
the random vector ((W(t1), 1), ..., (W (t,),¥n)) is Gaussian,

(ii) for any test function ¢ € S(G), (W(t),), t > 0, is a real-valued
(§¢)-adapted Wiener process.

Let {7F: 2 € G} and {7f': z € G} be the groups of left and right transla-
tions on §'(G), e.a. for £ € S'(G), ¥ € S(G) and z,y € G,
<7—;1,I‘/§? ¢> = <€>TmL*1w> ) Tgf/*lw(y) = ’QD (x_ly) ’ (6)
<7—f§a ¢> = <§>7ﬁ1¢> ) Tﬁlw(y) = ’QD (yx_l) . (7)

Definition 2 An S'(G)-valued Wiener process W is called spatially homo-
geneous iff for anyt > 0 the law of W (t) is invariant with respect to the group
of left translations {tL: x € G}, that is for all v € G and X € B(S'(G)),

P(W(t) e X)=P (W(t) e (x5! (2()) .

Given two functions ¢ and ¢ on G we set

Yxp(x) = /Gw (zy™") (y)dy.

We call a bilinear form A on S(G) left translation invariant iff for all ¢, ¢ €
S(G), and = € G,

A, ) = A (179, 770).
Given a function ¢ on G we set ¥*(z) = ¢ (z71).
Remark 1 Let A(¢, ) = E(W(1),¥)(W (1), ), ¥, € S(G), be the co-
variance form of an S'(G)-valued Wiener process W. Then, since W is

Gaussian, it is spatially homogeneous iff A is invariant with respect to the
group of left translations.

Since for all z € G and ¥, ¢ € S(G), ¥* x ¢ = (7E¢)" x (tLp) we have
the following result.

Proposition 1 Assume that T' € §'(G). Then

Ap,p) = (00" @), 1,0 e S(G), (8)

is a continuous left translation invariant bilinear form on S(G).



Remark 2 It is known, see e.g. [14], that any translation invariant con-
tinuous bilinear form on S(RY) is of the form (8). Moreover, by Bochner’s
theorem it is positive definite iff I' is the Fourier transform of a positive
measure.

Remark 3 Assume that the kernel theorem holds true on S(G), that is any
continuous bilinear form A on S(G) is of the form A(v, ¢) = (£, v ®¢), where
¢ € §'(G x G). Then one can adopt the proof from [14], and show that any
left and right translation invariant continuous bilinear form on S(G) is of the
form (8) with a I' € §'(G) satisfying 7fi7%,I' =T', € G. We note that the
kernel theorem holds true, see [14], if S(G) is nuclear, that is its topology
is given by an increasing sequence of Hilbertian seminorms {¢,}, such that
the injections H,,, — H, are Hilbert-Schmidt, H,, being the completion on
S(G) with respect to gy,.

Remark 4 It is easy to show that if G is nilpotent, than S(G) is nuclear.
For, see [5], Appendix A.2, the Sobolev spaces on G are isomorphic to Sobolev
spaces in RY. Professor Malliavin has pointed out that if G is semi-simple,
then the nuclearity of S(G) can be obtained using the techniques developed
in [19]. Namely, G can be first decomposed as G = K x V, where K is
a maximal compact subgroup of G, and V = G/K is a symmetric space.
Clearly, it is sufficient to prove that S(K) and S(V') have a nuclear structure,
where S(K') and S(V') are defined in a standard way. The nuclear structure
of S(K) is obvious, since K is a compact Lie group. The fact that S(V') is
also nuclear is reduced, in [19], using Iwasawa coordinates, to the study of a
space S(A), where A is an abelian group, and S(A) is defined via a second
order elliptic operator.

Remark 5 Having a positive-definite translation invariant continuous bilin-
ear form A one can ask if there is an §'(G)-valued Wiener process with the
covariance form A. This holds true if §'(G) is nuclear, see [15], or [16].

2 Main results

Let A(v, ) =E(W(1),¥)(W (1), ), ¥, € S(G), be the covariance form of
W. In what follows we assume that A is of the form (8) with a distribution
I'. We call I" the space correlation of W. Recall that d is defined in (5). In



our exposition the following assumption plays an essential role.
ACr > 0: TI'+ Crdx is a non-negative measure. (9)

Definition 3 Letp € [2,00) and p € R. We say that a function h: [0, 00) X
G x R +— R belongs to the class Lip (p, p) iff for any T < oo there are a
constant L and a function ly € L such that

|h(t,x,2)‘ SL(ZO(':C>+‘Z|) and \h(t,x,z)—h(t,x,é)\ SL‘Z_2|

Our first theorem provides conditions for the existence of a solution to
the stochastic heat equation (1). By a solution to (1) we understand the
so-called mild solution, that is, a solution to the following integral equation

u(t) = S(t)u(0) + /0 S(t—s)F(s,u(s))ds +/0 S(t —s)B(s,u(s))dW (s),

where S is the semigroup generated by £, and the stochastic integral is
understood as It0’s integral with respect to an infinite dimensional Wiener
process, for more details see Section 4.

Theorem 1 Letp € [2,00) and p € R. Assume that (9) is satisfied, and the
coefficients f,b are of the class Lip (p, p).

(1) If
{IB(e,l) log (0(z) ™) T(dx) < 00 ford =2, (10)

Jsen 2(@) "2 T(dx) < o0 ford # 2,

then for any ug € L there is a unique mild solution u to (1) such that for
every T' < o0,
sup E |u(t)3, < oo. (11)
te[0,T] P
(i1) Assume that p > 0. If there are T > 0 and by > 0 such that |b(t, z, z)| >
by for allt € [0,T], z € G, and z € R, then (10) follows from the ezistence
of a solution to (1) satisfying (11).

Remark 6 Note that as I" is a tempered distribution, for d = 1, (10) follows
from (9).

Let C, be the class of all continuous functions ¢¥: G +— R such that
[Y(z)|0,(x) — 0 as 9(x) — oo. Then C, equipped with the norm [+)|c, =
SUP,eq |¥(2)0,(x)| is a Banach space. Our next result deals with time and
space-time continuous solutions to the stochastic heat equation on G.

8



Theorem 2 Let p € R and p € [2,00). Assume that (9) holds and the
coefficients f,b are of the class Lip (p, p).
(i) If there is an o > 0 such that

/B @) < (12)

then for any ug € LY there is a unique mild solution u to (1) having contin-
uous trajectories in LY and satisfying

E sup [u(t)|}, <oo  forallT < oo, q€ [2,00).
t€[0,7) ’

(i1) If 2d/p < 1 and there is an o > 2d/p such that (12) holds true, then for
any ug € LENC,, there is a unique mild solution u to (1) having continuous
tragectories in L N C,yp, and satisfying

E sup <|u(t)|g + |u(t) ‘ip> <oo  forallT < oo, q € [2,00).
t€[0,T] p/p p

We are able to show the existence of a solution to the stochastic wave
equation in a space with the weight 6, being a regularization of 9,, see
Lemmas 5 and 14. It is obtained in the following way

0, = S(1)7,, (13)

S being the heat semigroup. Let L2 = L*(G,0,(z)dz), p € R. Let r = *1,
and let p € R. Define a Sobolev space H] as the completion of C5°(G) with
respect to the norm

Wy = (3= L) (0)%9)] .-

L H, 0 7
X, = ”_), D:(”) A:( ) (14)
’ (le 7o\ £ 0

We will show, see Lemma 15, that A with the domain Dom A = ID, generates
a Cy-semigroup U = {U(t)} on X,. We define an X,-valued solution X to
(2) as a process satisfying the following stochastic evolution equation

Let

X(t)=U(t)X(0)+ /0 (t—s)F(s,X(s))ds +/0 U(t — s)B(s, X(s))dW (s),

9



where X (0) = (ug,v9)", and for X = (u,v)7T,
F(t,X) = <R8 u)) and (B(t,u)f) = <B(2 u)f) : (15)

The theorem below provides sufficient conditions for the existence of an X,-
valued solutions to the stochastic wave equation on GG. In its formulation the
coefficients are required to be from the following Lipschitz class.

Definition 4 Letp € [2,00) and p € R. We say that a function h: [0, 00) X
G x R — R belongs to Lip (2, p) iff for any T < oo there are a constant L
and a function ly € I such that

|h(t,x,2)| < L(lo(x) + |z]) and |h(t,z,z) —h(t,z,2)| < L|z — Z|.

Note that in Definition 3 of Lip (2,p) the function Iy belongs to L2,
whereas in the definition of Lip (2, p) it belongs to 2.

Theorem 3 Let p € R. Assume that (9) and (10) are fulfilled, and the
coefficients f, f;,b € Lip(2,p). Then for any (ug,vo)* € X, there is a a
unique solution to (9) with continuous trajectories in X, and such that

E sup [ X(t)[¥ <oo  forallT < oo, q €[1,00).
te[0,7] i

3 Properties of the heat semigroup

Let H; be the heat kernel on G, see [7], p. 106. Thus for any ¢ € L?,
St(x) = *Hi(x) = [ He (y™'x) d(y)dy.

Note as S is symmetric we have H} = H,. Set b(r) = t~¥? exp{—r?/t}. For
a proof of the lemma below we refer the reader to [7], Th. 8.2.9.

Lemma 1 There are constants c¢,C > 0 such that for allt > 0 and x € G,
andie {1,...,1},

che (0(x)/c) < Hi(x) < Chy (0(2)/C),

ct™2h, (0(z)/c) < X/Hy(z) < Ot 2h, (2(2)/C),

<
™1, (0(x)/c) < EH, () < Ct~1h, (3(x)/C).

10



Obviously, H;(z) > 0 for all x and ¢. Since the constant function 1 is the
unique solution to

% = Lu, u(0,-) =1,
we have [, H,(y'z)dy=1,t>0, z€G.

Lemma 2 For each t > 0, H; € S(G), and v — {H,(y"'z); y € G} is a
continuous mapping from G into S(G). Moreover, the restriction of the heat
semigroup to S(G) is a Cy-semigroup on S(G).

Proof. Clearly it is enough to show that for all n € N, I = (i1,...,4,) € Z(l)
and X; =X, ...%;,, and a fixed x € G,

lim supll(y,z,z) =0,
D(z,x)—>0y€G t(y )

where

Ht(yv z, Z) = D(yyl%“ ..... in (Ht (y_lx) — Ht (y_lz)) .
Note that for any a € (0,1), I(y, 2, z) < I\ (y, 2, 2)TI"™ (y, 2, ), where

I (y, 2, 2) = 0(y)" (| X, i He (v ") | + | X0 He (y2)])

Let y be such that d(y) > 30(z). Then, observing that for z € B (z,0(z)/2)
we have

a(y‘lx)za(m—b(a:)z%a(y) and 0 (y'z) >0(y) —0(z) >

we obtain

and hence
sup {Hﬁa)(y,x,z) : 0(y) > 30(x), z€ B (17,0(93)/2)} < 00.
By boundedness of all the derivatives of the heat kernel, we also have

sup {Hga)(y,x,z) c0(y) <30(x), z € B(m,b(:c)/2)} < 00,

11



and thus
sup 1% (y, 2, 2) = M@ < . (16)
yeG, z€B(z,0(x)/2)
Consider now a normalized Cantor geodesic v, see Section 1.1, joining = and
z. Then

1/(1—a) B

(1 0,2.2)

and setting
C= sup |XX;

i=1,...,0l,z€G

we get

)1/ Y o, o). (17)

(Hil_a) (y,x, 2)

Putting (16) and (17) together we obtain
L (y, z,2) <T@ (Co(x,2))' ™ for z € B (x,0(x)/2),

which completes the proof. [

In Lemmas 3 and 4 below we show that the heat semigroup is Cy on the
weighted spaces LL and C,. In the proofs we will use arguments of Funaki,
see [13], Lm. 2.1.

Lemma 3 Let p € R, and let 9, be given by (4). Then 9, € L* N L* for
p > 0, and the heat semigroup S has the unique extension from C§°(QG)
to a Cy-semigroup on Lb for arbitrary p € 2,00) and p € R. Moreover,

T, (x) < PP (2) for all z,y € G.

Proof. Recall that V(r) = [ B(e.r) 4 has a polynomial growth. Hence for any

p > 0 we have
/e_pa(w)dx :/ e "V (dr) < oo,
G 0

which proves the first part of the lemma. Since Cg°(G) is dense in LD it is
enough to show that for all 7> 0, p € R, and p € [2, 00) there is a constant
C' such that for all v € C§°(G) and t € [0,7) one has |S(t)¢|’£g <C |w|’£5.
Let us fix T', p and p. Let

S(tyi() = /G b, (0 (")) w(y)dy. (18)
12



Taking into account Lemma 1 it is enough to show that
3C: v e CP(G), € (0,T),  |S@Yl, <Clly,.  (19)
Note that
be (0 (v~ 'x)) V() =t~ exp {—0* (,y) /t — po(x)}
=t~ exp {07 (x,y) [t — po(x) + pO(y) } I, (y)
<t exp {07 (2,y) /t + [plo(2,9)} V,(y)
< exp{t? /210 (0 (+71) /V2) 9, ().

(20)

Since [, H;(z7'y)dy = 1, Lemma 1 yields that there is a constant Cy =
C1(T) such that

/ by <D (z7'y) /\@) de < Oy for all t € (0, 7. (21)
a
Combining (20) with (21) we can find a constant Cy = Cy(T', p) such that
/ be (0 (v~ ') V,(z)dz < Co,(y) forally e Gand t € (0,7]. (22)
G

From this and (21) one can easily obtain (19). In order to show the last part
of the lemma note that since 7,70(x) = d(e, zy) = d(y ™", z), we have

(y) —
(y)

—be(x) oWy ™) —o(z) =0
oy~ +0(x) <0

_|_

Consequently 7fle™?(z) < el/PWe=r2(z). O

Lemma 4 Let p € R. Then the heat semigroup S is Cy on C,. Moreover,
for allp € [2,00) and t > 0, S(t) is a bounded linear operator from L? into
Cojp, and for any T' there is a constant C' = C(T,p, p) such that

ISOlLize,,) < CEYE fort € (0,T) (23)

Proof. Let us fix T', p and p. Let S be given by (18). Clearly it is enough to
show that there are constants C; = C1(T, p) and Cy = Cy(T), p, p) such that

1S(t)le, < Cilible,  forallt € (0,T], ¢ € S(G), (24)

13



and that
1S(t)le,, < Cot™¥CP|n forall t € (0,T], ¢ € S(G). (25)

We have
S| < [ 066 Wl
< [ 0o () 0 a0l
<1k, [ 000 (r712)) 0,0

Combining this estimate and (22) with p being replaced by —p we obtain
(24). To show (25) note that using first Holder’s inequality we get

5w < Wl ([ 0 @) 0 i)

where p* = p/(p — 1). Using now (22) for p being replaced by —p*p/p, one
can easily obtain

1/p*
(/G bt (D (y_lz)) ﬁ—p*p/p(?/)dy) < Ct_d/(2p)19—p/p(x)>

which proves (25). O

Lemma 5 Let p € R, and let 6, be given by (12). Then 6, >0, 0, € L* N L?
for p > 0, and the heat semigroup S has the unique extension to a Cpy-
semigroup on b = LP(G, 0,(x)dx) for arbitrary p € [2,00) and p € R.

Proof. Clearly ¥, > 0. By Lemma 3, ¥, € L* N L? for p > 0. Hence, by
Lemmas 1 and 4, 6, > 0 and 6, € L* N L? for p > 0. To show that S is Cj on

any [LP-space it is enough to show that for every T' > 0 there is a constant C
such that S(t)0,(x) < CO,(x) for t € (0,7]. This follows from (22);

S(t)6, = S(t)S(1)9, < CS(1)d, = C0,.
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4 Distribution-valued Wiener processes

Let W be S'(G)-valued Wiener process. Then, see e.g. [15], or [16], there is
a unique real separable Hilbert space Hy C 8’(G) such

W(t) =Y Wi(t)fx (26)

where {f;} is an arbitrary orthonormal basis of Hy and {W}.} is a sequence of
standard independent real-valued (§,;)-adapted Wiener processes. The series
converges in §'(G), in the sense that for any test function 1, and for any ¢,
(W(t),) is the L?(Q, §, P)-limit of the series Y, Wi (¢)(fx, ). We call Hy
the Reproducing Hilbert Kernel Space of W, RHKS in short.

4.1 Stochastic integration in Hilbert spaces

In this section we recall the construction and properties of Itd’s integral with
respect to an S'(G)-valued Wiener process W defined on probability basis
A= (2,5, (Ft)i>0, P). We denote by Hy, the RHKS of W. Given ¢ € [2, 00)
and a Banach space V' we denote by P4(V') the space of all measurable (§;)-
adapted processes o with values in V' such that the seminorms

T 1/q
|a|T:(E / |a<t>|qut)  Te(0,00),
0

are finite. Assume that V' is a separable Hilbert space. Let Lug)(Hw, V') be
the space of all of Hilbert—Schmidt operators from Hy to V. Let us fix an
orthonormal basis {f;} of Hy/, and let {W}} be a sequence of independent
real-valued Wiener processes for which (4.1) holds true. Let us denote by I,
the projection onto the space spanned by fi,...,f,. Let Py (L(HS)(HW, V))
denote the class of all o € P? (Lus)(Hw,V)) such that

o(w,t) = Z i (W)Xt ;111 (F)
j=1

for some positive integers n and 7, and 0 < t; < ... < t,11 < oo, and
o; € L* (92,34, P; Lius) (Hw, V). For o € Py (Lus)(Hw, V)) and t € [0, 00)

we put

Vo = /0 t o(s)dW (s) =D > (Waltjoa At) — Wilt; At))oyfi.

j=1 k=1
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It is easy to see that ItW can be extended continuously to P? (L(HS)(HW, V))
Moreover, for any o € P> (L(HS)(HW, V)) the process ZVo, t € [0,00), is a
continuous square integrable martingale in V', and

t
Bz ol =B [ o poumerds.  tel). @D

It is easy to see that the stochastic integral does not depend on the particular
choice of orthonormal basis {f}.

Lemma 6 Let A(), ) = E(W(1),9)(W(1), ), ¥, ¢ € S(G) be the covari-
ance form of a Wiener process W with the RHKS Hyy. Then for an arbitrary
orthonormal basis {fi.} of Hy one has

A, 0) =Y (f ) (f), .0 €S(G),
k
where (-, ) stands for the bilinear duality form on §'(G) x S(G).

Proof. Let {fx} be an orthonormal basis of Hy,, and let {WW}} be a sequence
of independent standard Wiener processes such that (26) holds true. Then

A, @) = E(W (1), u)W (1), ¢)
=& (3 ()W) (3 (o 0dWi1)) = S5k 0) (s 0),

k k k

which is the desired conclusion. [

In the next result we compute the Hilbert—Schmidt norm of an integral
operator on the RHKS of V.

Lemma 7 Let v be a non-negative measure on a measurable space (O, Q),
let L*(v) = L*(0,0,v), and let K be a measurable mapping from O into
S(G). Consider the operator Kf(x) = (f,K(x)), f € Hw, x € O. Then for
any orthonormal basis {fx} of Hy one has

SR = / A (K (), K(2)) v(dz).

Proof. Since
SO KRl = S / (o K () v(da),
k g YO

Lemma 6 gives the desired conclusion. [
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4.2 Stochastic integration in weighted LP-spaces

Let v be a non-negative measure on a measurable space (O,Q), and let
LP(v) = LP(O,O,v). In this section we present basic facts on the stochas-
tic integral in LP(v)-spaces with respect to a spatially homogeneous Wiener
process W. Most of results presented here are particular cases of the more
general theory of stochastic integration in Banach spaces, see e.g. [2], [3], [4],
[10], [22], and [28].

In this section we fix p € [2,00), an orthonormal basis {f} of Hy, and a
sequence {0} of independent standard real-valued normal random variables
defined on a probability base 2.

A bounded linear operator K: Hy +— LP(v) is called y-radonifying, iff
the series Y 7o | B Kf), converges in L? (Q, §,P; LP(v)). We use R(Hyw, LP(v))
to denote the class of all y-radonifying operators from Hy, into LP(v). Given
a linear operator K from Hy, into LP(v) write

1K 2y 1oy = limsup E ‘ Zﬂkak (28)
" k=1

2
Lr(v)

Then, see e.g. [22], K is v-radonifying iff || K| gy ey is finite. Note
that R(Hyw, LP(v)) equipped with the norm | K| gy, 1r()) is @ Banach
space. Note that if p = 2, that is if LP(v) is a Hilbert space, then the
spaces R(Hy, L*(v)) and Lus)(Hw, L*(v)) and the radonifying and Hilbert—
Schmidt norms are equal.

The lemma below provides an useful estimate for the ~-radonifying norm
of an operator given by a kernel, and it is an analogue of Lemma 7 from the
present paper. It is a reformulation of [4], Prop. 2.1.

Lemma 8 Assume that K € L(Hy, LP(v)) is given by (Kf)(x) = (f, K(z)),
x € O, f € Hy, where K is a measurable mapping from O into S(G). Then
there is a constant C' independent of K such that

||K||R(HW,LP(V)) < C(/ A (/C(ZL'), IC(;L'))P/Q y(d:c)) 1/p.

G

Proof. Since for each x the real-valued random variable Y, Bx(K(x), fi) is
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Gaussian, there exists a constant C'; depending only on p such that

(B[S i, ) = (2[5 an) )
<& [ |5 fulfe 0| via)
<o [ (2[5 x| ) vian
k=1

<o [ 3 xwp]”
k=1

v(dz).

Thus by Lemma 6,
d 2
1K 2y 190y = limsup E ‘Z @fok‘Lp( :
n k=1 14

<ci( /GAUC(:c), Kl i)

which is the desired conclusion. [

The stochastic integral with respect to W can be defined first for processes
from Po(R(Hyw, LP(v))) and then extended to P%(R(Hyw, LP(v))). We have
the following consequence of general theorems on stochastic integration in

Banach spaces, [2], [10], [22], and [28].

Theorem 4 For any o € P?(R(Hyw, L*(v))) the stochastic integral

/ta(s)dW(s), t >0,

is an Lb-valued square integrable martingale with continuous modification and
0 mean. Moreover, for every q € [2,00) there is a constant C' independent of

T and o, such that

q/2
E sup
0<t<T

t q T )
[ oW <CE([ 106 By imods)
0 Lr(v) 0
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5 Main estimates

Throughout this section we assume that (9) is fulfilled with a constant Cr >
0, that is I' + Crdx is a non-negative measure, and {f;} is an orthonormal
basis of the RKHS Hyy of a spatially homogeneous Wiener process W with the
space correlation I'. Given ¢ € S(G) we define the multiplication operator
on Hy by Myf = vf. We extent M, for ¢ equal to the constant function 1
taking M;f = . In fact, we will show, see Corollary 1 that if (9) is satisfied,
then M has a unique extension, denoted also by M, to a bounded linear
operator from any LF-space to R(Hw, L}). Recall that || K[|, ,c2) € [0, 00]
is given by (28), and that K is y-radonifying iff || K[| g s, 1z) < 00. Moreover,

||K||R(HW7L,2,) = ||K||L(Hs)(HW7L,2;)'
Let T"> 0, a > 0. For r > 0 we set

T oo
k(a, T, r):/ t—e "/t and m(a,r):/ t=%te7/tdt.  (29)
0 0

Lemma 9 (i) for all « > 0, n € N, and T > 0, r"k(,T,7) — 0 and
rk(a, ) — 0 as r — o0,

(17) if « € [0,1), then k(a,T,-) and k(«, -) are bounded functions,

(i17) there are constants Cp,Cy € (0,00) such that for every r € (0,1],

C1log (|r\_1) < k(1,T,r) < Cylog (|r\_1) ,

C1log (|r\_1) < k(l,r) < Cylog (\r|_1) ,

(iv) if @ > 1, then there are constants Cy,Cy € (0,00) such that for every
r e (0,1],

C’l\r|1_a < k(a,T,r) < Cg\r|1_a and C'1|7‘\1_°‘ < k(a,r) < Cg\r|1_a.

Proof. Since r(a,r) > e 'k(a, 1,7) and

k(a,r) < k(a,1,r) —I—/ e te "/t
1

max {/7,1} oo
< k(a,1,7) + e_ﬁ/ e 'dt + e_ﬁ/Q/ e V2dt
1 max {y/r,1}

< k(a,1,7)+ e_\/F/Q/ e72dt < k(a, 1,7) + 2e7V7/2
0
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it is enough to check (i) — (iv) for (o, T\ ). After changing variables s = t/r

we get k(a, T,r) = ri=o [T/"t=ae=1/td¢. Hence (i) follows from
S 0

lim :c_m/ t%e Vtdt = 0 for all & > 0 and m € N.
0

z|0

If o € (0,1) then k(a, T,7) < fOT t~*dt < oo, which proves (ii).
Let a = 1. Then (éi7) follows from

xt—le—l/tdt -1,-1/x
lim fo— = lim % = lim e V/* =1.
T—+00 logx T—-+00 xr— T——+00
Finally, (iv) follows from

xo ! fow t—e~1/tqt B

lim - —/ t=%1tdt € (0, 400).
T—+00 re— 0
U
Lemma 10 For allt € (0,00) and p >0, S(t)M; € R(Hw, L?). Moreover,
one has

IS M |gmy 12 = A (He He) / 9,(x)dz,  t>0.
G

Proof. Let us fix t. First note that A (H;, H;) < oo. For, by Lemma 2,
H; € S(G). Let K(x)(y) = H; (y~'z). Then, by Lemma 2, K is a measurable
mapping from G into S(G). Hence, since S(t)Mif(z) = (f, K(z)), Lemma 7
yields

1= Y ISOMif; = [ A0, K@) d,(a)ds
B a
Since A is left translation invariant and H; = H; we have
I(z) := A (K(2), K(x)) = A (K(e), K(e)) = A (H;, Hy) = A (Hi He) -
O

Lemma 11 Let p € [2,00) and p € R. Then for all ¢ € S(G) N LY and
t € (0,00), S(t)My is a y-radonifying operator from Hy, into LL. Moreover,
there is a constant C € (0, 00) such that for ally € S(G)NLY andt € (0, 00),
one has

IS(&) My | rny 2y < Ce¥ (T + Crdar, b,(2()/C)* [l (30)
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Proof. Let us fix ¢t and 1, and let K(z)(y) = H; (y~'x) ¥ (y). By Lemma 8,
S(t)My € R(Hw, Lb) and

T = ISOMullyny 1z < [ A K@) K@) 0, @)

Hyy,Lp)

Let I(z) = A (K(x),K(z)), and let T = T' + Cpdz, Cp > 0. Then for and
p € S(G),

(Crdz, ¢ * ) = Cp /G /G ¢ (yz™") ¢ (y) dady = Cr (/G go(x)d:c)2 > 0.

Hence
I(x) = A(K(z),L(x)) = A (Tj’C(ZL’),TQEL’C(ZL'))
— (T, (TFK (@) * (EK (@) < (D, (FEK (@) + (K () ) = I(x).

Hence, as K(x)(y) := 72K(z)(y) = He(y)¢(zy), we have

K(z) (y=~") K(x) (y) T(dz)dy

/':z
&
S~—
I
S
S

< [ ) |6 (o) ) 0 o) Py
Thus

I<e /G ( /G /G nyz-l)\||¢<:cy>|m(dz,dy))p/zﬁp(a:)dx,

where .
pe(dz, dy) = Hy (yz") He(y)I(d2)dy.

By Jensen’s inequality,

I<e ( L/ m(dz,dy))p/z_l

<[] T a2 )PP (o ).
GJGIG
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Using Lemma 1, the semigroup property H; * H; = H;1s, and the identity
H; = 'H; we obtain

/G/GMt(dz,dy) = <f‘,H,’f *Ht> < <f, bt(a(.)/cl)>.

Note also that

L(z,y) = /G 1 (zy=) 2 16 (ay) P2 0, () da
= </G [ (Iyz_l)‘pﬁp(x)dx) v (/G 0 (zy) ) ﬁp(x)dflj‘) 1/2

1/2 1/2 (31>
< ([ w@roiar) ([ s@po, @ a)
Hence, by Lemma 3, we have
-1 -1
L) < ol esp{ QL) £ 67Ny
and consequently,
- p/2—1
1< Caliely, (Th()/C)" R (32
where
_ ol (@ (zy~ ") +2(y™)) - 2
R.—/G/Gexp{ : }Ht (y=") M, (y) T(d2)dy.
Now Lemma 1 and the inequality
() | |plo(w) (v 0% (w) | |po(w) o*(u) | tlpl®
T T3 __7+<_ 2% T 2 )S_ 2% 8

imply

exp{ \p\02(u) }Ht(u) < C5eP " H ey (1), t€0,00), ueqG.

Hence

R < e [ [ oy (57) HeulwP(d)dy
GJG

< C5e™! <f, Heyge * H06t> < Cge™! <f7 ht(a(')/07)> :
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Combining this estimate with (32) we obtain the desired conclusion. [J

Since for all p and p, S(G) N L? is dense in L) we have the following
corollary to Lemma 11.

Corollary 1 If (9) is satisfies, then for arbitrary p € [2,00) and p € R, the
multiplication operator M is bounded from L% into the space of y-radonifying
operators R(Hy, Lb). Moreover, for any 1 € Lb one has (30).

Lemma 12 Assume that the space correlation I' of W is equal to the Haar
measure dz. Then for allyp € L2 and t € (0,00), S(t)My € R(Hw, L*p) =
Lusy(Hw, L2). Moreover, there are constants Cy,C, such that for all ) € L?
and t € (0,00) we have

1S Myl 13y < Cre®* [l /G bi(2(2)/C1)da < Ce [,

Proof. By Corollary 1, there is a constant C'; such that

ISOMolfrn 5 < Coe® ol | br(ota) Oyt

Applying Lemma 1, we obtain

/ Cih(0(x)/Ch)dx < 02/ Heye(r)de = Cs.
G G

O

6 Proof of Theorem 1

Assume that £ € S'(G) is a measure such that £ +Cedx > 0 for a certain Ct.
Let n(d, &) € (—o0, +00| be given by

fB(eJ) §(dz) ifd=1,
1(d,€) = { [pen log (@) () ifd =2, (33)
fB(@l) D(z)_d—m f(dl') ifd> 2.

Proof of Theorem 1(i). Let p € R and p € [2,00), and let T" € (0,00) and

q € [2,00) befixed. Let B(t,u)(x) = b(t,z,u(z)),t >0,z € G, u € Lp. Since
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f,b € Lip (p, p), there is a constant L such for all ¢ € [0,T] and 9, € LD
one has

[F(t,0) = F(t. o)y + [B(t,¢) = B(t, @)y < LI — @iz,

- (34)
|E(t, )|z + [B(t, )|z < L(1+ |elrp).

Note that B satisfies
B = Mj (35)

where M, f = 9f is a multiplication operator. Recall that S is a Cy-semigroup
on LP, see Lemma 3. We will show that there is a function a € L*(0,T;R)
such that for all ¢,s € [0,T] and ¥, p € Lb,

1S () B (s, ) i) < alt) (1 + lelzz),

1SW)B(s, ) — SO B )lnaryco) < av— plzg. OO

Having (34) and (36), the existence and uniqueness of a solution to (1) sat-
isfying (11) follows by means of the contraction principle, see e.g. [4], [26],
27], [28]. Taking into account (35) with B satisfying (34) one can easily see
that to show (36) it is enough to prove that there is a b € L*(0,T;R) such
that

1S(6) My g2z < DOl forall g € IZ and t € 0,T].  (37)

By Corollary 1, we have (37) with b(t) = C (I' + Crdz, b,(0(-)/C))**. Thus
what is left is to show that

/OT (T + Crda, by(2(-)/C)) dt

T (38)
= / / h:(0(z)/C) (T'(dx) + Crdx) dt < oc.
o Ja
Let I' = I' + Crdz. To show (38) note that by Lemma 12,
/ / h:(0(z)/C)dxdt < 0. (39)
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Recall that k(a, T, ) is given by (29). We have

/0 (T, 0,0()/C) ) dt = /G /0 b:(0(2)/C)diT(d)
_ /G  (4/2,0%(2)/C) F(dv)
< / b (d/2, 5T, 0%(x)) T(da) = Cy(I + ),
a
where
L = / k(d/2,C5T,0%(x)) [(dz) and I, = Cp/ K (d/2,CoT, 0%(x)) da.
G a
By (39), I> < co. In order to show that I; < oo note that

L = /B(e,l) K (d/2,CoT,0%(x)) I'(dz) + /G K (d/2,CoT, 0% (x)) I'(dx)

\B(e,1)
=: Iy + I1s.

The integral I15 is finite since I' is a tempered measure and since by Lemma
9 for every m > 0, r™k(d/2,CoT,r) — 0 as r — oco. To show that I;; < oo
note that by Lemma 9, there is a constant ¢ such that I1; < en(d,I'). Hence
the desired conclusion follows from (10). O

Proof of Theorem 1(ii). In the proof we use the ideas from [27]. Let p > 0,
p € [2,00), and let b satisfies the assumptions of the theorem on a time
interval [0, 7. Finally let u be a solution to (1) satisfying (11). Then, since
¥, € L', u satisfies (11) with p = 2. Since F satisfies (34) it is easy to see

that
2

E 'S(T)u(O) +/0 S(T — s)F(s,u(s))ds . < 00.
Thus . ) ”
E /0 ST = $)B(s,u(s)AW ()| <00
Hence (27) yields
[ EIST = 9B ) iy 13 < o (40)
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By Lemma 7,

1S(T — $)B(s, u() | e 11 12) = / (8 Kul)* %K) 9, (),

where K (z)(y) = Hp_s (y~'x) B(s,u(s))(y). By Lemma 12 there is a con-
stant C'; such that

[:/0 IE/GICS(S)**Ks(z)(y)dyﬁp(:v)dx < C} sup E|B(s,u(s))|ig.

s€[0,T

Hence by (34) we obtain I < co. Consequently, (40) yields

/OTE /G<f,/cs(x)* < () ) 9 (@) deds < oo,

where I' = I'+ Crdz is a non-negative measure. Since B(s, u(s))(z) > by > 0,
we have

J= /OT/G <f,HT_S *HT_s(x)>19p(x)dxds < o0.

Hence, since ¥, € L' for p > 0, we have f0T<f,Hgs>ds < 0o. Thus there are
T1 > 0 and a constant C' such that

T

/G 0 by (2(2)/C) dt T(dz) < / b, (0(z)/C) dt T(dz) < co.  (41)

G JO

Since
T

b (0(z)/C) dt = k (d/2,T1,0%(2)/C?) ,

0
where k is given by (29), (10) follows from (41) and Lemma 9. O

7 Proof of Theorem 2

Given ¢ € [2,00), T > 0, and a Banach space V we denote by K7.(V) the
Banach space of all adapted processes Z with continuous trajectories in V
such that

1/q
21|z vy = (E sup |Z(t)‘[\1/> < 0.

te[0,T
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We equip the space LL N C,p, with the norm |- |z +[-|c,,,. In the proof of
Theorem 2 we will use the contraction principle for the functional J given
by

T(Z)(t) = S(£)X(0)+ /0 S(t—s)F(s, Z(s))ds+ /0 S(t—s)B(s, Z(s))dW (s).

Our goal will be to show that under the hypothesis of the theorem for ¢
large enough one can chose T'= T'(q) > 0 such that J is a contraction from
K (LE) into K (LE), or from K7.(LENC,,,) into K (LENC, ). Having regular
solution on a small time interval one can easily prolong it to an arbitrary time
interval. Let

L(Z)(t) = S(t)X(0) +/0 S(t—s)F(s, Z(s))ds,
Z(Z)(t) = / S(t—s)B(s, Z(s))dW(s).

0
Since the heat semigroup is Cp on L and C, spaces it is not difficult to show
that L is a contraction on a proper space. In the proof we will concentrate on
showing this for Z. Let B(t,u)(z) = b(t, z, u(x)). Note that B is a Lipschitz
mapping from K7.(LP) into K7.(Lb). Thus it is enough to show that

1(2)(t) = / S(t — $) Moy d W (s), (42)

where M is a multiplication operator, is a bounded linear operator from
K (LE) into KO (LA) in the point (i), and from K4.(LP) into Kf(LE N C,pp) in
(ii), and that its norm goes to 0 as " — 0. To do this we will use the Da
Prato-Kwapien—Zabczyk factorization, see [11] or [28];

I(Z)(t) = RpYs(2)(1), (43)

where
sin Wﬁ

Rp(t) = $)771S(t — s)v(s)ds,

Yo(2)(t) = / (t- s>-ﬁs<t — 5) My dW (s).

0
In the proof of Theorem 2 we will need the following lemma.

27



Lemma 13 Let p € [2,00) and p € R, and let R be given by (44). Then:
(i) for arbitrary 5 >0, T > 0, and q € [2,00) such that (3 —1)¢* > —1, R
is a bounded linear operator from L(0,T; L?) into C([0,T]; L?) and

IRsllLzaorcey.cqomizy =0 asT —0.
(ii) For arbitrary 6 > d/(2p), T > 0, and q € [2,00) such that ( — 1 —
d/(2p))q* > —1, Rp is a bounded linear operator from L9(0,T; L) into
C([0.T):Cyy,) and

IR sl Lizao.:c8).c0.17,,,)) — O as T — 0.
Proof of (i). It is enough to show that R 3 transforms continuously L7(0, T’; L)
into L>°(0, T LP) with the norm decreasing to 0 as 7" — 0, see [11]. This
follows from Holder’s inequality. Namely given T > () one can find a constant
C depending on S and T such that for any 7' < T,

1/q*

t
IRsl Lpao,r;e), o 0,1508) < tS[lépﬂ (/ (t—s)P=De|S(t — S)H%(Lg,y;)ds)
e, 0

7B+ N\ Ve
<y <—)
(B=1)g" +1
O]
Proof of (ii). It is enough to show that Rs maps continuously L4(0, T’ L)

into L>°(0,7T;C,/,) with the norm decreasing to 0 as 7" — 0. Let T > 0.
Using Lemma 4 and arguments from the proof of the first part of the lemma
one can find a constant C' such that for T' < T,

TB-1-d/@p))a"+1)  \ YT

O

Proof of Theorem 2(i). Let us fix p, and p, and T € (0,00). Let be such
that (12) holds, and let § = a/4. Clearly, we may assume that 3 < 1/2. Let
q € (2,00) be such that (6 — 1)¢* > —1. Let Y3 be given by (44). Taking
into account (43) and Lemma 13(i) the proof will be completed as soon as
we show that there exists C' such that for all T < T, and Z € KT(LE),

]E/TWZ)@) 1,dt < CIE/T|Z(t) ¢,dt. (45)
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By Theorem 4, there is a constant '} independent of 7" and Z such that for
all t € 0,77,

t q/2
E|Y6(Z)(t)|qL;;§01E( / <t—s>‘”||5<t—s)Mz<s>||%<HW,Lz>ds) - (46)

By Lemma 11 the left hand side of (46) is less or equal to

t a/2
Cs 112011k (1) (/ (t—s)"2Pb(t — s)d8> :
7\ p 0

where b(s) = (I' + Crdz, b, (0(-)/Cy)). Since

/t(t — )2t — s)ds < <F + Crdz, & (d/z v 2@?,02(-)/02» ,

we conclude by Lemma 9(i). O

Proof of Theorem 2(ii). Let p > 2 such that d < p, and let a > 2d/p be such
that (12) holds true. Since d/p < 1, we may assume that § = «o/4 < 1/2.
Let ¢ € [2,00) be such that (8 —1)¢* > —1. Since § > d/(2p), Lemma 13(ii)
yields that for any T' > 0, Ry is a bounded operator from L9(0,T’; L¥) into
C([0,T];C,p). Thus as in the proof of (i) it is enough to show that for any

A~

T > 0 there is a C such that for all T < T and Z € K7(LE), one has

T T
E/ Ya(Z) ()Lt < CE/ Z(8)]7, dt.
0 . 0 e

This follows from (12) in the same way as in the proof of (z). O

8 Wave semigroup

Recall that 6, is given by (13), the Sobolev spaces H) and H, ' are defined
in Section 2, and that the spaces X,, D,, and the operator A are given by
(14). For brevity we write X and D instead of X, and Dy. Let

(Y - 0,17y
"\ 9;1/2()0 :
Then j, is an isometry between X and X,, and D and D,
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Lemma 14 Let p € R. Then:

(1) 0,'%:0, € L>(G, dx),

(11) 0,1£0, € L>(G, dx),

i11) X;, 1 =1,...,1 are bounded operators from H* into I.? and from L2 into
p p P

H

p

Proof if (i). Note that

Op(2) 1 X;S (1), () _ Ni(x)

0 X n(e) = =5 S, (r) D)

By Lemma 1 there is a constant C' > 0 such that
1(@) < C [ exp {=0%w.9)/C + po(e) = (o) dy
< C [ exp{=0(e)/C+ oot b dy
< Cop{Cr/2} [ exp{=0()/(C)}ay.

Hence I; is bounded from above as [, exp {—0%(y)/(2C)} dy < co.
Applying Lemma 1 again we can find a constant ¢ > 0 such that

Iy(z) > C/GGXP {—0%(z,y)/c+ po(z) — po(y) } dy
> ¢ [ exp {=a.n)/(20) = 9 (2.9)/(26) = o)} dy
> cosp{—*/2)} [ exp {=*)/(20)}
Thus /5 is bounded from below, which completes the proof of (7). [
Proof of (ii). One can easily prove (ii) using the arguments from the proof

of (7). O
Proof of (iii). First note that

> /G (X)) ()de = /G () S (x)de < /G b(x) (3 — £) P(x)de
3 0)Y2y)? x)dzx.
g/G(u ©)Y24)? (2)d
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Hence X;(J— £)~Y2,i=1,...,1 are bounded operators on L?. Now for any
¥ € C3°(G) we have

[Xls = |0,°% 0] . = |2 (6,%0) — vxi8,]
~ —1/2 (o~ 1/2 (p1/2 —1/24 p1/2
<|x@—9 P @- 9 (00)] |+ |vo, Px0,
This gives the continuity of X; from H; into ]Lf) since 9;1/2%1'9;1)/2 = 1/2(9[)_1%1-9,,
is by (i) a bounded function. To see that X; is bounded from L2 into H '

note that
H) — L2 = (L) — (H))" = H,".

Thus X; is bounded from L2 into H,". Since for ¢, ¢ € C5°(G) we have, see
[7]7 p. 217 <%i¢790>L2 = _<¢,%i§0>L2, we have

X = —0,"%;(0)°¢) = — (6,'°%:0)/%) o — X,
Hence X; is bounded as 6, Y 2%2-9;/ % is a bounded function. [

Since £ = Y. X? we have the following corollary to Lemma 14.

Corollary 2 Let p € R. Then the operator £ is a bounded linear operator
from H; " into H).

Lemma 15 The operator A with Dom A = D, generates Cy-semigroup on
X

pe

Proof. Clearly A generates a Cy-semigroup on X, iff A = jp_lAjp with
Dom A = I generates C, semigroup on X. Note that A = A+ P, where A

has the domain I, and
P 0 0
~\P 0)’

Py =022 (0,170) — 2o = (0)/°260,") ¥ + 2 (0)°%,6,) X .

where

Now the fact that A generates Cy-semigroup on X follows directly from the
fact that £ is sefl-adjoint, see e.g. [6]. Thus it is enough to show that P is a
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bounded operator on X, or equivalently, that P is a bounded linear operator
acting from L? into H~!. Since
5

01220, 1% = —% > 0% (0,%7%:6,) = —%9;129,) +3 S (0,1 x0,)°

(2 (2

and 65/°%,0,"% = —1/26,"%:6,, we conclude by Lemma 14. O

Let
S = 5(6) and Mxf = 0
S(G) Ty

for X = (u,v)T € S and f € §'(G). Recall that n(d, ) is given by (33).

Lemma 16 Assume that (9) holds with the constant C'. Then for any p € R
there is a constant Cy such that for arbitrary X € S and orthonormal basis
{fx} of Hw one has

> IMxfily, < CiIX[E, (9(d, T+ Cdz) +1).
k

Proof. Since Mx f = (0,fu)? it is enough to prove that there is a constant
C such that for arbitrary u € S(G), and orthonormal basis {f;},

I=Y [Ml30 < Cilulfs (n(d,T + Cda) +1).
k

Set
K(2)(y) = / e H, () 02 (y)u(y)dt

1=y / (5o K(2)) da

and consequently, by Lemma 7, I = [, A (K(x), K(z)) dz. Let [ =T+ Crdx
be a non-negative measure, and let A(¢), ) = <f, * * <p>. Then

Then

fg/GA(/é(x),/é(x)) de,

where

R(2)(y) = / T e M, () 02 (y) uly) .
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Thus

I< / / () / (Ko (2), K. () dadtds,

where K,(z)(y) = H, (y~'2) 65> (y)|u(y)|. Note that

7y (Ku(@)) (y) = Ha(y)0, (xy)u(zy)].

Hence

A(K ()) A (rrKi(z), 7 Ky(2)) =
/ / M, (527") He () 6% (ay=") [ulay="")] 0 (xy) Juley)| T (dz)dy

Note that
[ ) o) [ 637 o o) o <
Therefore
A (K@), Ko@) < e (D7 My ) uls < e (T, bag (0()/e2) ) Jul?s.

Summing up we have

P (n [T [T et @0 et o = o (& 020/) i,

where o e
= / / e~ ) (¢ 4 5) 742/ ) 45t
o Jo
Note that

:/ / e_ss_d/2e_r/sdsdt§/ e_t/z/ e /25U 267T/5 st
0o Jt 0 t

2/ e_s/QS_d/Qe—r/sds < 22_d/2/<;(d/2, 27’)7
0

r being defined by (29). Thus the lemma follows from Lemma 9 and the fact
that I' is a tempered distribution. []
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9 Proof of Theorem 3

Let p € R. By Lemma 15, A with the domain D, generates Cy-semigroup
U on X,. Let F and B be given by (15). Lemma 14 and the assumption
f, fi € Lip(2, p) ensure that for any 7" < oo there is a constant L such that
forallt € [0,7] and X,Y € X,

F(t,X) - F(t,Y)|x, <LIX - Y]y, and [F(t,X)] < L1+ |X]x,).

Lemma 16 and the assumption b € Lip (2, p) guarantee that for any 7" < oo
there is a constant L such that for all ¢ € [0,7] and X, Y € X,

HB(th) - B(t7Y>HL(HS)(HW:XP) < L‘X - Y|Xp’
1B, X)Ly x,) < L1+ [X]x,)-

Having the Lipschitz continuity of the nonlinear coefficients one can prove
the existence and uniqueness of the solution to (2) by means of the Banach
fix point theorem, just applying known existence results, see e.g. [4], [26],
27]. Namely, given T' € [0,00) and ¢ > 2 define K7.(X,) as the class of all
adapted continuous in X, processes Z satisfying

E sup 2] < oo.
te[0,T) .

We define on K7.(X,) a functional J,

T(Z)(t) = U)X (0)+ /0 U(t—s)F(s, Z(s))ds+ /0 U(t—s)B(s, Z(s))dW (s).

For ¢ large enough one can chose 7' = T'(q) > 0 such that J is a contraction
from K7.(X,) into K7.(X,). In this point the Da Prato-Kwapien-Zabczyk
factorization, see (42) and (43), enables us to take supremum operator in the
stochastic integral

£ sup | /0 Ut — $)B(s, Z(s)dW (s)

te[0,7T

p
Xp

outside the expectation operator, see e.g. [4], [26], [27], or the proof of
Theorem 2. [
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10 Examples

Example 1 Assume that I" is a bounded function. Then it satisfies (9) and
(10). For (10) is by Lemma 9 equivalent to f(]l(F, H.:)dt < co. This is satisfied
by any bounded I' as (dz, H;) = 1.

Example 2 Given o € (—00,1) we set To(z) = [[T ¢ " Hy(2)dt, z € G.
Then we have the following result.

Theorem 5 (i) I', is a non-negative finite tempered measure on G, and
hence it satisfies (9) with Cr, = 0. Moreover,

Aa(¥,0) = Ta, ¥ xp),  ¥,0€S(G)
s a continuous positive-definite left translation invariant bilinear form on

S(G).
(73) (10) s satisfied if d = 1,2, ora <1 —d/2, or

d=N and o <2 — N/2, or  d=N+1anda <1— N/2.
(vi1) If G is nilpotent then (10) is satisfied if d = 1,2, or a« < 2 —d/2.

Proof of (i). First note that I',(z) € [0,400] for every = € G. Moreover,
by Lemmas 1 and 9 one has I',(z) < oo for = # e, and for every m > 0,
0" (z)To(z) — 0 as 9(z) — oo. Thus I'y, € §'(G) follows from [, Hy(x)dx =
1. Due to Proposition 1, A, is continuous and left translation invariant.
Since

(Hy, 0" % @) = (Hy 1, ) = (S0, ¢)

we have
Aalth, ) = / e (St ) df = / e (S (120, S(t/2)g) dt,

and hence A, is positive-definite. [J

Proof of (ii). Note that, by Lemmas 1 and 9 there are constants Cy,Cy €
(0, 00) such that for all x € B(e, 1),

Cléra(l')SCg 1f0é+d/2<1,
Cilog (0(z)™1) < Tu(z) < Colog (0(x)™Y) ifa+d/2=1,
C1o(2)?72974 < Ty (7) < Cod(z)? 2074 if +d/2>1.
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Thus (10) holds true iff d =1, or a« +d/2 < 1, or

Joen, (Qog (0(x)7™"))* dz < oo if o =0,d=2,

fB(e 1) o(z) 2 log (0(z) Hdz <0 ifa>0,d=2, (7)
S 2(@)*log (d(z) ) dz < oo ifa+d/2=1,d>2,

e (@) 420 de < o0 ifatd/2>1,d>2

Note that 9 dominates the original metric q on GG, and the exponential map
is a local isomorphism between G and R”™. Thus (47) holds true if

[ (og (¢~ 1)tV 1dt <00 ifa=0,d=2,
[ 72t N o (171 dt < 00 if a>0,d =2,
[l TN Nog (1) dt <00 ifa+d/2=1,d> 2,
[ 1220 N -1t < o0 ifa+d/2>1,d>2.

(48)

Note that if d = 2 then N = 2, and consequently the first two conditions in
(48) hold true. It is easy to see that if & < 1 —d/2, or one of the last two
conditions hold true, than either d = N >2 and a« <2 — N/2,or N =d+1
and o < 1—N/2. O

Proof of (iii). Taking into account the second part of the theorem we can
assume that d > 2 and a > 1 —d/2. Let V(¢ fB ydz, £> 0. From (47)
it is enough to show that

[y~ tog (1) dV(t) < 0o ifa+d/2=1,d> 2,
i t972420qV (1) < o0 ifa+d/2>1,d>2
implies o € [1 —d/2,2 — d/2). This is a simple consequence of the fact that

if G is nilpotent, then there is a constant C such that V(t) < Ct¢, t > 0, see
[7]. O

11 Heisenberg group

For n > 1, the Heisenberg group G, is the group whose underlying space is
R"™ x R™ x R or equivalently C" x R, and whose group law is

(&1,m, 71) (€2, 12, T2) = (51 +&,m+me, T+ T2+ 5 (51772 77152)) -
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Note that G,, is identified with its Lie algebra G,. The canonical basis of
G, will be denoted by (X1,...,%,,D1,...,9s,T). The Haar measure on G,
is just Lebesgue’s one on C" x R, and the distance q is also the Euclidean
distance.
In this section .
£=> (x2+27)
i=1
Note that since [X;,9);] =T foralli=1,...,n and N = 2n+ 1, formula (5)
reads d = 2n + 2.
Let {hy;k > 1} be the L?(R)-orthonormal basis given by the Hermite
functions C1F
—1
hi(t) = ———m—
o) = E iz
let ®q(x) = [[7_; ha, (x;) for « € N*, 2 € R", and let

7j=1

—t2)et2/2

Y

Kax(r) = |>\\"/4<I>a(|>\\”/2r), reR"™

Denote by [ the Fourier transform of I' € L?*(G,,), see Appendix A and the
proof of the theorem below. In this case, [ is well defined as a function from
R* into the space L(L*(R™)) of linear operators on L*(R™). For A\ € R*,
a e N set

~

20 = (CO) ko Kan

Then, see [12], p. 137, v2(\) > 0 for all a, \.

>L2(R") ’

Theorem 6 Assume that I' € L?. Then I satisfies (10) iff
A"
dA . 4
> [ <o )
GN"

Proof. The Fourier analysis on G,, involves the set of representations {my; A €
R*} defined as follows. For all A € R*, = = (§,n,7) € G, ma(z) is an element
of L?(R"), and

[mx(2)0](r) = OTH 28 (- 4 ) ¢ € LAR), r € R™

Thus in the terminology of the appendix H, = L*(R"). If ¢» € L*(G,,), then
the Fourier transform of ¢ will be an L(L?(R"))-valued function {¢/(\);\ €
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R*}. Theorem 7 from the appendix holds then with the Plancherel measure
given by

A"

The operator £ and the Fourier transform on G,, are related in the following
way, see [30], p. 51. If ¢ € S(G,), then for every A € R* (£y¢)(\) =
D(NU(N), where

UN) = Agn — A2|r]?
is the scaled Hermite operator. Then, for all A\ € R*, U(\) has the eigen-
vectors {Kq} with the corresponding eigenvalues o,y = —(2]a| + n)|A|. In
particular, U(\) generates a Cp-semigroup U;(\) on L*(R"). Let H; be the
heat kernel on G,,. Our first goal is to show that

H,(\) =U(\)  AeER" (50)

For the function H; is the fundamental solution to the heat equation on G,,.
In Fourier coordinates for any ¢ € S(R"™) one has

o(t,r) =U(N) v(t,r), (t,r) € [0,00) x R"
v(0,7) =(r), reR"

Since S(R™) is dense in L?(R™), we have H;(\) = U;()\), which gives (50).
By Lemma 9, (10) is equivalent to fOT (I',’Hs) ds < oo, which in Fourier
coordinates yields, using Plancherel’s formula,

/oT /R Ir (fmﬁ:“)) p(dX) < oo.
Then o

aeN?
which is equivalent to (49). O

A Appendix

The material included here is taken mainly from [12], Chapter 7, and refer-
ences therein, and we refer to that book for further details. We say that 7
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is a unitary representation of G on a separable Hilbert space H,, if it is a
homomorphism from G to U(H, ), where U(H,) denotes the set of unitary op-
erators on H,. Let G be the set of equivalence classes of unitary irreducible
representations (see [12], Chapter 3, for basic definitions of representation
theory). We will still write 7 for theA generic element of G.

The Mackey Borel structure on G is the o-algebra M on G which makes
all the functions

T = (T(2)u, V) (), «€G, u,ve H(m)

measurable. Suppose that G is of type I (see the definition in [12], p. 206),
which occurs if G is either Abelian, or semisimple, or nilpotent, or a real
algebraic group. Then (G, M) is a standard measurable space (see [12] Th.
7.6). For a given measure v on (CA;,M), and a family of separable Hilbert
spaces {H.;m € @} one can associate, as in [12], Section 7.4, the direct
integral of the spaces H, with respect to v, denoted by

/ " How(dn)

which is the space of measurable vector fields ¢ such that ¢ (7) € H,, and
| = /@ |¢(7T)|${Wu(d7r) < 00.

For a fixed element 7 € G and f € L'(G), the Fourier transform of ¢ at
7 is defined as the vector-valued integral

) = / (a)m(z)dz.

Let us denote by Lug)(H) the space of Hilbert-Schmidt operators on a
Hilbert space H.

Theorem 7 Suppose G is a unimodular locally compact type I group. Then
there exists a unique measure p on (G, M) such that the Fourier transform
can be extended into a unitary map

. ®
veL Q)T e [ Lus(Hou(dn
G
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and the following Plancherel formula holds on L*(G);

| v@pae = [ T (Smp))ulan).

Furthermore, the Fourier transform has the following properties:

o If1h, o € LNG) N L2(G), then, for all € G,

(¥ * @) () = () B().

o [f X isaleft invariant first order differential operator, and ¢ € Cg°(G)N

LYG), then

—~ ~

(Xf)(m) = f(m)Ax (),

where Ax () is the skew-symmetric operator on H, defined by Ax(mw) =

—dre(X).
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