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Abstract

The existence of strong and weak cadlag versions of a solution to a linear
equation in a Hilbert space H, driven by a Lévy process taking values in
a Hilbert space U <= H is established. The so-called cylindrical cadlag
property is investigated as well. A special emphasis is put on infinite systems
of linear equations driven by independent Lévy processes.
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1. Introduction

This paper is concerned with the time regularity of a solution to the
following linear evolution equation

dX = AXdt+dZ,  X(0) =0, (1)

where A generates a Cy-semigroup S on a Hilbert space H and Z is a Lévy
process taking values in a Hilbert space U.
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Note that (1) includes linear parabolic and hyperbolic equations per-
turbed by an infinite dimensional stochastic process. To work with the solu-
tion having Markov property one has to assume (see [19], Chapter 1) that Z
is a Lévy process. A good theory for linear equations is necessary to study
the nonlinear problems of the type

dX = (AX + F(X))dt+dZ, X(0)=z€H.
These problems are even more important from the application point of view.

It is not difficult to formulate necessary and sufficient conditions under
which the solution to (1) exists in H and/or is mean square continuous; see
Proposition 2.6. However for a deeper study of the solution it is necessary to
find out how regular are its trajectories and this is the main purpose of the
present study.

Since the case of Z being a Wiener process is rather well understood (see
[7, 8, 11, 3]) we assume that Z is without the Gaussian part. Moreover if
the process Z takes values in the space U — H, then, under rather mild
assumptions on the semigroup S, the solution has a cadlag modification due
to the classical Kotelenez results (see [14, 15], and [10]). This is obviously the
best possible time regularity result for an equation driven by a jump noise.
It is however important to consider the case when Z lives in a bigger space
U < H; see e.g. [1]. For instance to establish the strong Feller property of
the corresponding transition semigroup the inclusion U <— H is often very
helpful. We will limit our considerations to this case only. Obviously to have
the solution taking values in H we will have to assume that the semigroup S
exhibits some regularising property. Namely we assume that for each ¢t > 0,
S(t) has a (unique) extension to a bounded linear operator, denoted also by
S(t), from the space in which Z lives to H. We assume that the solution X
takes values in H and is given in the so-called mild form:

X(t):/OtS(t—s)dZ(s), t>0.

Path properties of X depend heavily on the jump measure v of Z. Namely
if v(U\H) > 0, then regardless the generator A, even if X is square integrable
in H, there is a non empty set of vectors z € H such that for any 1" > 0,
with non zero, or even in many cases with probability 1, the trajectories of



the real-valued process (X (t), z) g, t € [0, T], are unbounded; see [4] and [19],
Proposition 9.25. Therefore we will assume that the Lévy measure v of Z

satisfies
v(U\ H) = 0. (2)

One obtains an interesting class of equations, including the perturbed
heat equation, assuming that A is a negative definite operator with eigen-
vectors (e,), forming an orthonormal and complete basis in H, and with the
corresponding, positive eigenvalues (7,). If in addition

7 = i Znns (3)
n=1

where (Z,,) are independent real-valued Lévy processes each with a Lévy
measure fi,, then equations of this form will be called of the diagonal type.
In fact then

X(1) =Y Xu(t)ew,

where
dX, = —,X,dt +d~Z,, X,(0)=0.

One can thus identify X with the sequence of processes (X,,) and the space
H with [2. Due to the independence of the processes Z,, the Lévy measure
v of Z is always supported on the set sum |, Re,, and obviously hypothesis
(2) is satisfied.

Condition (2) imposed on the Lévy measure of the noise, does not guar-
antee that X has cadlag trajectories in H. In fact it was shown recently, for
a large class of equations satisfying (2), including a subclass of diagonal ones,
that their solutions live in H but do not allow a cadlag modification; see [2],
and also Theorem 2.3, Propositions 4.1, 4.3, and Corollary 4.2 of the present
paper. Moreover, it was shown by Liu and Zhai [17], see also Remark 3.5,
for the diagonal systems with Z,, being independent a-stable processes that
if X is cadlag in H then necessarily the process Z takes values in H.

These results are in sharp contrast with what one could expect from the
results on the equations with Gaussian noise. The cadlag property for the
equations with Lévy perturbations is much less frequent than the continuity
of the trajectories in the Gaussian case; see [7, 8, 11, 3]. This is one of the
reasons that in the jump case more sophisticated concepts of regularity might
be useful. In fact we will deal with the following properties.



Definition 1.1. i) We say that a process X has a cadlag modification if there
is a modification X of X with cadlag trajectories; that is right continuous
and having left limit at any point.

i1) We say that an H-valued process X has a weakly cadlag modification if
there is a modification X of X such that for any z € H, the real-valued
process (X (+), z)i has cadlag trajectories.

i11) An H-valued process X is cylindrical cadlag if for any z € H, the real-
valued process (X (+), z) has a cadlag modification.

iv) Let V. — H. An V-valued process X is V-cylindrical cadlag if for all
v* € V* the real-valued process v*X(+) has a cadlag modification.

We have the following obvious implications
i) = i1) = 1il) <= iv)

The cadlag property is fundamental for establishing the strong Markov
property of the solution and for various localisation procedures. It allows
to formulate and study the exit time 7p from a given set D. The existence
of a weakly cadlag modification ensures at least the local boundedness of
trajectories; see Theorem 2.3(ii). For solutions which are cylindrically cadlag
or V-cylindrically cadlag, the exit times are meaningful for a large class of
cylindrical sets of the form D = {x € H:Illx € G} or D = {zx € V:1lx € G}
where II is a finite projection in H or in V', respectively.

We will describe now the main results of the paper. Results on the cadlag
property are formulated and discussed in Section 3. Our main result is Theo-
rem 3.1. We restrict our attention to the case when the operator A generates
an analytic semigroup and thus to parabolic type of equations. The case of
hyperbolic equations leads to the group, rather than to semigroup S, and
therefore requires the noise taking values in the state space. We show that
the class of equations having cadlag solutions in H but with the noise pro-
cess evolving outside H is non empty and of some interest; see e.g. Example
3.4. Thus, the phenomenon encountered in the case of a-stable perturba-
tions by Liu and Zhai [17], and described above, is not valid in general. Our
results rely on the classical Chentsov work [5] or [9] and on formulae for mo-
ments of integrals with respect to Poissonian random measures gathered in
the preliminaries. As a byproduct we obtain also the estimates of the type

E sup | X ()]} < oc.
0<t<T



We note that the classical result of Kinney see [13] or [19], Theorem 3.23, on
cadlag version of a Markov process would require that

lim sup P (‘S(t)x + /0 S(t— $)dZ(s) — z

t0 zeH

>7‘):0, Vr>0. (4)
H

Obviously (4) is satisfied if and only if A = 0. Assume (4). Then putting
x = 0 we obtain

lim P (

t10
Therefore |S(t)x — x|, has to converge to 0 uniformly in  from the whole
space H. It is impossible as sup,cy [S(t)r — x|, = oo if S(t) is not the
identity.

We do not treat in this paper an interesting question under which condi-
tions the solution X has a cadlag or weakly cadlag modification in a bigger
space H <~ H. For some answers to these questions we refer the reader to
[16].

Results on the three remaining cadlag properties are contained in Sections
4-6 and are established only for the diagonal systems. They are rather
technical and involve long formulae. Extensions to the general case however
would be possible if needed.

The main result on weak cadlag property is formulated as Proposition 4.1
and is of negative character. It states sufficient conditions for non-existence
of weakly cadlag solutions in terms of the tails of the measures p,. Its proof
is based on the general if and only if conditions for weak cadlag property,
formulated in terms of the orthogonal expansions and established in the
preliminaries as Theorem 2.3. It turns out that also weak cadlag property
implies severe restrictions on the parameters of the equations. In particular
the case of independent and identically distributed coordinates of the noise
process (cylindrical noise) is excluded. At this moment we do not have any
example of linear system (1) whose solution has no cadlag but only a weakly
cadlag modification.

Fortunately the cylindrical cadlag property takes place under much weaker
assumptions and in particular the coordinates of the noise can be identically
distributed. Sufficient conditions for this property are formulated in The-
orems 5.1 and 5.2. It is worth noting that to show the cylindrical cadlag
property of X one cannot apply directly the Chentsov result (see Remark
8.1) but one needs a new way of circumventing that obstacle.

/0 t S(t — s)dZ(s)

>7“):0, Vr>0.
H
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Results on V-cylindrical cadlag property are presented in Section 6. The
main result, Theorem 5.2, provides sufficient conditions for that property.
As a consequence of Theorem 5.2 and Proposition 4.3 we see that even if
the embedding V < H is compact, then V-cylindrical cadlag property does
not ensure the existence of a weakly cadlag modification. Therefore the
implication
does not hold in general.

We complete this introduction with some open questions.

Question 1 We have conditions for the existence of cadlag modifications
and conditions which exclude the existence of a weakly cadlag modification.
Find applicable conditions leading to weak but not strong cadlag property. In
particular find example of a linear equation whose solution admits a weakly
cadlag but not cadlag modification.

Question 2 In our investigation we rely on the Chentsov criteria with the
exponent p = 2; see Corollary 2.2. Find extensions of our results for p # 2
or more generally using the function g appearing in Theorem 2.1 not of the
power type.

Question 3 Find conditions for cylindrical cadlag properties in the non-
diagonal case.

Question 4 Find conditions for the cadlag or cylindrical cadlag property
in case of the noise with tails (see Corollaries 3.2 and 5.3). In particular in
diagonal case assume that 7, = o,L, where L, are independent symmetric

a-stable processes and

o o

o
1 < 0.
Tn

n=1

Is it true that the process X is cylindrical cadlag?

2. Preliminary results

2.1. Cadlag criteria in metric spaces

We first recall some basic facts on path regularity of stochastic processes in
metric spaces. They can be attributed to N.N. Chentsov, but the exposition
is based on the book of Gihman and Skorohod [9].



Let £ = (£(t), t € [0,T]) be a separable process taking values in a metric
space (U, p). We extent £ on R putting £(t) = £(0) for ¢t < 0 and £(t) = £(T)
for t > T. The following result holds (see [9], Lemma 3 and Theorem 1 of
Chapter 3).

Theorem 2.1. Assume that there are an increasing function g:(0,00) +—
(0,00) and a function q: (0,00) % (0,00) — (0, 00) such that for all C;h > 0,

P{lp(&(), & = h)) > Cg(h)] N [p(&(1),&(t + h)) > Cg(h)]} < q(C, h),

and

G:=> g(T2™") < oo, Q(C) =) 2"q(C,T2™) < 0.
n=1 n=1

Then with probability 1, & has no discontinuities of the second kind, and for
any N > 0,

P{ sup p<§<t>,s<s>>>N}sx@{p@(m,sm) o +(sg)

t,s€(0,1

Corollary 2.2. Assume that there are p,r, K > 0 such that for allt € [0,T]
and h > 0,

E[p (£(),&(t — h) p(E(t),&(t + R))]" < KA. ()

Then with probability 1, & has no discontinuities of the second kind. More-
over, for any 1 < q < 2p,

E sup (p(£(t),£(s)))" < (2G)E (p(£(T),£(0)))" + R, (6)

t,s€[0,T

where 0 < r' <r,

o
6= Sy < )
n=1
and f:= 1+ 2p q (2?)_2;TZ:T_T .



Proof Let 0 < v’ < r. Then the assumptions of Theorem 2.1 hold with
/ K /
— 7/ (2p) T pl4r—r
g(h) :=h and q(C,h) = CQPh .

By Chebyshev’s inequality

P{lp(&(t),&(t — 1)) > Cg(h)] N [p(&(2),&(E + h)) > Cg(h)]}
<P {p(&(t), &(t — h)p(&(t), E(t + ) > C2g*(h)}
Khitr Kh1+r7r’
< = .
— C?g?r(h) C?
Note that in this case G is given by (7), and

N - nK(2G>2p —n\1+r—r’ K(QG)QP 1+r—7' S —n(r—r’)
Q(5g) = S SRS

n=1
K(2G)»T" ="
-2
To show (6) take ¢ > 1. Since

N~

B swn (€066 =4 [ WP{ sup p<5<t>,5<s>>zw} NN,

t,s€[0,T t,s€[0,T
Theorem 2.1 yields
00 N -
B sup (p(€(0).6(5))" < OVE (). 60N 140 [ @ (55) Ntaw,
t,s€[0,7T 1 2G
and consequently (6). OJ
2.2. Criteria for cadlag properties in Hilbert spaces
Let now (X,,) be a sequence of real-valued cadlag processes defined on a

finite time interval [0, 7], and let (e,) be an orthonormal basis of a Hilbert
space H. Assume that for each t € [0, 77,

X(t) =Y Xalen,

where the series converges in probability or equivalently P-a.s. The first part
of the theorem below is taken from the paper by Liu and Zhai [17]. It will
not be used in the paper but it is included for a more complete picture. In
the proofs we follow suggestions by A. Jakubowski [12].

8



Theorem 2.3. (i) Process X has a cadlag modification if and only if

lim sup X2( = 1. 8
(N —0telo,T] ) Z ) (®)
(17) Process X has a weakly cadlag modification if and only if
P | sup ZXZ(IS) <oo| =1 9)
te[0,T] .

Proof Since each X, is cadlag, (8) implies that X has a cadlag modification.
Therefore we need to show that (8) follows from the existence of a cadlag
modification X of X. To see this note that on a dense set Q@ € [0,7], X = X,
P-a.s. Consequently, since each X, is cadlag,

(X(t),en)r = Xn(t) = (X (), ex)m,  Yte[0,T], P—a.s.
Therefore there is an Qy C €2 such that P(€y) = 1 and for any w € Qy,
0,T]2t— X(t,w) e H

is cadlag and (X (t;w), e,) g = Xn(t;w). By cadlag property, for any w € Q,
the set { X (t;w):t € [0,T]} is compact in H. Therefore the desired conclusion
follows from the following criterion for a relative compactness of a bounded
set K in H;

To see that (9) implies the weakly cadlag property of X take a z € H.
One has to show that

0,72 t— (X(t),2)g €R

is cadlag P-a.s. Let Q be the set of all w €  such that

sup X2(tw) < oo.
t€[0,T) ;
Then

= i X (t;w)e
n=1



is a bounded H-valued mapping of ¢ € [0,7]. Moreover,
<X(t,(.d),€k>H :Xk(taw)7 te [OaT]a

are cadlag functions. Let t € [0,7) and let ¢,, | t. Then H > z —
(X(tm;w),z)g, m = 1,2,..., is a sequence of linear functionals, converging
on a dense set. Since their norms are bounded (X (¢,,;w), z)g, m =1,2,. ..,
converges for any z € H. Since

lim (X (ty;w), 2)g = (X (t;w), 2) g

m—0o0
holds on a dense set of z € H it holds for any z € H. Therefore X (-;w) is

weakly right continuous.
Now let t € (0,7] and let ¢,,, T ¢t. Then

lim <X(tm,w),€k>H:Xk(t—,W), k € N.

m—ro0
Boundedness of X (t,,;w), m € N, implies that the weak limit of X (¢,,;w)
exists. Since it holds for any sequence t,, 1 t, the weak left limit X (t—;w)
exists.

Assume now that X is a weakly cadlag modification of X. We will show
(9). To do this observe that

Xo(tw) = (X(tw),endn,  t€[0,T], n=1,2,...,

are cadlag functions. Moreover, for any ¢ € [0, 7],
P (w € Q: X, (tw) = Xn(t;w)> = 1.

Since both processes X, and X,, are cadlag, therefore there is a set Qcn

such that P(2) = 1 and

X, (tw) = X, (t;w), Vtel0,T], Vn, Vw € Q.

Since -
sup X2(t;w) < oo, P—a.s.,
t€[0,T] ;

(9) holds. O
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2.3. Moments of stochastic integral
In the proposition below 7 is a compensated Poisson random measure on
a measurable space E with the intensity measure v.

Proposition 2.4. Assume that deterministic real-valued measurable func-
tions f1,..., fs have finite forth moments with respect to v. Then we have

B [ fwitan) [ swran [ para) [ e
= [ 5@ p@mn) [ s )
+/Ef (@ fs(@ide) /E fol) fa)v(dz)
+/Ef 1@) fa(x)v(de) /E Fa() f3(2)v(dz)
+ /E fi(@) fol@) f3(2) fa(@)v(d).

A simple proof of the proposition above can be obtained by consecutive
differentiation of the characteristic function

4
F(xy,2z9,23,24) = Eexp {ZZ:E]/Ef](x)%(dm)}
= exp {/ (eiz?—lxjfj(’“") — injfj(x) — 1) l/(dx)} .

In the paper we will also need the following special case of Proposition
2.4. Namely, let L be a real-valued purely jump Lévy process with a Lévy
measure p. We assume that p has finite moments up to order 4. Write

m; r—/Rlylju(dy), j=1,... .4

Then L(t), t > 0, can be written as the sum of a drift term mt¢ and a pure
jump Lévy martingale with the Lévy exponent

U(z) = /]R (14 izy — ™) p(dy). (10)

For our purposes we can assume that the drift term vanishes and consequently
that the Lévy exponent of L is given by (10).

11



Proposition 2.5. For any T' < oo and continuous deterministic functions

J1, fe,
e( [ ' fl(S)dL(S)>2 (/ ) fz(S)dL(8)>2

~ond ([ f1<s>f2<s>ds)2 vt [ s [ o
v [ RO R

2.4. Criteria for evolution of OU processes in H

In the proposition below we are concerned with X given by (1). Let 7 be
the random jump measure of Z, and let

7(ds,dz) := w(ds,dz) — v(dz)ds

be the compensated random measure. By the Lévy—Khinchin representation
formula (see e.g. [19], Theorem 6.8) the process Z can be written as follows

t t
Z(t) = mt+/ / zw(ds,dz)—i—/ / 27 (ds, dz), t>0. (11)
0 J{lzlv>1} 0 J{lzlu<1}

Proposition 2.6. Assume that Z is a Lévy process in a Hilbert space U <
H with representation (11). Assume that the Lévy measure v of Z satisfies

v(U\ H) =0 and that the drift term m = 0. Then we have the following.
(1) Process Z takes values in H if and only if

/ |2[7, A 1r(dz) < oo, t>0.
H

(17) Process X takes values in H if and only if for any t > 0,

t
/ / 1S(s) 2|5 A 1dsv(dz) < oo,
o JH

/0 /U[XB(U) — xs(S(s)v)] S(s)vv(dv)ds € H,

where B :={z € U:|z|y < 1}.

12



(13i) Assume that f{|z\U>1} |z|pv(dz) < oo and that f(f S(s)ads e H, t >0,

where
a= / zv(dz).
{lzlo>1}

Then X has finite second moment in H if and only if

/Ot/H|S(s)z|§{dsu(dz) <oo, t>0. (12)

Moreover, if (12) holds then X is mean square continuous in H.

Proof The first part follows directly from the Lévy—Khinchin theorem (see
e.g. [19], Theorems 4.23 and 6.8). In order to show the second part note that
the random variable X (¢) is infinitely divisible with the Lévy measure

v = /tS(s)dsoV
0
and the drift
me= [ [ ato) = xs(SoplSteyevtansas,
for more details see [6]. We have to check only that m; € H, and that
/H |z|§{ A ly(dz) < oo.

Since

[ v = [ [ 15(6)2f n 1wt

the desired conclusion holds.

Let .
Zo(t) = / / 27 (dz,ds), t > 0.
0o Ju

Clearly (12) is an if and only if condition under which the process

/tS(t — 5)dZy(s), t>0,

13



is square integrable in H. On the other hand Z(t) = Zy(t) + at, where a € U
and f(f S(t — s)ads € H. Therefore the desired equivalence holds. To see
the continuity in probability assume that ¢ > s > 0. Without any loss of
generality we can assume that

t
Z(t):/ /z%(ds,dz), t > 0.
0o Ju
Then

I(t,s) :=E|X(t) — X(s)[5

/0 t S(t —r)dZ(r) — /0 " S(s = )z ()

2

+E
H

= /OS/H|(S(t—r)—S(S—T))z\zdry(dz)—|—/St/H\S(t—r)z]iIdry(dz)
_ /OS/H|(S(t—s)—I) 5(r>z|§1dw(dz)+/Ot_s/H|5(r)z|§Idw(dz)-

2

_ g /t S(t = r)dZ(r)

H

By (12) and the Lebesgue dominated convergence theorem [(t,s) — 0 pro-
vided t — s — 0 and s is in a bounded interval. []

3. Cadlag property

This section is concerned with the existence of a cadlag modification of
the solution X to (1). For some technical reason we will need to assume that
the semigroup S is analytic on H. Without any loss of generality we may
assume that S is exponentially stable. Then 0 belongs to the resolvent set of
the generator A.

Let H,, p > 0, be the domain of (—A)” equipped with the norm |z, :=
|(=A)Pz|y,. If p < 0, then H, is the dual space to H_, where the duality
is given by the identification H = H*. The proof of the theorem below is
postponed to Section 6.

Theorem 3.1. Let X be the solution to (1), where A is the generator of
an exponentially stable analytic semigroup S on a Hilbert space H. Let Z
be a Lévy process taking values in a Hilbert space U = H_, for a certain

14



p < 1/2 and having representation (11). Assume that the Lévy measure v of
Z satisfies v(H_, \ H) =0 and that

/H (Jz12, + |2]2) v(dz) < oo

for a certain € > 0.
Then X has a cadlag modification in H and

E sup |X(t)|% < oo, VT < oo, Vgell,4). (13)

0<t<T
Using the standard localisation procedure we obtain the following.

Corollary 3.2. Assume that there are p < 1/2 and € > 0 such that Z takes
values in H_,, the Lévy measure v of Z satisfies v(H_,\ H) =0, and

/ 12|2v(d2) < oo, VR > 0.
{lz[-p<R}

Then X has a cadlag modification in H.

3.1. Diagonal case

Let us now consider the diagonal case of (1). Clearly we can assume that
H =1 v=7% " u, where each p, is a Lévy measure of a one dimensional
Lévy process Z,e,, (e,) is the canonical basis of I?, Ae,, = —7,e,, and ~y,, > 0,
n € N. We assume that each Z,, has Lévy—Khinchin representation

¢ t
Zn(t) :/ / 27, (ds, dz) +/ / 2T, (ds, dz), (14)
0 J{lz>1} 0 J{lzI<1}

where 7, is a Poisson random measure with intensity measure u,, satisfying
Je 1217 A (dz) < oo.

Corollary 3.3. In the diagonal case assume that there are p < 1/2 and
e > 0 such that

Z / (2272 + 2p7n°) pin(dz) < 0.
n=1 R

15



Then X has a cadlag modification in H = 1? and (13) holds. If

> / (22790, %7) A lpan(dz,) < 00
n=1 R

and
o0

S dfma) <. VR0 (15)
{|lzn|<VER}

n=1

then X has a cadlag modification in 2.

In the following example we show that solution of the linear equation can
be cadlag in H although the noise process does not live in H.

Example 3.4. Let Z,, = 0,L,, n € N, where L,, are independent and iden-
tically distributed Lévy processes of type (14), and (o,) is a sequence of
strictly positive numbers. Assume that the Lévy measure p of L, has finite
moments up to order 4. Then the Lévy measure u, of Z, = oL, equals
w(-/oy). Consequently, if there is an € > 0 such that

M8

(7 o+ Yao] < oo,

n=1

then by Corollary 3.3, X has a cadlag modification in /2. In particular, if
Y X 0%, 0, < n7% then X has a cadlag modification in [? provided that
a>1—2k and k > 1/4. Assume now that each L,, is a Poisson process with

intensity 1. Then p = 6, and 0, L,, has a Lévy measure p,, = d,, . Therefore
Z = (0,Ly) lives in ? if and only if

Z/xi/\ Lug(dxy,) = Zai/\l < 00.
n=1"R n=1

Hence, if 0,, < n™", then Z takes values in [? if and only if x > 1/2. Summing
up, if 1/4 < k < 1/2 and @ > 1 — 2k then Z does not take values in [* but
the solution X has a cadlag modification in /2.

Remark 3.5. It turns out that our result is not applicable to the case of
a-stable noise considered by Liu and Zhai [17]; see discussion in Section 1.
Namely, still in the diagonal case, assume that Z = (Z,,) where Z,, = 0, Ly,

16



o, > 0 and L, are independent real-valued symmetric a-stable processes
for a fixed a € (0,2). Note that the Lévy measure p, of 0,L, is given by
pn(-) = (o), where p is the Lévy measure of the symmetric a-stable
process. Hence j, has the density Co%/|x|**®. Therefore the condition (15)
has the form

R 4 4e R4fa o
Z / 1l gz, = eyl <00, VR >0,

Zl—‘roc 4 —

n=1

Therefore (15) and the fact that ~, — 400 imply that > 0% < co. The last
inequality is however if and only if condition under which Z takes values in
I%; see [21, 20].

4. Weakly cadlag property in diagonal case

In the present section we are concerned with the weakly cadlag property
dealing only with the diagonal case. Results here are mainly of negative type.

Assume that A is negative definite self-adjoint with a compact resolvent,
(ey) is the orthonormal basis of eigenvectors of A, (—~,) is the corresponding
sequence of eigenvalues, and

7 = i L,
n=1

where (Z,,) are independent real-valued Lévy processes with the Lévy—Khinchin
representation (14). Then

= i Xn(t)en,
n=1

where

dX, = = Xpdt +dZ,,  X.(0)=0.

Note that each process X, is cadlag. Taking into account Theorem 2.3 the
following result provides, in particular, a necessary condition for the existence
of the weakly cadlag modification of X. The proof is in the spirit of [17].

Proposition 4.1. If for each r > 0,

[e.9]

Zl /{r<|y|} tndly) =

n=

17



then for every T > 0,

P | sup X2t) <o | =0.
(te[O,T} ;

In particular the process X does not have a weakly cadlag modification.

Proof Note that for each n,

sup X2(t—) < sup X7(1).
te[0,T] t€[0,T]

Hence
sup (AZ,L(t))2 = sup (AXn(t))2 <4 sup XZ(t),

te(0,7 te[0,7 te(0,7

where AZ,(t) := Z,(t) — Z,(t—). Taking into account the obvious estimate

4 sup ZX ) > 4sup sup X2(t) >sup sup (AZ, (1)),

te[0,77 n  tel0,T] n  tel0,T]
we obtain o
SUp G < 4 sup X2(t),
t€(0,17 Z
where

G = sup (AZ,(1)%, n e N.

t€[0,T]

Since (,, are independent,
sup ZX2 < 00 SIP’(suan<oo)—hm P(Cngr)
t€[0,T] n rtoo -~
Let m, be the Poisson random measure corresponding to Z,. Then
P (o <7?) = P (ma ([0, 7] x {y: |yl > r}) = 0) = exp {~Tun{y:r < yl}}.

Therefore the desired conclusion follows from the estimate

P ( sup ZXTQL(t) < oo) < lng exp {—Tz,un{y: r< |y|}} : (16)

t€[0,T) ;=

O
As a direct consequence of (16) we obtain the following result.

18



Corollary 4.2. Let Z,(t) = o,L,(byt), t > 0, where L, are independent
identically distributed Lévy processes of type (14), and o,,b, > 0. If the
Lévy measure pu of L, has an unbounded support, and there is a T > 0 such
that

P| sup X2(t) < oo | >0,
(te[O,T} ;
then o,, — 0 or b, — 0.

The following result shows that the assumption o,, — 0 is in general not
sufficient for the existence of a weakly cadlag modification of X.

Proposition 4.3. Let L, be independent identically distributed Lévy pro-
cesses, of type (14), each with the Lévy measure . Assume that p has an
unbounded support. Then there is a sequence o, | 0 such that

Pl sup Y X2(t)<oo|=0, VI>0,
te(0,7] 5
regardless the sequence (7).

Proof Taking into account (16) it is enough to find a sequence o, | 0 such
that

Zu{y:a;1r< ly|} = oo, Vr>0.
n=1
Let ¥(x) = p{y:|y| > =}, x > 0. By the assumption 1) is a decreasing

function from (0,4o00) to (0, +0c). Thus the result follows from the lemma
below. U

Lemma 4.4. Assume that ¢: (0, +00) — (0,+00) is a decreasing function.
Then there is a sequence (a,) such that a, T oo and

Z¢(ran) = 00, Vr>0.
n=1

Proof Let N, T oo be a sequence such that

Nig1—1

> vk > 1

TL:Nk

19



Let a, = k for n € [Ny, Nx41 — 1]. Then for any m € N,

oo Np41—1 oo Npg1—1

D vlmay) = Y Y wmk)=) > v
n=1 k=1 n=Ng k=m n=Nj
oo Nigg1—1
> ) ) v()=cc. O
k=m n=Nj

5. Cylindrical cadlag property in diagonal case

This section deals with diagonal case. As in the previous section we
assume that H = [? and X = (X,,) where

dX, = —,X,dt +dZ,, X,(0) =0, n=12,..., (17)
Yn, N € N, are strictly positive real numbers, and Z,, n € N, are independent

real-valued Lévy processes with the Lévy—Khinchin decomposition (14).
Given a sequence (f,,) of strictly positive numbers, set

G {(azn>: )y = Y262 < oo} .
n=1

Since (Z,,) are independent, it is known, see [19], that Z is a Lévy process in
l% if and only if

> /R 1Bual® A Lt (da,)
= 3 5721 i nd n + n R —@:17551 < .
Z[ /<_ﬁn1,ﬁnl>”(”” i (R ( )| < o0

Therefore, the assumption that each u, has a finite second moment ensures
that Z is a Lévy process in a suitably chosen weighted [?-space.

We assume that for any n, the Lévy measure p,, of Z, has finite moments
up to order 4. Write

m;(n) = /R |z} i (dz), j=1,...,4. (18)
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Note that since the Lévy measures p,, have finite first moments, the processes
Z, have trajectories with bounded variation. Subtracting the drifts we may
assume that

Z0(t) = /0 t /R 7(ds, dz), (19)

where m, is the Poisson jump measure of Z, and 7, is the compensated
measure. In this way each Z, is a square integrable martingale. Obviously,

X, (t) = /0 t e =947, (s), (20)

and
ma(n)

29,

IN

t
EX2(t) = mg(n)/ e 29 ds
0

In this section we assume that

i (mQ(”) + ml(”)) < o0, (21)

N\ T T

which is more that is needed to guarantee that the process X := (X,,) re-
stricted to any finite time interval [0, 77, is a square integrable random ele-
ment in [? satisfying

sup E|X ()] < oo.

0<t<T
Taking modifications we can also assume that the real-valued processes X,
are cadlag.

Note that X solves the linear equation (1) with a diagonal linear operator

A(xy,) = (—Vnxn), and with Z = (Z,,).

The main results of the present section are the theorems below. Their
proofs are however postponed to Sections 8 and 9, respectively. The first
result covers the case where (Z,) are identically distributed with the Lévy
measure having finite moments up to order 4. This particular case requires
Yn — +00. By [2] the solution X has no cadlag modification unless p = 0,
Moreover, if u has an unbounded support, then by Proposition 4.3, X does
not have even a weakly cadlag modification.
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Theorem 5.1. Assume the estimate (21), and that there is an € € (0,1)
such that:

sup (mi(n) + ma(n) +ma(n) + 7 ma(n) + 92 ma(n)) < 0o, (22)

n

Then X is cylindrical cadlag. Moreover,

VT < o0, Vqe[l,4), sup  E sup [(X(¢),2)p]? < oc. (23)

z€1%:]z];2<1  t€[0,T]

In addition for any z € I?, the series

D Xtz = (X (1), 2)p

converges in LY uniformly in t on each compact interval.

The proofs of the difficult first parts of the theorem are postponed to the
following sections. Here we sketch the proof of the final one.

Let (Prpmz)x = 21 if m > k > n and 0 otherwise. For any z € [? and for
any 0 > 0 there is an ns € N such that

|Prymzlie < 0|z, Vm >n > ns.

Moreover, if Pr,, ,z # 0, then

m q q

|Prymz|?

Xk (t)Zk
k=n

E sup
t€[0,T]

Pr,..z
= E sup <X t ,&>
t€[0,T] ( ) ‘Prn,mz|

< |Prymz|? sup  E sup [(X(¢),v)p]?.
vel2:|v|,2<1 e[0T

Consequently, the estimate in (23) guarantees that for any z € 2, for all
T > 0 and € > 0 there is an n. p such that for all n.» <n <m,

q
<e.

Xk (t) Zke
k=n

E sup
t€[0,T]
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5.1. l%-cylmdrz’cal cadlag property

Recall that [3 is a weighted {*-space. Then (I3)* = If,5, where 1/8 =
(1/fn). Our next result is concerned with I3-cylindrical cadlag property and
in particular it covers the case where 7, = o,L,, n € N, where L, are
identically distributed with the Lévy measure having finite moments up to
order 4, and o, — 0.

Theorem 5.2. Assume that
lim (mq(n) +... 4+ ma(n) +7,") =0. (24)

n—oo

Let moreover (3,) be a sequence of positive numbers tending to +oo such that

> (e ) <o

and for a certain € > 0,

3 Bumi(n)*3,2 < oo, sup fu(ma(n))F < oo,

1—¢

sup B, (ma(m) 7 + (175 | < oo,

s [(ma(m) ()17 (7)) 4+ (ma)) 70| <

Then for any z € (13)* = lf/ﬁ, the process (X(t),z)p2, t > 0, is well-defined
and has a cadlag modification. Moreover,

VT < o0, Vqe|[l,4), sup  E sup [(X(¢),2)p|* < oc.
zelf/ﬁ:|z|l%/[3§1 te[0,T

5.2. Comments on localisation

It is of interest to extend the results to the case when the Lévy measures
do not have finite moments, like for a-stable processes. However the locali-
sation idea employed in Section 3 in the study of the cadlag property does
not lead to any interesting applications. In fact: assume that Z lives in the
weighted space I3, where 3, tends to 0. Let Bg(0, R) be the ball in [3 of ra-
dius R, and let vy be the restriction of the Lévy measure v of Z to Bg(0, R).
Then vg = ), fin,r, Where i, g is the restriction of u, to [—R/f,, R/B,] en.
Let m; r(n) be the moment of order j of p, p. Then from Theorem 5.1 we
have the following.
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Corollary 5.3. If for each R > 0,

i (mQ,R(n> 4 mli(n)) < 00,

n=1 In

and there is an € € (0,1) such that:

sup (mi,r(n) + mo,r(n) +mar(n) + v 2ma g(n) + 72 mar(n)) < co.

Then X is cylindrical cadlag.

Unfortunately, if Z,, = 0,L, and L,, are independent a-stable, then the
supremum appearing in the formulation of the corollary above is finite if
and only if ) >° 0% < oo, which holds if and only if Z takes values in

I2; see Remark 3.5. Therefore the last question formulated at the end the
introduction is open.

6. Proof of Theorem 3.1

Since [, |2]? ,v(dz) < 0o and Z is given (11), we see that Z(t) = Zy(t) +
(a +m)t, where

t
Zo(t) = / / zv(dz)ds, a:= / zv(dz)ds € H_,.
0 JH-, {lzl-p>1}

[0, 4+00) BtH/tS(t—s)(a—l—m)dSGH

Since

is continuous, we may assume that a +m = 0. Thus

t t
X(t) = / S(t—s)dZ(s) = / / S(t — s)z7(ds, dz).
0 0o Ju
We will use the following fact

V —o00 < pp < p< oo, Coy oo = sup t” P S()|| s, 1,,) < 00. (25)
o<t
Since
h h
(S(h) — I) 2], < / |AS(s)2],y ds < / 1= A)S(5) o zr.ydsl 2l
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as a consequence of (25) we have
((S(h) = 1) 2|y < Cy,h"|2],, p>0,0<h<oo, z€H, (26)
For0<t—h<t<t+h<T we have
E[X(t+h) = X0 [X(0) = Xt =)y =E|& + &+ &lp m + el

where

& = /Ot (S(t+h—s)—S(t—s))dZ(s),
g6 = /tjh(S(t+h—s)—S(t—s))dZ(s),
& = /t+h5(t+h—s)dZ(s),

tt—h
o= [ (St s) = St —h— ) dZ(s)
Ny = /tthS(t—s)dZ(s).

Therefore, taking into account the inequality

1
11, &2) (s m2) | < 3 (&1 Im 5 + &l In2l7)
we obtain

E[X(t+h)— X5 |[X(t) — X(t—h)[;
< 3E “51‘1%11771‘1%1 + |52’%{‘772’%{} + E|& | HE|m |3
+E|&|HEIm | + El&S HEIm | + El& | HEn:| 3

Assume that £ > 0 is such that k + p < 1/2. By (25) and (26), we have
t—h
El&f, = /O /H|(S(t+h—s) ~S(t— 5)) 2 v(dz)ds
t—h
- / / (S(h) = T) S(t — s)2]%, v(d=)ds
0 H
t—h
= / / [(S(h) —I) S(t — s)z|3, v(dz)ds
0 H
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t—h
< CgﬁhQ”szp/ (t—s)_Z(”’Lp)ds/ |Z|2_pV(dZ)
0 H

< C(?,K,C_/LH
~ 1-2(k+p)

]h!2“/H\z\2_pu(dz) =: O(K)h%/HyzF_pu(dz).

1-2(k+p)

Similarly

Blaf} < Ol [ [af? pid)

H
and
t—h 2
Ejm? = E / (S(t—h—s+h) — S(t—h—s))dZ(s)
0 H
< C(r)h> / 22 w(d2).
H

Next

t+h h
E|&)5, = /t /H|S(t—|—h—s)zﬁ{1/(dz)ds:/0 /H\S(s)zﬁ{y(dz)ds
h
< [ ) [ 186 mds
H 0
02

i [ o i) = Bl [ (s (o)
H H

1—-2p

and using the same arguments we obtain
2 _
Bl < BN [ | p(de).
H

Summing up, for any ~ > 0 such that 2(k + p) < 1 there is a constant C
independent of h such that

3 2
(Sleh+ 3o ) <0 (i) [
i=1 =1 H

We proceed to the calculation of the terms E|&; |33, and E|&|3 |nal%-
To do this let (e) be an orthonormal basis of H. By Proposition 2.4,

E|§1|§{|n1|?—[ = ZE<§17616>§{<77176[>%]:J1+J2+J3,
k,l
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where

Ji = Z// S(t+h—s)—S(t—s))ze;)? dsv(dz)

/ / S(t—s)—S(t—h—s))z e dsv(dz)

_ /Oth/Hy (t+h—s)— St —s)) 22 dsv(dz)
x//th S(t—s) = S(t—h — s)) 22, dsw(dz)

_ /t h/| S(t — s)2 % dsv(dz)
// S(t —h — s)z[5 dsv(dz)
< h‘“‘CEM(/ 2|7, v( dz)

t—h
/ (t—s)” (p+"‘)ds/ (t — h — s)72PHR)ds
0 0

< C(1)h* (/H 2|3, v( dz)) 2 .

In the estimate above, k > 0 is such that k 4+ p < 1/2 and C(1) depends on
T, k and p. Note that J, equals

2

2 UH /Ot_h (S(t+h—s)—S(t—s))z (S{t—s)—S{t—h—s))z)y dsy(dz)]

is less than or equal to
2

2 UH /Ot_h ((S(h) — ) S(t — 8)2|,; |(S(h) — I) S(t — h — s)z|,, dsy(dz)}

< C(2)h (/H 122, w( dz))2.

Finally J3 equals
t—h
/0 /H |(S(t+h—3s)—S(t—3s)) Zﬁ{ [(S(t—s)—S({t—h—29)) z|§{dsy(dz)
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is less than or equal to

t—h
h4c/ |z|;1 I/(dz)C’ic/ (t —s) 2 (¢t — b — 5)72C79) (s
H 0
<CEe [ Jaffvz),
H

where ¢ > 0 is such that ( —e < 1/4.
To estimate I |&|7, [12]5, we use similar calculations. Namely

E ’fzﬁq ‘772|?{ =1 + I, + I,

where

L = /th/H|(S(t—|—h—s)—S(t—s))zﬁ[dsy(dz)

t
x// 1S(t — 8)z|5 dsv(dz)
H Jt—h
2 ; L[ (p+5)
< d 02 02 h2n+12p—/ t— —2(p+k d
< ([ re ) e gt [ g e,

2
o1 EDYPUIR| 1
< (/ 27, I/(dZ)) C?, . C2 GhPtim2eti=2lot )1 Py P P

< </ |2)? "7 dz) p2—4e
and

I = 2[/H/tth<(5(t+h—s)—S(t—s))z,S(t—s)z>Hdsy(dz)r

2 t 2
< < / ]z|2pu(dz)) c?,,.C% 0 ( / (t — )~ (¢t — )”ds) B2
H t—h
2 ’ 9 1 20+2(1—2p—k)
K —2p—K
</H 5 V(dz)) ConCo (1-2p- /f)zh

C(5) ( /H ]z]2pu(dz))2h24"

I = /t_h/Hy(S(t+h—s)—S(t—s))z|§{|5(t—s)z|§,dsy<dz)

IA

IN

and
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IA

t
/\z[iy(dz)supHS(S)HQL(HSH)CE?&/ (t — 5)"20=9)qsh?
a s<T 7 " Ji-n
1
< /|z| (dz)sup||S( )H%HEVH)Cs(Sl—hQS—i—l—Q((S—a)

2(0 —¢)
S / |Z| dZ hl+2€

Summing up there are constants B and € > 0 such that

/H|z]§y(dz)+(/H|z]2py(dz)>2].

Using the estimate above and (27) we can find constants 6 > and R such
that

2
EY " |&l5 i3 < BA'E
i=1

E|X(t+h) = X (1) | X (6) = X(t = B[ < RA',

and the desired conclusion follows form Corollary 2.2, and the Bichteler—
Jacod type estimates from [18].

7. Auxiliary result for the proofs of Theorems 5.1 and 5.2

t
:/ /|az|7rn(ds,dx), n=1,2...,
o Jr

and ()\,) is a sequence of strictly positive real numbers. Later \, = 7, A

In this section

(22)7V¢, where (2y,) is a fixed sequence and & > 0.
Obviously L, are independent Lévy processes, and

n):/\xyjyn(dn), neN, j=1,2, 3,4,
R

where v, is the Lévy measure of L,.
Consider a sequence (z,) of real numbers. If

oo

Zzimg AL < oo, (28)

n=1
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then the real-valued process

Z / n=9)AL, ()2, (29)

is well defined, as the series on the right hand side converges in L*(Q, F,P),
and
supE (Y (t))* < oo, VT < 0.

t<T
The following lemma will play a crucial role in the proof of Theorems 5.1
and 5.2.

Lemma 7.1. Let ¢ € (0,1). Assume that (28) holds and that the quantity
A(z, N €) equals

(Zz Mo )\(E 1)/2) +Zz AT+ mu(n )()\;—1_{_)\2»

1s finite. Then for all0 <t—h<t<t+h< 0.
E(Y(t+h) =Y () (Y(t) = Y(t—h))> < 6A(z,\, ).
Proof Set
a(t,h) =E(Y(t+h) —=Y()>(Y(t)=Y(t—h).

Then
a(t,h) =B (L + L+ 1;)° (I, + I5)?,

where
00 atth N
L = Z/ e M =IAL (5) 2,
n=1"71
0o ot
I, = Z/ (e rltHh=s) _ o= Anli=s)) ALy (8) zn,
00 nt—h
I3 = Z/ (e_/\”(t”‘_) e nli= S)) dLn(s) Zn,
n=1"0
o0 t R
I, = Z/ e MU=9AqL, (5) 2,
— Ji-n
Iy = Z/ _A”t s) —e_A"(t_h_s)) dzn(s) Zn
0
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We have
ERL+L)Y?=ERE(L+L)=E} (EI;+EL}),
E 21, (I + I3) (1, + 15)* = 0,
and
E(Iy4 I3)° (I + ;) =B+ R I2EI2+4E LI, E s, + EI2E I+ E I212.
Thus

at,h) = EL(EL+ELR)+ELL; +ELEL
HAELLELI; +ELEL +ELI.

Given § € (0, 1] define

Zz ma(n)A71 D(§,2) == Zz n) 4+ ma(n)?) A2 2. (30)

n=1 n=1

Below the last inequality in each estimate follows from the following elemen-
tary inequalities

Vo >0, Ve (0,1], 1—e @ <2af, (31)
and . .
U, Y _
Z/\—(l—e M) <2t Y u A (32)
n=1"" n=1
for all u,, >0, A, >0, 2 >0, and § € (0, 1]. We have
o0 t+h
EI? = Z zimg(n)/ e 2An(t+h=s)q ¢
n=1 t
- zama(n) —2\nh 5
00 t o 2
2 (t—s z,m2(n) —2Xnh 5
E]f:;zimg(n)/the 2t )ds:;w(l—e 2nhy < C(6, ),



and

0 t
EI; = Z 22ma(n) / (e Anlith=s) _ e”\“(t’s))2 ds
n=1 t=h

_ — Zams(n) __—2\uh RS WA
= Z—2>\n (1 e )(1 e )

n=1
< C(5,2)h°,
00 t—h )
EIZ = ZzimQ(n)/ (e_’\"(Hh_s) —e_>‘"(t_8)) ds
n=1 0
> 22may(n) , _ B B 2
_ ; 2)1 (e 2nh 2)\nt) (1—e )\nh)
< Z = gn;:n) (1—e M) < %C(é, 2)h?,

0 t—h
EI; = Z 22ma(n) / (el — e”\”(t’h’s))2 ds
n=1 0

2

_ o 2ama(n) =2\ (t—h) _=Anh)2
o Z 2\, (1 € )(1 € )

n=1

— zams(n) _—Xnh

n=1

C(8, 2)h?.

VAN
[\DI»—t

Clearly
ELL =0, 22ma(n) [, e (=9 (e7n(+h=s) _ e=2nlt=9)) 45 < 0,

and E I3]5 > 0.What is left is to find good estimates for the terms E I21?
and E I312. We have E I317 equals

(sz/th (e M(EHh=9) _ g=Au(t=9)) dT(s > (ZZ]/ e SdL()>2
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t
X/ (ef)\k/(tJrhfs) —e A (t—s ) de/( )
t—h

¢ t
y / ef)\j(tfs)dLj(S) / e*)\j/(tfs)dLj/(S)Zka/Zij/
i—h t—h

=Ji+ Jo+ Js,
where
t 2 t 2
Ji = ) #ZE ( / (e MwtHh=s) _ o= Mlt=9)) 4T (s )) ( / e—Mt—s)de(s))
ki t=h h
¢ 2
_ ZZzZJQE (/ (e—)\k(t-‘rh—S) B S)dL (s )) E
k] e

: R 2
X </ e_’\j(t_s)dLj(s)) :
t—h
t

Jy =2 Z 7%z B / (e MwlFh=s) _ o= Ax(i=s)) dzk(s)/ e AL, (s)

k#j t=h

t t
X/ ( —Aj(t+h—s) _ —)xj(t—s)) L](dS)/ e—)\j(t—s)dLj(S)
t—h t—h
t
=2) z2’E / (e7M(EHh=9) oMty 4T, (s) / e M)d L (s)
t—h

k#j
t t
<E /t ) (e—/\j(t-i—h—s) Aj(t— s)) dLJ (S)/t he—Aj(t—s)dLj<S)7

and
2 2

0 t t
J3 = Z 2t E (/t ) (e n(tth=s) _ o= An(i=s)) dLn(s)) (/t ) e_)‘"(t_s)dLn(s)) .
n=1 - -

We have
¢ ¢

o= ) zgzma(k)ma()) / (e~ MeltHh=8) _ o=nlt=5))? g / 02X (t-9) g
t—h t—h

k#j
2,2

B zizima(k)ma(j) N2 (1 2Nk (L a2k
_; WY (1—e™) " (1—e?)(1—-e )

%C’(& 2)?h%,

IN
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and
t
Jy = 2 Z zkz mo(k)ma(7) / (e*’\’“(Hh*S) — e*’\’“(t’s)) e M=) g
k#j t=h
t
X/ (e—)\j(t-i-h—s) — e Aj(t— s)) Aj(t— s)dS
t—h

ZQZQ.WLQ(]{Z)mQ(j) _ N - L
= 2; k=~j Do (1= e™h) (1= e™Vh) (1 — e 29 (1 — e~2Vh)

< C(6,2)°h®.

Finally, by Proposition 2.5, J3 = J31 + J32 + J3 3, where

00 t
J- = 9 i 2 (/ “An(tth=s) _ o=An(t=s)) g=An(t=5)q )
3.1 ngl z ma(n) - (e e ) e s
1 2imy(n)? 2 _ 2
- R ey

D(8,2)h?,

2

IN

o t
Z Zim4(n) / (ef,\n(t+h—s) i e—An(t—s))2 e 2Mn(t=5) g
n=1 t=h

OOM = Mh\2 (4 =k
Z N, (1 e )(1 e ),

n=1

and

J3,3 =

t t
/ (e—)\n(t+h—s) o e—An(t—s))Q ds/ o~ 2An(t=9) 4.
t—h t—h

(1 _ e—/\nh)2 (1 . e—2/\nh)2

Z Zima(n)?

n=1

i zpma(n)?
= S
AN
1

<
-2

(6, 2)h*.

Term Js 5 will be estimated later. It is the most difficult term to evaluate as
in the denominator we have A, in the first power.
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We proceed to the estimation of E [272. We have
2
EZI} = (Z Zk/ —>\k t+h—s) _ e—)\k(t—s)) dik(s)>
%0 t—h N
X Z Zj / (e_’\j(t_s) — G_Aj(t_h_s)) dLJ(S)
0

j=1
= U; 4+ U+ Us,
where

S szz . (/ —h (e_)\k(t+h—s) o= M(t= S)dL s ))2

k#j
2

t—h
<E (/ (e—)\j(t—s) —e —j(t—h— s)) dLJ(S)> :
0

t—h
2 -9 Z 2 22 E / (ef)\k(t+hfs) . ef)\k(tfs)) de(S)

k#j
t—h t—h
5 / (e—Ak(t—s) — e Mk(t—h—s ) de( )]E / (e—Aj(t+h—s) _ e—Aj(t—s)) dLj(S)
0 0

t—h
% / (e—/\j(t—s) . e—/\j(t—h—s)> dLj(S),
0

and
0o t—h R 2
U; = Z ZE (/ (e_)"“(Hh_s) — e_’\’“(t_s)) de(s))
k=1 0
t—h R 2
X (/ (ef)\k(tfs) _ e*)\k(tfhfS)) de(s))
0
We have

2.2 -
_ E :Zkzjm?(k)mQ(]) AR et 2 (20 (t—h)
U1 = 4/\k/\j (e k —e Tk ) (e k — 1)

2 (e—xjt . e—Aj(t—h))Q (e2>\j(t—h) . 1)

kj
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2.2 .
Zkzjm2(k)m2(3) S 2 a2
< — k — J
< E VY (1 e ) (1 e )
k#j
HeCBYR

IN

U, — 22 Zkz 7712)% ma(j) (e—)\k(t+h) B ef)\kt) (efAkt _ ef)\k(tfh))
% (e j(t+h) _ /\jt) (e—kjt _ e—/\j(t—h)) (62/\k(t—h) _ 1) (62/\j(t—h) _ 1)

<23 TR (1) () (1) (1)

S 50((5, Z) h26.

Finally, by Proposition 2.5, Us = Us; + Us s + Us 3, where Us ; equals

Qizﬁmg(k)2 (/t_h (M=) _ q=Ml=)) (= Mk(E=9) _ g Ault=h—s)) ds)
k=1 0

=9 i M (e—)\k(t'i‘h) _ e_)‘kt>2 (e_>\kt _ e_)‘k(t_h))2 (e2)‘k(t_h) . 1)2

2

— 472

< %D(é, 2)h*,

U372 _ i Z’il;m4<k) /t—h (e,,\k(tJrhfs) . e*)\k(t*S))2 (ef)\k(tfs) . e*)\k(t*h*S))2 ds

k=1 0

_ 0 Zém4<k) = (t+h) At 2 “Aet A (t—h) 2 AN (t=h) _

_24)% (ek ek)(ekek )(eiC 1)
k=1

ka4<k) —M\.h “Ah)2
_;4)% (1 ’“)(16’“),

and Us 3 equals

o t—h
Z Z:m2<k)2/ (ef)\k(tJrhfs) . ef)\k(tfs))Q ds
k=1 0
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t—h 9
% / (e—)\k(t—s) . e—)xk(t—h—s)) ds
0

_ i Zf;mz(k)Q (e—/\k(t—i—h) _ e—)\kt)Q (e—m _ e—)\k(t—h))Q (eQAk(t—h) _ 1)2

So far we have not estimated the terms Us 9 and J3 5. However we note that

R.— Z 2 m4 ef)\nh) (1 _ 674,\nh> 7

dominates Us 2 + J32 . Summing up, we obtain the following estimate

Ve (0,1]andV0O<t—h<t<t+h<T,
E(Y(t+h) =Y (@) (Y(t)=Y(t—h))?

oo 2 [ee]
(Z zimg(n))\il> + Z zp (ma(n) + ma(n)?) A272| h* + R.
n=1 n=1

Put § = (¢ +1)/2. In order to estimate R note that

o Z ( ))\25 ( —/\nh> (1 . e_4’\"h)
ro= ; 2\, Y A0
1 4 : (1-e?™)(1—e)
< 5 (; znm4<n>kn) Sup 5 N

Since for all z,y > 0 and A > 0,

)\—1—5 (1 o e—/\x) (1 o e—4)\y)

IN

4(1+E)/2)\_1_8)\2(1+E)/2(ilfy)(l+€)/2
21+E(xy)(1+6)/2

IN

1+€)/2’$ + y|1+€7

we have

R< Zz may(n) NSRS,
which gives the desired estimate. [
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8. Proof of Theorem 5.1

Remark 8.1. In the proof we cannot apply directly Lemma 7.1 putting
A = 7. Indeed the quantity A(z,~,e) appearing in the formulation of Lemma

7.1 dominates .
> zma(n)y;
n=1

To apply the Chentsov criterion we need to find an € > 0 such that

sup A(z,7,¢e) < oc.

|Z|12S1

Thus in particular we would need

sup Z Zimy(n)y < oo.

|2],;2<1 n=1

This condition is never satisfied if the sequences {my4(n)} and {may(n)} are
constant and by consequence lim,, ., ¥, = 00, which corresponds to the case
where (Z,) are identically distributed.

Recall that the processes L were defined at the beginning of the previous
section. Let z € I2. Set

An = Yo A |2a| 725, n e N. (33)
D Ll
n=1

/ g nlt—s dZ
where

00 t
Y = 3| / e M0-4T, (s),
n=1

r = 3| /0 ey (n)ds < 3 anlma(n)A;!

Then

<3 fal [ oML ) = V)0

o0

< 3 (2l Ema(n) + [zalma(n)y, )
n=1
00 1/2
< el /Esupml(n)+lz|ﬂ (Zml(nwf) |
n=1
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Therefore, thanks to (21) and (22),

sup  sup r(2)(t) < oo, VR < 0. (34)
z€l2:|z] ;2 <R t€[0,T]

Obviously (28) holds. Let us denote by M the supremum appearing in (22).
Then the quantity A(z, A, €) appearing in Lemma 7.1, is dominated by

0o 2
(’2'1122]\/[ + M Z ZZ‘Zn‘(ls)/E>

n=1

+(M + M?) Z <sz + 28z 72 + 22;4L|zn|2(1;6)> .

n=1

Therefore
sup Az, A\ e) < oo, VR < oo.

z€1%:z| 2
By Lemma 7.1, and Corollary 2.2, for any ¢ € [1,4), and R > 0,
sup B sup [Y(z)(t) =Y (2)(s)|" < CE[Y (2)(T)|" + C2,  (35)

z€l2:|z[2<R  t,5€[0,T]

where C; and C are constant. By the Bichteler-Jacod inequality for Poisson
integrals in infinite dimensions (see [18]) it follows that there is a constant C'
depending only on 7', such that

ElY (2)(T)|* < C’Zmdn)zﬁ)@l +C (Z mQ(n)sz)\;1> : (36)

Therefore,
sup  E|Y(2)(T)[* < oo. (37)

z€12:|z]2<R

Combining (34)—(37) we obtain (23). The cadlag property follows from the
cadlag property of all processes X, as the series converges uniformly in ¢ €
[0, T; see the arguments below the formulation of the theorem. O

9. Proof of Theorem 5.2

As in the previous section, ()\,) is given by (33). Using the arguments
from the previous section we see that the proof will be complete as soon as
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we show that there is a sequence of strictly positive numbers (/3,,), increasing
to +o00, such that for any R > 0,

- 2
sup A(z, N\ e) + Zm4 JEA N (ng(n)zfl)\nl> < 00
n=1

2€l?, :|z|2 <R
AV

and

ol {Z (J2al" "5 ma (n) + [2alma (n)y; +zim2(n)A;1)} < oo.
<R

2 .
Z€l1/5"z|z§/5— n=1

Let us denote by M(R, () the second supremum above. For any sequence
(Bn), we have

M(R, 8) < R sup 82 5 (n)

- 1/2
+R (Z B (n)*y,, 2) + R?sup B,moa(n)y, + R* sup 8, ma(n).

n=1

Next
A(z, N €) < Rtsup B2may(n)y:t + B2 supﬁn glmg(n)Q
+Rsup (Bima(n)y;" + Bima () ™) + e sup fyma(n)*
+RMPE sup 53_651 (ma(n)® +ma(n)) ,

and finally

0 2
Zm4 4/\ + (Z m2(n)zq2z/\r:1)
n=1
g R4 sup Bama(n)y, ' + R*sup fima(n)*y,
1 2
+RYE sup B Pma(n) + R sup B ma(n)?.

By direct calculations and assumption (24) we arrive at the statement of the
theorem. [J
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