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Abstract: The Diracqg-monopole connection is used to compute projector matrices of
guantum Hopf line bundles for arbitrary winding number. The Chern—Connes pairing
of cyclic cohomology and -theory is computed for the winding numbef.. The non-
triviality of this pairing is used to conclude that the quantum principal Hopf fibration

is non-cleft. Among general results, we provide a left-right symmetric characterization
of the canonical strong connections on quantum principal homogeneous spaces with an
injective antipode. We also provide for arbitrary strong connections on algebraic quantum
principal bundles (Hopf—Galois extensions) their associated covariant derivatives on
projective modules.

Introduction

The goal of this paper is to provide a better understanding of the relationship between the
guantum-group and -theory approach to the noncommutative-geometry gauge theory.
The latter approach is based on the classical Serre-Swan theorem that allows one to
think of vector bundles as projective modules. The former comes from the concept of a
Hopf-Galois extension which describes a quantum principal bundle the same way Hopf
algebras describe quantum groups. Here a Hopf algéhpkays the role of the algebra
of functions on the structure group, and the total space of a bundle is replaced®y an
comodule algebr®. We rely on the Hopf—Galois theory to derive our noncommutative-
geometric constructions. On the other hand, it is the machinery of noncommutative
geometry that allows us to obtain a Galois-theoretic result: We employ the Chern—
Connes pairing to prove the non-cleftness of the Hopf—Galois extension of the algebraic
guantum principal Hopf fibration.

We begin in Sect. 1 with some preliminaries about Hopf—-Galois extensions, connec-
tions and connection 1-forms on algebraic quantum principal bundles, and connections
on projective modules. In Sect. 2 we extend the existing theory with some general results
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about strong connections, their covariant derivatives on projective modules, and bico-
variant splittings of canonical Hopf algebra surjections. We also discuss how to obtain
projector matrices from splittings of the multiplication map. In Sect. 3 we first define
(the space of sections of) a quantum Hopf line bundle as a bimodule associated to the
guantum principal Hopf fibration via a one-dimensional corepresentation of the Hopf
algebrak[z, z~1]. Then we use a canonical strong connection on the quantum principal
Hopf fibration (Diracg-monopole) to compute, for any one-dimensional corepresenta-
tion, left and right projector matrices of the thus defined quantum Hopf line bundles.
This computation is the main part of our paper and provides the projective-module char-
acterization of thg-monopole. Further results relating to the Chern—Connes pairing are
in Sect. 4. We end with the Appendix where we show that the only invertible elements
of the coordinate ring of L, (2) are non-zero numbers, and use it as an alternative way
to conclude the non-cleftness of the quantum Hopf fibration.

To focus attention and take advantage of the cyclic cohomology results in [MNW91],
we work over a ground field of characteristic zero, and assume thas a non-zero
element ink that is not a root of 1. We use the Sweedler notatddn = k1) ® h(2)
(summation understood) and its derivatives. The antipode of the Hopf algebra is a lin-
ear mapS : H — H, and the counit is an algebra map H — k obeying certain
properties. The convolution product of two linear maps from a coalgebra to an algebra
is denoted in the following way(f * g)(c) := f(c))g(c(2)). We use interchangeably
the words “colinear” and “covariant” with respect to linear maps that preserve the co-
module structure. For an introduction to noncommutative geometry, quantum groups,
Hopf—Galois extensions and quantum-group gauge theory we refer to [C-A94,L-G97],
[M-S95], [S-HJ94] and [BM93,BM98] respectively.

1. Preliminaries

We begin by recalling basic definitions and known results.

Definition 1.1. Let £ be a leftB-module, and2(B), d) a differential algebra onB.
A linear mapV : Q*(B) ®3 £ — Q**1(B) ®p £ is called a connection (covariant
derivative) on€ iff VE € £, L € QB) : VIAR®p &) =A(VE) +drRp &.

Inthe case of the universal differential algebra the existence of a connectiquiiglent

to the projectivity of€ [CQ95, Corollary 8.2]; [L-G97, Proposition 8.2.3].4fis projec-

tive then a connection exists for any differential algebra because it can be obtained from
the universal differential algebra and the canonical surjection onto a given differential
algebra [C-A94, p. 555].

Definition 1.2. Let H be a Hopf algebrap be a right H-comodule algebra with mul-
tiplication m p and coactionAg, andB := P°H .= {p € P| Ag p = p ® 1} the
subalgebra of coinvariants. We say that P is a (right)Galois extensiomf B iff the
canonical leftP-module rightH -comodule map

X :=(mp®id)o(id®sAr): PRg P — PQH

is bijective. We say thak is a faithfully flat H-Galois extension oB iff P is faithfully
flat as a right and lefiB-module.

For a comprehensive review of the concept of faithful flatness see [B-N72].
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Definition 1.3. An H-Galois extension is callecleft iff there exists a unital convolution
invertible linear map® : H — P satisfyingAg o ® = (® ® id) o A. We call® a
cleaving map ofP.

Note that, in generalp is not uniquely determined by its defining conditions. Observe
also that the unitality assumption for the cleaving map is unnecessary in the sense that
any right colinear convolution invertible mapping can be normalised to be unital. Indeed,
let ® be such a mapping, arl(1) := b. By the colinearity, we have thate B, and the
convolution invertibility entails thab is invertible. Also,b~1 ®@ 1 = b=1Ar(bb~1) =

b~ IbAR(™Y = AR, Itis straightforward to check thab := »~1 is right
colinear, convolution invertible and unital. Let us also remark that a cleaving map is
necessarily injective:

(mpo(mp®id)o(idR P 1®id)o(id®A)oAgod)(h)
= ®(ha)® Hh@)ha =h, YheH.

To fix convention, let us recall that the universal differential calculus (grade one of
the universal differential algebra) can be defined as the kernel of the multiplication map
Q1B := Ker(B® B = B) with the differentialdb := 19 b — b ® 1 (e.g., see [L-G97,
Sect. 7.1]). (We abuse the notation and use the samedetiesignify both the universal
and general differential.) The following are the universal-differential-calculus versions
of more general definitions in [BM93,H-PM96]:

Definition 1.4 ([BM93]). Let B C P be anH-Galois extension. Denote kP the
universal differential calculus o®. A left P-module projectiorl1 on Q1P is called a
connectionon a quantum principal bundle iff

1. KerIl = P(QB)P (horizontal forms),
2. AR oIl = (T ® id) o AR (right covariance).

Here Ay, is the right coaction on differential forms given by the formwla (ada’) :=
adagg ® awyag,, WhereAga := a0 ® acy (summation understood). Coaction on
higher order forms is defined in the same manner.

Definition 1.5 ([BM93]). Let P, H, B and Q1P be as above. A&-homomorphism
o : H — QP such thatw(1) = 0 is called aconnection form iff it satisfies the
following properties:

1. imp ®id) o (id ® Ag) ow = 1® (id — ¢) (fundamental vector field condition),
2. ARow = (w®id)oadg,adr(h) :== hp) ® S(h))h) (right adjoint covariance).

For every Hopf—Galois extension there is a one-to-one correspondence between connec-
tions and connection forms (see [M-S97, Proposition 2.1]). In particular, the connection
[1* associated to a connection foemis given by the formula:

”(dp) = poyw(p) - (1.1)

[1® is a left P-module homomorphism, so that it suffices to know its values on exact
forms.

Definition 1.6 ([H-PM96]). LetIT be a connection in the sense of Definition 1.4. It is
called strong iff(id — IT)(d P) C (Q21B)P. We say that a connection form is strong iff
its associated connection is strong.



250 P. M. Hajac, S. Majid

A natural next step is to consider associated quantum vector bundles. More precisely,
what we need here is a replacement of the module of sections of an associated vector
bundle. In the classical case such sections can be equivalently described as “functions
of type ¢" from the total space of a principal bundle to a vector space. We follow
this construction in the quantum case by consideBigimodules of colinear maps
Hom, (V, P) associated with af/-Galois extensiorB C P via a corepresentation :

V — V ® H (see [D-M96]). For our later purpose, we need the following reformulation
of [BM93, Prop. A.7]:

Lemma 1.7. Let B C P be a cleftH-Galois extension and : V — V ® H aright
corepresentation a7 onV. Then the space of colinear magem, (V, P) isisomorphic
as a leftB-module to the free modutéom(V, B).

2. Strong Connections on Associated Projective Modules

First we study a general setting for translating strong connections on algebraic quan-
tum principal bundles to connections on projective modules. The associated bimodule
of colinear maps is finitely generated projective as a left module over the subalgebra
of coinvariants under rather unrestrictive assumptions. However, we do not assume the
projectivity of this module in the following two propositions, as it is needed only later
to ensure the existence of a connection. Also, although we work only with the universal
differential algebra in the sequel, we do not assume here that the differential algebra is
universal. It suffices thatitis right-covariant, i.e., the right coaction is well-defined on dif-
ferential forms, and right-covariant and right-flat in the second proposition. On the other
hand, we do not aim here at the utmost generality but try to keep our noncommutative-
geometric motivation evident.

Proposition 2.1. Let H be a Hopf algebra with a bijective antipod®, a faithfully

flat H-Galois extension o, andV 2 V ® H (dimV < o0) a coaction. Denote by
Hom, (V, P) the B-bimodule of colinear homomorphisms frdfmto P, and choose a
right-covariant differential algebr&2(P). Then the following map

{:Q(B) ®p Hom, (V, P) — Hom, (V, Q2(B) P), (U ®5 ¢) (V) = 1p(v),
is an isomorphism of graded ledt(B)-modules.

Proof. It suffices to show that has an inverse. By choosing a linear bdsis} of 2(B),

for anyg € Hom, (V, Q(B)P) we can writep(v) = Zu Aue™(v). The pointis now to
show that we can always choose eattto be an element of Hop(V, P). It can be done

by assuming flatness @t(B) (see Proposition 2.3), or by employing our assumptions
on the Hopf—Galois extension.

Lemma 2.2. Under the assumptions of Proposition 2.1, for gng Hom, (V, 2(B) P)
there exist colinear homomorphis@$ € Hom, (V, P) suchthaty(v) = Do Au@™ (v),
YveV.

Proof. By assumption, we have
((ARop) ® id)(vio) ® v1)) = (((9®id) 0 p) ® id)(v(o) ® V1)), i.€.,

D e W) ® ¢ (o) @ v = Y ke (v0) ® v O V) -
u M
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Taking advantage of the faithful flatnessyfTheorem 1in [S-HJ90] and (1.6) in [D-Y85]
(Remark 3.3 in [S-HJ90]), we know that there exists a unital colinear jnai — P.

Applying

mqp) © (ld ® (] om)) o (ld ® S ® |d),
wheremgqpy andm are appropriate multiplication maps, to both sides of the above
equality, we get

D et 00) 0 (S@* ) @V®m) = Y k" v0)i (Sea)ve),
© w

Hence, by the unitality of, we obtain

P() =Y A" (v0)(0)J (S@" (v©)a)v)-

m

On the other hand, using the colinearity it is straightforward to verify that each of

~ L

@ . o
the mapa = ¢ (v(0))(0)j (S(@" (v(0)) (1)) V() is colinear. O

The next step is to take advantage of the existence of the translatiof mrapP ®p P,
t(h) := x 11 ® h) (see Definition 1.2), and define an auxiliary isomorphism

f:QBP — QB)®p P, f:=mQpid)o (id®T)oAR.
From the definition of the translation map it follows that
fp) =rpT(pa) =rpox 1® pw)
=P ® p@) =X H(X(1®p p) = A 85 p.
(Note thatf is the inverse of the multiplication map.) Moreover,Adte the restriction to

Hom, (V, Q(B) P) of the canonical isomorphism from Ha, 2(B)P) to Q(B)P ®
V*. Then we have a well-defined map

{:=(d®p ™Yo (f®id)ol : Hom,(V, 2(B)P) — Q(B)P @5 Hom,(V, P),

Up) = (id @5 ™Y o (f®id)) (Z D e ® ef) =) hu®p ",
i n

i 13

where({e;} is a basis ofV, {¢'} its dual, and (by the above lemma) we chogdec
Hom, (V, P) suchthap(v) = ZM @™ (v). Itis straightforward to check that= 1
as desired.O

Proposition 2.3. Let H be a Hopf algebra and® 2 B an H-Galois extension. Letbe
the map defined in Proposition 2.1. Therf3tB) is flat as a rightB-module,¢ is an
isomorphism of graded lefe(B)-modules.
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Proof. Let p : Hom(V, Q(B)P) — Hom(V, Q(B)P ® H) be a leftQ(B)-linear
homomorphism defined by the formulép) (v) = ¢(v(0)) ®v(1)— ¢ (V) () ®¢(v) (1), and
let o denote its restriction to Ho@W, P). Evidently, we have Kes = Hom, (V, Q(B) P)
and Kerp = Hom, (V, P). Moreover, sinc&(B) is flat as a right3B-module, we have
the following commutative diagram with exact rows of 1€f¢B)-modules:

s
0— Q(B)® gHom, (V. P) — Q(B)® gHom(V, P)' 25° Q(B)® sHom(V, P& H)

lt’ lfi ) lz 2.1)

0— Hom,(V,Q(B)P) — Hom(V,Q(B)P) i> Hom(V, Q(B)PRH).

Here is defined by the formulﬁ(zu Ay ®p ") (v) = ZM At (v), and/ is given

the same way. With the help of the translation m‘ap—T> P ®p P, reasoning as in

the proof of the preceding proposition, one can show thand ¢ are isomorphisms.

By standard diagram chasing (or completing the left hand side of (2.1) with zeros and
invoking the Five Isomorphism Lemma), one can conclude from the diagram (2.1) that
¢ is also an isomorphismno

If @ is a strong connection form, then
(id — T1°) o d o Hom,(V, P) € Hom,(V, QY(B)P).

Assuming also that the conditions allowing us to utilise one of the above propositions
are fulfilled, we can define thmovariant derivativeassociated t@ in the following way:

Ve : Hom,(V, P) — QY(B) ® Hom,(V, P), V?& :={"1((id —T1®) od 0 £).
(2.2)

One can check that® satisfies the Leibniz rul€®(b¢) = bV?E +db®p &. HenceV®
can be extended (by the Leibniz rule) to an endomorphis® (@) @z Hom,(V, P)
which is of degree 1 with respect to the gradingxifB).

Our second group of results concerns the canonical connection on a quantum principal
homogeneous space (principal homogendu&alois extension), which is the general
construction behind the Diraemonopole. A principal homogenots-Galois extension
B C PisaHopf-Galois extension obtained from a surjective Hopf algebramap —

H which defines the right comodule structure by the formifa:= (id ® 7) o A. We
know from the proof of [BM93, Proposition 5.3] thatBf C P is a principal homogenous
H-Galois extension, and: H — P is alinear unital map such thatoi = id (splitting
of 7) and

(id®m)oadroi = (i ®id)oady, (2.3)

thenw := (S * d) o i is a connection form in the sense of Definition 1.5. (Note that
sincei is a splitting of a Hopf algebra map, itis counitaly = ey om oi = gpoi.)

We call the thus constructed connection ta@onical connection (formgssociated to
splitting i. (In what follows, we skip writing “form" for the sake of brevity.) The next
step is towards a left-right symmetric characterization of strong canonical connections.

Proposition 2.4. The canonical connection associated to splitiingd — P satisfying
the above conditions is strorifjand only if the splittingi obeys in addition the right
covariance condition

(i®id)oA=Agoi.
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Proof. First we need to reduce the strongness condition for the canonical connection to
a simpler form:

Lemma 2.5. The canonical connectio associated ta : H — P is strongif and
only if

i(he)e @ haySrithe)w) =i(h)®1, YheH. (2.4)

Proof. To simplify the notation, let us put(p) = p. Also, letIT® denote the connection
associated to, i.e.,I1°(dp) = pyw(p) . (We take advantage of the fact theg =
(id ® m) o A, see (1.1).) Using the Leibniz rule we obtain:

(id — 1) (dp)

=d(paySE(P2)®)i(P2)@) — P SE(P2)w) di(P2) @)
=d (pa) SE(P@)1) i(P@) @)

=1®p—praSi(Pe)w) ®i(P2)® -

On the other hand, applyiz ® id to p) S (P2)) @) @ i(P@) 2 Yields

PSE(PE)2) ® P2 Si(PaE)@) ®i(PE)®A) -

Remembering thai?!B)P € B ® P, we conclude that the strongness condition (see
Definition 1.6, cf. [M-S97, (11)]) of the canonical connection is equivalent to

roSi(@E)2)®P2 SiPE)w®i(PE)e =ruSi(@e)ow) ®1lei(p2)e .-

The above equation is of the for@d * f1)(p) = (id * f2)(p). Since the antipodé&

is the convolution inverse afd, it is equivalent tof1(p) = f2(p). Therefore we can
cancel thep (1) product from both sides. Also, singeis surjective and a coalgebra map,
we can replace (p) by a general elemente H. Thus we arrive at

Sithe)e) ®@hw Sithe)e ithe)e) =SE(h)@) ®1i(h)e) .

Moreover, for any Hopf algebra the mapy ® id) o A is injective (applys ® id).
Consequently, the strongness is equivalent to the condition

i(th2)e ®ha Sithie)a =i(h)®1, VheH,
as claimed. o
Note now that we can write the adjoint covariancé,ah an explicit manner, as
i(h)@2 ® S(i(h)@)i(h)@ =ilhe) ® (Sha)he), YheH. (2.5)
In this case

i(ha) ® he)

=i(h@) ® hyStho)hw
=1®ha)((@®id)oadr)(h))
=i(h©)2 ®hwSi(h2)w)ih2)ea -
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Assume thatv is strong. Hence, by the above lemma, the strongness condition implies
thati (h(1)) ® h2) = i(h) 1) ®i(h)(2) asrequired. Conversely, using the right covariance
of i for the first step and (2.5) for the second, we compute the left hand side of (2.4) as

i(h2)e @ haSihe)a)ithe)a Sithe)a)
=i(he)e @ hw Sihe)w)ilhe) e Sha
=i(h@3) Q hayShe)haS(hs)

—ih)® 1L

Hence the canonical connection is strong by Lemma 215.

Corollary 2.6. Assume that antipodgis injective. Then strong canonical connections
are in 1-1 correspondence with linear unital splittingsmobbeying the two conditions

(i®id)oA=AgRoi, ((d®Ri)oA=Ao0l,
whereAg = ((d®m)o A, AL = (m ®id) o A.

Proof. Assume first that the canonical connection associatédtstrong. Then, by the
preceding propositiori,is right covariant and (2.5) holds. Hence

i(h@)e ® Si(ha)a) he
=it ® SEW @) i)
=i(h)@ ® ST ith) s
=i(h2) ® (Sha)h).

Reasoning as in the proof of Lemma 2.5, we can cainggbndh ) from the two sides.
Then cancellingS from both sides (we assunfeto be injective), we have(h) ) ®

i(h)ay =i(he) @ ha), which is the left covariance condition.
Conversely, if the left and right covariance conditions hold then
i(he) ® (Shayha)
=i(hm) ® (Sha)he e
=i(h@)a ® (Sha)i(h2)@)
=i(Meyw @ SEa)ihoe© -,

which is the same as (2.5). Invoking again the preceding proposition, we can conclude
that the canonical connection associatedigstrong as requiredo

Remark 2.7.Letw : P — H be a Hopf algebra surjection. If a linear mapH — P
is counital and left or right colinear, théns a splitting ofr, i.e.,m oi = id. Indeed, if
i is right colinear {(h) 1) ® 7 (i(h)2) = i(h@)) ® h), we have:

(moi)(h) =e((w oi)(h) (1)) (T 0 i)(h)(2)
=e(m(i(h) )7 (h)2) = (T (i (hw)))he = h.

The left-sided case is analogous.
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We end this section by showing how to obtain a projector matrix (explicit embedding
of a projective module in a free module) from the canonical strong connection. It is
known [DGH)] that strong connection forms dhareequivalento unital left B-linear
right H-colinear splittings of the multiplication map : B ® P — P. Explicitly, if w
is a strong connection form, then

s:P— B®P, s(p)=p®L+powipw) (2.6)

gives the desired splitting. (Solving this equation éoone getso(h) = hlls(hl2) —
1Qe(h), whereh! @z 112l = y~1(1® h), summation understood, see Definition 1.2.)
In particular, for the canonical strong connection associated to a bicovariant splitting
(i,e.,w = (S xd) oi), we have:

s(p) = pySi(p2) @) ®i(P2)2) - (2.7)

Note that a splitting of the multiplication map is almost the same as a projector matrix,
for it is an embedding of in the freeB-moduleB ® P. (We will use formula (2.7) in

the next section to compute projector matrices of quantum Hopf line bundles from the
Dirac g-monopole connection.) To turn (2.7) into a concrete recipe for producing finite

size projector matrices of finitely generated projective modules, let us note the following
general lemma:

Lemma 2.8. LetA be an algebraand/ a projective leftA-module generated by linearly
independent generatogs, ..., g,. Also, let{g, }.c; be a completion ofgy, ..., g} to a
linear basis ofV, f> be a leftA-linear splitting of the multiplicationmam : AQ M —
M given by the formulafa(gr) = Y /_1an @ & + ZME[ ary @ g, andcy € A a
choice of coefficients such thgt = >} ; c,ug- Theney = axi+3_ . akpcp defines
a projector matrix ofM, i.e.,e € M, (A), e = e and A”e and M are isomorphic as left
A-modules.

Proof. Note first that we do not lose any generality by assunging.., g, to be linearly
independent (we can always remove generators that are linear combinations of other
generators), and that a splitting of the multiplication map always exists by the projectivity
assumption (cf. [CQ95, Sect. 8]). L&tbe the kernel of the surjectiofs : A" - M =

A"/N, fi(ex) = gk, k € {1, ..., n}, where{ei}req1,... ny iS the standard basis df*, i.e.,

ey is the row with zeros everywhere except for #&place where there is 1. We have

the following commutative diagram of left--module homomorphisms whose rows are
exact:

id® f1
0— AQN — AQA" = AQM — 0
f:
lf4 3 fzwlm (2-8)
00— N — A" i> M — 0.

Here f> is a splitting of the multiplication mapi{ o fo = id), f3 a splitting ofid ® f1
(which exists becausé ® M is free), andf is the multiplication map ol ® A”. From
the commutativity of the diagram we can infer thiato f3 o f2 is a splitting of f1:

fio fao fzo fo=mo(id® f1)o fao fo=id.
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Hencef, := fao f3o f20 f1isan idempotent](f = f,)andf,(A")isisomorphicta,
as needed. To compute a matrixfpfwe choose a splittings so thatf3(1Qgx) = 1Qe,
f3(1® g,u) = 1® Z;’:l C/Llell Z;l:]_ C/ngl = g,u! k € {17 sy l’l}, I’L € I Then

felexr) = (fao fzo f2)(gk)
=(fao0 f3)(zakl ® g+ Zakﬂ ® &)

=1 nel

n n
=fa(d au®er+ > au® Y cuer)
=1 1

nel 1=

n
= Z (Clkl + Zakucul)el .
=1

nel

,,,,,

O

Observe that ify,, = O for all k andu, the matrix elements ef are simplyay;, and
can be directly read off from the formula for splittirfg written in terms of the module
generatorgs, ..., g,. By a completely analogous reasoning, the same kind of lemma is
true for right modules.

3. Projective Module Form of the Dirac g-Monopole

Recall thatA(SL,(2)) is a Hopf algebra over a field generated by 1o, 8, v, §,
satisfying the following relations:

af=q pa, ay =qlya, B5=q7XB, By =vB, v8=q 5y,
s —da= (gt —q)By. ad—q By =8a—qBy =1, (3.1)

whereg € k \ {0}. The comultiplicationA, counite, and antipodeS of A(SL,(2)) are
defined by the following formulas:

A apB) (a®1 1\ (1Qa 1Qp
ydo) \y®li®l/\ley 1®46)°

(5 9)=6) 5CH-(1 )

Now we need to recall the construction of the standard quantum sphere of Bodle”
the quantum principal Hopf fibration. The standard quantum sphere is singled out among
the principal series of Podd&juantum spheres by the property that it can be constructed
as a quantum quotient space [P-P87]. In algebraic terms it means that its coordinate
ring can be obtained as the subalgebra of coinvariants of a comodule algebra. To carry
out this construction, first we need the right coactiom@s L, (2)) of the commutative
and cocommutative Hopf algebkéz, z~1] generated by the grouplike elemenand
its inverse. This Hopf algebra can be obtained as the quotiert(8L.,(2)) by the
Hopf ideal generated by the off-diagonal generaendy . Identifying the image of
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« ands under the Hopf algebra surjectian: A(SL,(2)) — [z, z~ 1] with z andz ™1
respectively, we can describe the right coactiogn:= (id ® 7) o A by the formula:

A ap)_(a®z pez 1t
F\y s y®z 8®@z71)"
We call the subalgebra of coinvariants defined by this coaction the coordinate ring of the
(standardjjuantum spheteand denote it byl(qu). Since

klz, 27 = A(SLq(2))/(A(S2) N Kere) A(SLy(2)

by Remark 3.4, we know from the general argumentﬂ{&ﬂg) C A(SL4(2)) is a prin-
cipal homogenous(z, z~1]-Galois extension. (IP is a Hopf algebral a Hopf ideal,B
the subalgebra of coinvariants under the coactign = (id ® 7) o A, P X P/I,
and I = (B N Kere) P, then we can define the inverse of the canonical map by
xYp' @ m(p)) = p'Spay @8 p2).) We refer to the quantum principal bundle given
by this Hopf-Galois extension as tlg@antum principal Hopf fibration(An SO, (3)
version of this quantum fibration was studied introduced in [BM93].)

The main point of this section is to compute projector matrices of quantum Hopf line
bundles associated to the just described Hefibration.

Definition 3.1. Let p, : k[z,z7Y] = k ® kl[z,z7 1, po() = 1®z",n € Z, be a
one-dimensional corepresentationkdt, z~1]. We call theA (52)-bimodule of colinear
mapsHom,, (k, A(SL,(2))) the (bimodule offjuantum Hopfﬁne bundle of winding
number n.

Since we deal here with one-dimensional corepresentations, we identify colinear maps
with their value at 1. We have

Hom,, (k, A(SLq(2)={p € A(SLq(2)) | Arp=p®z "} = Py

asA(S2)-bimodules. With the help of the PBW basi§g'y™, Bry"s*, k.l.m. p.r,
s € No, k > 00f A(SL,(2)), one can show that

P Yo ASH) a Rk = 3 ek kA(S2) forn < 0
" o AS) reTE = Yo e TRA(S)  forn >0,
andA(SLy(2) = @,z P (cf. [MMNNU91, (1.10)]).

Next, similarly to [BM93,BM98], we consider the canonical connection induced by
the bicovariant splitting(z") = «”, i(z™") = §". By Corollary 2.6 it induces a strong
connection. We call this connection the (Dirgemonopole Now, formula (2.7) gives
us a splittings : A(SL,(2) — A(Sg) ® A(SL4(2)), and we can claim:

Proposition 3.2. Put
a—n—kyk(*l"> 2(_q)1515—"—l forn <0
(en)ki = ken—k (n 1 1l n—l.,1
Bks (l)qz(_q) o'yl forn > 0.

Then, for any: € Z, e, € Miuj41(A(S2), 2 = ¢, and A(sD)" ™

P, as a leftA(52)-module.

e, is isomorphic to
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Proof. Recall first that ifgxy = yx, then(x + y)" = Y} _o (’;) xkyn=k where
q

(2), - (=1..(¢" =D
Y9 (@-D.d" D@ -D..(¢"F -1

are theg-binomial coefficients. (See, e.g., [M-S95, p.85].) Taking advantage of formula
(2.7) in theg-monopole case, we compute:

s(@" Ry = am*ykSi (M @) ® (2

A (5), S @y

= 1143

amfkyk(r;?)qz(_q)lﬁl(gmfl ®a" Iy,

~
Il
o

Similarly, s (858" %) = Y1, gkenk (’,’) () eyl ® pl5"~!. Thus we have ver-
q

ified thats preserves the direct sum decompositiode§ L, (2)), i.e.,s(P,) S A(S{f) ®

P,, n € Z. Hence, by restriction, we have a splitting of the left multiplication map for
eachP,. The claim of the proposition follows directly from Lemma 2.8 and the above
formulas fors. O

Remark 3.3.0bserve that for > 0 we can writee, = uv”’, where
ul =", ..., k" k. g™y andv” = (S(™), ..., (Z)qu(ykS"_k), o S,

Since

vy = (Z)qzs(yk(sn—k)ﬂk(sn—k — S((S")(l))(S”)(z) —e(s") =1,
k=0

we can directly see thaﬁ = ¢,. The case: < 0 is similar.

Remark 3.4.We can define the fibre of a quantum vector bundle over a classical point
(understood as a humber-valued algebra homomorphism) as the localization of the mod-
ule of “sections" of this bundle at the kernel of this homomorphism. The standard Po-
dles quantum sphere that we consider here has one classical point given by the re-
striction of the counit map. Let us consider the quantum Hopf line bundles as left

A(S?)-modulesP,. We can then regard the Iocalizatidn/A(Sg)“LP,,, A(S§)+ =
Kere N A(qu), as the fibre vector space &f; over the point given bW(S§)+. (Note
that Pn/A(S5)+P,, is automatically a vector space ovA(Sg)/A(S,f)+ = k.) Since
5(A(S§)+Pn) = 0, ¢ induces alinear map: Pn/A(S§)+P,, — k given by the formula
é(p/A(Sg)JrPn) = e(p). Assume now that > 0. Arbitrary p € P, can be written as
P =Y _obiB'8"" b € A(S). Henceé(p/A(SqZ)+P,,) = ¢(bg), and we can conclude
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that? is surjective. Note now that = (—¢g~*8y)B + (gaB)s, and consequently, for
[>0,p8" " = (—qg71By)Bl8" ! + (qap)spi—1s"! A(Sq2)+P,,. It follows that

O bip's" )/ ASD T Py = bos" /A(S2) T P,
=0
= &(b0)8" /A(S2)" P, + (bo — £(b0))8" /A(S2)" P,
= £(b0)8" /A(SD) " Py

This entails the injectivity off. Thus ¢ is an isomorphism, and we can infer that

the fibre Pn/A(S§)+Pn is a one-dimensional vector space, exactly as expected for a
line bundle. The reasoning far < 0 is analogous, and relies on the identjity=
(—gBy)y + (¢ 18y)a. This agrees with the fact that(SL,(2) = P,z P» and

A(SLy(2)/ASD) T A(SLy(2)) = klz.z7Y] = @,z kz". The latter equality can be
directly seen as follows: Singg@ andy g-commute with all monomials, the two-sided
ideal(B, y) = BA(SLy(2))+yA(SL,(2)). Thus, a8, y € A(Sg)JrA(SLq(Z)) by the
above formulas, we havg, y) A(S(f)JrA(SLq(Z)). On the other hand, sinoze(qu)Jr
isthe idealin (S2) generated by 8, By, y 8, we also havei(Sg)JrA(SLq (2) C (B, y).
Hencek[z, 271 = A(SL,(2))/(B. ) = A(SLq(Z))/A(S§)+A(SLq ().

To compute projector matrices of the quantum Hopf line bundles thought of as right

A(qu)—modules, we need a right-sided version of formula (2.7). A natural first candidate
appears to be:

s(p) =i ®SE(P®)2)P@ - (3.2)
It is evidently a splitting of the multiplication map : A(SL,(2)) ® A(SL,(2)) —
A(SL4(2)). Only now it is right linear under left coinvariants. By left coinvariants we

understand heré(Sg) ={p e A(SL;(2) | ALp =1Qp},whereA; = (m®id)oA.
On generators, we have explicitly:

A apf) ([ 1®@a zQPB
L\lys) "\ toyztes):
Using the PBW basig*g'y™, Bry"s, k,1,m, p,r,s € No, k > 0 of A(SL,(2)),
one can show thai(qu) is a unital subalgebra of(SL,(2)) generated bwy, 85, By .

We want to prove now that the imagesdfes inA(SL,(2)) ® A(S[?). To this end we note
that the right covariance efmplies the formuld (k) 1y ®i (h) 3) ®i (h) 2) = i(h1) (1) ®
he®i(h@))e) - With the above formula at hand, one can verify t@d ® A ) o5) (p) =
iPa)a ® 1 SE(pa)@)p@ ., as needed. Thus we can conclude théa a right
A(S?)-linear splitting of the multiplication map(SL,(2)) ® A(S?) — A(SLy(2)).
However,A(Sg) and A(S?) are different subalgebras @f(SL,(2)), and we want to

find projector matrices foP, thought of as righti (S2)-modules. To our aid comes the
transpose automorphism a{SL,(2)) defined on generators by

r(55)=(%)
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One can check directly that is well defined. In particular, when we work ovér,
A(SL4(2)) has a naturat-algebra structure fay real, namely

(8- 7%)

y$ —-qpf a )’

and we can simply definE = x o §. This automorphism gives an isomorphism between
A(S?) and A(S2). We haveT (A(S2)) = A(S?) and T (A(52)) = A(S?). (Note that
T? = id.)Itis straightforward to verify that := (T ® T) 0§ o T is a rightA (S3)-linear
splitting of the right multiplication mam : A(SL,(2)) ® A(Sz) — A(SL,(2). We
can now proceed as in the left-sided case to prove:

Proposition 3.5. Put
(—l’l) (_q)—lﬂla—n—la—n—kyk for n <0
(i = e
(’;)qz(—q)loc"_lyl kst forn > 0.
In|+1

Then, for any: € Z, fu € My +1(A(S)), fZ = fu, and £, A(S7)
to P, as a rightA(S2)-module.

is isomorphic

Proof. We have:

S@" YRy = (T ® T) (@™ *gk))
=T QT @ SUE™)@)a"*p5)

= e n)(Y (1) "8 © s@"yhu" g
=0

=D "8 o (7) (o ly's" e

1=0
_Zo‘m Ll g <t7)q2(_q)—l'318m—lam—kyk.

Similarly, 5(8*8" ) = Y0 ,3’8”‘1®<") (=)' a1y bk 8" * Hences (Py) C P, ®

A(S?), n € 7. By restriction ofs, we have a splitting of the right multiplication map for
eaczfl]P The claim of the proposition follows from the right-sided version of Lemma 2.8
and the above formulas fér O

Finally, let us observe that, identifying Hoyrik, A(SL,(2))) with P,, we can view
the covariant derivative

v,y :Hom, (k, A(SL4(2))) — QlA(Sg) ®A(55) Hom,, (k, A(SL4(2)))

associated to thg-monopole by (2.2), as the Grassmannian connection associated to
the splittings,, := s|p,. More precisely, lety : Hom,, (k, A(SL;(2))) = Py, ¥ (&) =

&(1) be the identification isomorphism mentioned above. The Grassmannian connection
associated to the splitting, : P, — A(Sg) ® P, is by definition the connection
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Vi Py — QUA(S?) ® P, given by the formulavip = Y, db; ®a(sz) Pis Where
Y i bi ® pi :==s(p). (See [CQI5, (54)] or [L-G97, (8.27)] for the right-sided version.)
We want to show that

Vi =(id®@us2 ¥ HoVioy, nel,
or equivalently that
Y & e Hom,, (k, A(SL,(2)), n € Z:
(EVPEN @) = (Co (id ®pis2) ¥ 0 Vy 0 1) E) (D).

(See Proposition 2.1 and (2.2).) Notice that we can use here either Proposition 2.1 or
Proposition 2.3 to guarantee thift, n € Z, makes sense. Indeed, sii¢e, z~ 1 admits

the Haar functionali(y : k[z, 211 — k, hx(z") = 80.), We can construct a unital right
colinear mapping : k[z, z71] — A(SL4(2)), j :=nohy,wheren : k — A(SLy(2))

is the unit map, so that(SL,(2)) is injective as a right[z, z~1)-comodule. Thus, as the
antipode of[z, z 1] is bijective, A(SL,(2)) is left and right faithfully flat overA(Sg)

by [S-HJ90, Theorem I], and Proposition 2.1 applies. (In fact, we used the existence of
a unital right colinear mapping to prove Proposition 2.1.) AI@E)A(S?) is isomorphic

with A(S2)/k ® A(S?) as a rightA(SZ)-module viadb — b/k ® 1, so that it is free,
whence ﬁat. Therefore Proposition 2.3 applies as well. Now, we@ut)) = b; ®&(L);,

& (D) = £(1);, and taking advantage of o s5,, = id, (2.6), (1.1) and (2.2) compute:

(o (id®as2) ¥ 0 V) o ¥)E) D)
= ((Co (id ® a2y ¥ Q_ dbi ®(s2) §DN(QD)

=) (db)E(L);

=1Q® (mosy)(§(1) — s, (5(D))
=101 -EDR1-EDoeEDq)
=d&(1) — T1”(dé(1)

= (€(V28)(D).

This is exactly as one should expect, since we have constructed the splitting
s ASLy(2) — A(Sj) ® A(SL4(2)) from the connection forrw by formula (2.6).

4. Chern—Connes Pairing for then = —1 Bimodule

The aim of this section is to compute the left and right Chern numbers of the left and right
finitely generated projective bimodule_; describing the quantum Hopf line bundle of
winding number-1. This computation is a simple example of the Chern—Connes pairing
betweenk -theory and cyclic cohomology [C-A94,L-JL97].

To obtain the desired Chern numbers we need to evaluate (to pair) the appropriate even
cyclic cocycle with the left and right projector matrix respectively. Since the positive
even cyclic cohomology? C?"(A(S5)), n > 0, is the image of the periodicity operator

applied toHCO(A(SqZ)), and the pairing is compatible with the action of the periodicity
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operator, the even cyclic cocycle computing Chern numbers is necessarily of degree zero,
i.e., a trace. This trace is explicitly provided in [MNW91, (4.4)]. Adapting [MNW91,
(4.4)] to our special case of the standard Psdjeantum sphere, we obtain:

_ 2n\—1 =
flaaﬁﬂ%”)=={g' T oo

1—g¢?)tforn>0,m=0,

1 meny __
T ((y8)"¢") = {o otherwise “.1)

where; := —g~18y.

The fact that the “Chern cyclic cocycle" is in degree zero is a quantum effect caused
by the non-classical structure MC*(A(S{?)) (see [MNWO1]). In the classical case
the corresponding cocycle is in degree two, as it comes from the volume form of the
two-sphere.

Sincet! is a 0-cyclic cocycle, the pairing is given by the formulal], [p]) =
(tto Tr)(p), wherep € M,(A(S?)), p? = p, andTr : M,(A(S?)) — A(S?) is the
usual matrix trace. The following proposition establishes the pairing between the cyclic
cohomology clasgrl] and theKo-classege_1] and[ f_1] of the left and right projector
matrix of bimoduleP_; respectively:

Proposition 4.1. Lett* : A(S?) — k be the trace (4.1), and_1, 1 the projectors
given in Propositions 3.2 and 3.5. Thén' o Tr)(e—1) = —land(tto Tr)(f-1) = 1.

Proof. Taking advantage of (3.1) and (4.1), we get:

(ﬁorm($§§ﬁ§>=r%1+of4—qﬁW)=r%m2—1x)=—L

Similarly,

1, da sy _
S (—aﬂ —q‘lﬁy> =t

as claimed. o

This computation is in agreement with the classical situation. Only there the sign change
ofthe Chern number when switching (by transpose) from the left to right projector matrix
is due to the anticommutativity of the standard differential forms on manifolds. Here the
sign change relies on the noncommutativity of the algebra.

Since every free module can be representekgrby the identity matrix, we obtain
that the pairing of the cyclic cohomology clgs$] with the Kg-class of any freeX(Sg)—
module always vanishes:

(=1, 1) = ') =0, neN.

Now, combining Proposition 4.1 with Lemma 1.7 yields:

Corollary 4.2. The Hopf—Galois extension of the quantum principal Hopf fibration is
not cleft.
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Appendix

In this appendix we provide a direct proof of non-cleftness of the quantum principal
Hopf fibration which is possible in the purely algebraic setting. This complements our
K -theoretic proof. Thus, suppose that there exists a cleavingdnagk[z, z1] —
A(SL4(2)). The existence of the convolution inverde ! entails® (2)®1(z) = £(2),
whenced (z) must be invertible il (SL, (2)). The polynomiakb (z) cannot be constant
because the® (z) and®(1) = 1 would be linearly dependent, which contradicts the
injectivity of ® (see Sect. 1). Therefore to prove the non-cleftness it suffices to show
that all invertible elements of(SL,(2)) are non-zero numbers.

One can do it using the direct sum decompositfai§ L, (2)) = @m,nez Alm, n],
where

Alm,n] ={p € A(SLy(2)) | n(p) ® p2y =7" @ p, py ®n(p2) =p 7"}

(see [MMNNU91, (1.10)].) To be consistent with [MMNNU91], let us put nbw- C.
(See, however, the bottom of p.360 in [MMNNU91].) We know from [MMNNU91,
p.363] that we can write any element a{SL,(2)) as a sumzmﬁ Pm.n(&)emn OF
Zk,l er.1re.1(¢), whereg := —qilﬂy, P> Tkl € CICl, emn € Alm,n]. Assume
now thaty _,  Pm.n($)emn Dy exirk1(¢) = 1. Since both sums are finite, there exist
indicesmy :=max{m € Z | pun # 0}, ny :=max{n € Z | pp.n # 0}, m_ :=
min{m € Z | pm.n # O}, n— :=min{n € Z | pn_n # 0}, and similarlyky, k_, I, 1_.
We have

A[0,0]5 e00=1=) pua(@emn Y exiri (&)
m,n k,l

= Z P (C)Smn k1 Tk, 1(8) etk nti-

m,n,k,l

(4.2)

Heres, ux.1()emiknis = emners (See [MMNNU91, p.363]), and ;(¢) is obtained
from ry ;(¢) by commuting it ovee,, 1« 11, i-€.,emtkntik,1(C) = T 1(C)emyk,nti- It
follows from the commutation relations (3.1) that the coefficientg gfareq to some
powers times the corresponding coefficients;af. In particulary;; = 0 < 7 ; = 0.
Sinceprn+,n+ (C)em+,n+i Chy 1 Ty 14 (&) andpu_n_(§)em_n_, ex_1_ri_u_(¢) are the
only terms that can contribute to the direct summad ;. + k&, ny +1.]andA[m_ +
k_,n_+1_]respectively, we can conclude from Eq. (4.2) that either+ k., n +1,,
m_+k_,n_+I_areallzero,orelsg, . ». (O Smi i ks de )Pk 1o () emytks natly =
0. From [MMNNU91, p.363] we know, however, thaf, 1« »,+i. iS a (left and right)
basis ofA[m+ + ki, ny + 1] overC[¢].

Also, using formulasx/s/ = [T/_;(1 — ¢=20=V¢), d/a/ = [[_;(1 — ¢%¢)
one can check that, ,ex; # 0, whences,,, n, k..., # 0. Thus, as there are no
zero divisors inC[¢] andry; = 0 & 7, = 0, we can conclude that,, ,, = 0
or rr, 1, = 0. This, however, contradicts the definition @f., ny, k+, /1. There-
foremy = —ky andny = —Il.. Consequently, ag_ < m4 andk_ < k4, we
havem_ = my = —ky = —k_. Hence als;m_- = ny = -y = —I[_. Put
mog = m_ = my andng = n_ = n,. It follows now thath,n Pman(Cemn =

Pmo.no(&)emo.no ANAY ek 17k.1(8) = €—mg,—ngl—mo,—no(§)- This way (4.2) reduces to
Do (&)Smo.ng.—mo,—no(C)T—mg.—no (¢) = 1. Hence all three of the above polynomials
must be non-zero constants. Using again [MMNNU91, p.363] and remembering that
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o/ 8/ ands’/«’ are polynomials it of degreej, we can infer thaing = 0 = ng. (Oth-
eIWIS€Simg,ng,—mo.—no IS NOL Of degree 0.) Consequendly,, . pm.n(&)emn = po,o(),
Zk,l er.1rk.1(¢) = ro,0(¢) = ro,0(¢), andpo o, ro,0 are invertible constant polynomials,

as needed.
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