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0. Introduction

The goal of this paper is to compute the Chern numbers of quantum Hopf line
bundles. We do it within the framework of the Hopf—Galois theory of extensions of
rings and Chern—Connes pairing between the cyclic cohomologxatheory. We

view the Podle’sphere as the base space of the quantum principal Hopf fibration
described algebraically as a Hopf-Galois extension. Noncommutative line bundles
over the quantum sphere are constructed as left and right projective bimodules over
the coordinate ring of the quantum sphere. They are the bimodules of colinear map-
pings indexed by the winding number of one-dimensional representatidn&lpf

The Chern number of the left projective module of such a quantum line bundle
is proved to coincide with the winding number of the representation defining the
bundle. The Chern number of the corresponding right projective module is shown
to be equal to the opposite of its left counterpart, whence it coincides with minus
the winding number.

In the following section, we recall a definition of a Hopf-Galois extension and
general construction of the bimodule of an associated quantum vector bundle. We
also recall the construction 6fZ,(2), quantum principal Hopf fibration, quantum
Hopf line bundles and the cyclic cohomology classes of the quantum sphere that
pair non-trivially with K-theory. In Section 2, we extend the relevant consider-
ations in [8], and compute the pairing between the Chern cyclic cocycle of the
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guantum sphere and the left projector matrices of quantum Hopf line bundles
for an arbitrary winding number. This computation relies on the integrality of
the pairing, which is implied by the Noncommutative Index Theorem, and yields
the winding number, as expected. Then we argue that the pairing with the right
projector matrices equals minus the pairing with the corresponding left matrices.
We conclude by noting that the image of the positive cone of the algekiaaf
the quantum sphere under the pairing with cyclic cohomology confains Z.

To focus attention and access straightforwardly Healgebraic framework,
we work overC. We assume thaj is a hon-zero element ii that is not a root
of 1. We tacitly assume the compaestructure making'L,(2) into SU,(2). It is
an additional structure whose existence is crucial but a concrete form not directly
relevant to the considerations presented herein. For an introduction to quantum
groups (comprehensive discussionSdf, (2) included) we refer to [9]. For a con-
cise and motivating treatment of the Hopf—Galois theory see [17], and for a wider
review see [14]. The Chern—Connes pairing and Noncommutative Index Theorem
are elaborated upon in [4, 10], and [3] contains a compact account of the matter.
A brief note on classical Hopf line bundles within the general contex afieory
and noncommutative geometry can be found in [11, p. 101]. The generalisation to
the non-standard Podlejuantum spheres of the Chern—Connes pairing calculated
in [8] is carried out in [2].

1. Preliminaries

In this section we recall basic definitions and known results used in the sequel.
We begin with a definition of a Hopf—Galois extension. Hopf—Galois extensions
describe quantum principal bundles the same way Hopf algebras describe quantum
groups. Here a Hopf algeb plays the role of the algebra of functions on the
structure group, and the total space of a bundle is replaced b¥-aaomodule
algebraP.

DEFINITION 1.1. LetH be a Hopf algebrapP be a rightd -comodule algebra with
multiplicationm » and coactiomg, andB (= P == {p e P| Ag p = p ®1}
the subalgebra of coinvariants. We say tRas an H-Galois extensiomwf B iff the
canonical leftP-module rightH-comodule mayy ;= (mp ® id) o (id ®p Ag) :
P ®z P —> P ® H is bijective.

A natural next step is to consider associated quantum vector bundles. More
precisely, what we need here is a replacement for the module of sections of an
associated vector bundle. In the classical case such sections can be equivalently
described as ‘functions of typg’ from the total space of a principal bundle to
a vector space. We follow this construction in the qguantum case by considering
B-bimodules of colinear maps (linear maps that preserve the comodule structure)
Hom, (V, P) associated with af/ -Galois extensiorB C P via a corepresentation
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0.V —> V® H (see [6, 7]). Under certain reasonable assumptions, these bimod-
ules are always left and right finitely generated projective [5, Corollary 2.6]. Thus
we remain within the paradigm of the Serre-Swan theorem.

Let us now exemplify the foregoing concepts. Recall first theSL,(2)) is a
Hopf algebra ove€ generated by la, b, ¢, d satisfying the following relations:

ab = g ba, cd = g Yde, ac = g tca, bd = q~db,
bc = cb, ad —da = (g~ — ¢)bc,
ad —q *bc =da — gbc =1, (2.1)

whereg € C\ {0}. The comultiplicationA, counite, and antipodes of A(SL,(2))
are defined by the following formulas:

A a b _ a®®R1 b1 1®Qa 1Qb
cd)] \c®ldel 1®c 1®d /)’

ab 10 a b d —qb
£ = , S = .
(a)=(2) s(E0)-(n )
From here we can proceed to the construction of the standard quantum sphere of
Podles and the quantum principal Hopf fibration. The standard quantum sphere is
singled out among the principal series of Pad#gheres by the property that it
can be constructed as a quantum quotient space [15, p. 200]. In algebraic terms
it means that its coordinate ring can be obtained as the subalgebra of coinvariants
of a comodule algebra. To carry out this construction, first we need a right coac-
tion on A(SL,(2)) of the commutative and cocommutative Hopf algebfa, z 7]
generated by the group-like elemenand its inverse. This Hopf algebra can be
obtained as the quotient of(SL,(2)) by the Hopf ideal generated by the off-
diagonal generatord and c. Identifying the image ot: and d under the Hopf
algebra surjectiomr : A(SL,(2)) — Clz, z~1 with z andz71, respectively, we
can describe the right coactiaxy ;= (id ® 7) o A by the formula

ab a®z bz 1
AR = .
(c d) (C®z d®z1)

We call the subalgebra of coinvariants defined by this coaction the coordinate ring
of the (standardguantum sphegeand denote it bwl(Sg). Using general tools
of the Hopf-Galois theory (e.g., [16, Theorem 1]), it is straightforward to prove
that A(S7) € A(SL,(2) is aC[z, z~*]-Galois extension. We refer to the quantum
principal bundle given by this Hopf—Galois extension as dnantum principal
Hopf fibration (An SO, (3) version of this noncommutative fibration was studied
in[1].)

Now we need to define quantum Hopf line bundles associated to the just
described Hop#§-fibration and provide their projector matrices.
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DEFINITION 1.2. Letp,: C - C® C[z,z7Y], pu(}) = 1®z7*, n € Z, be
a one-dimensional corepresentation@t, z~1]. We call theA(Sg)-bimoduIe of
colinear maps Hop (C, A(SL,(2))) the (bimodule of) quantum Hopf line bundle
of winding number.

We deal here with one-dimensional corepresentations, so that we can identify co-
linear maps with their value at 1. We have

Hom,, (C, A(SL,(2)={p € A(SL;(2) | Agp =p @z "} = P,

asA(Sg)-bimoduIes. With the help of the PBW basi&'c™, bPc"d*, k,1,m, p,
r,s € N, k> 0o0f A(SL,(2)), one can show that

Sl A arkek = o amr Rk A(S2) for <0
N Dy A(S2) brdr—* = Y1 bkarFA(S?) for >0

and A(SL,(2)) = @,z P (cf. [12, (1.10)]). Since the goal of this paper is to
compute the Chern—Connes pairing [4, p.224] between quantum Hopf line bundles
and the cyclic conomology of the standard quantum sphere, we need explicit for-
mulas for the projector matrices of the former, and generators of the latter. To this
end recall first that ifcuv = vu, then(u + v)" = >{_o (}), u*v"*, where

(x—=1)---(x"—1
(Z)x: (x_]_)...();k_1)(xj1)...(xn7k_l)’ (g>x=l=(2>x’

are thex-binomial coefficientge.g., see Section 1V.2 in [9]). Now, following [8],
put

a Tk ck <I_M) (—q)'bld=*" for n <0
(ep)i = e (1.2)

pkar—* (ﬁ) (—g)la* ! for u>0.
q2

Then, for anyu € Z, e, € M, 11(A(S?)), €5 = e,, and A(qu)“"“eu is iso-

morphic toP, as a IeftA(SqZ)-moduIe [8, Proposition 3.2]. Similarly, put

(I_M) (—q)7'bld=+"la=rkck for £ <0
(flw = a* (1.3)

< ;L ) (—q)la*ctbkd =% for u>0.
q2

Then again, for any. € Z, f, € M|m+1(A(S§)), fuz = fu, andf,lA(Sg)““H is
isomorphic toP, as a rightA (S7)-module [8, Proposition 3.5].
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To obtain the desired pairing, we need to evaluate appropriate even cyclic
cocycles on the left and right projector matrices provided above. The positive even
cyclic cohomolongCz"(A(qu)), n > 0, is the image of the periodicity operator
applied toHCO(A(S(f)). In degree zero it is given by two generators (cohomolo-
gically non-trivial cyclic cocycles) and the kernel of the periodicity operator [13,
p. 174]. Since the pairing is compatible with the action of the periodicity operator,
it is completely determined by the aforementioned two cyclic 0-cocycles (traces).
(Everything else either pairs Witﬁo(A(S(f)) in the same way or trivially.) These
traces are explicitly provided in [13]. One of them, denotedrByis simply the
restriction toA(Sj) of the counit map ofA(SL,(2)). It can be argued that this
trace detects the ‘rank’ of our quantum vector bundles [8, Remark 3.4]. The other
trace is given by the following adaptation of [13, (4.4)] to our special case of the
standard Podieguantum sphere:

1 1—¢g?™1 forn>0 m=0,
T ((@b)"¢") = :
0 otherwise
1—g*1 forn>0 m=0,
t((cd)"¢") = _ (1.4)
0 otherwise
where¢ := —g~'bc. One can think of this cocycle as the ‘Chern cyclic cocycle’,

and the invariants it computes as the Chern numbers of quantum vector bundles.
The fact that it is in degree zero is a quantum effect caused by the non-classical
structure ofH C*(A(Sj)) (see [13]). In the classical case the corresponding cocycle
is in degree two, as it comes from the volume form of the two-sphere.

The pairing([t], [e_1]) = —1, ([t}],[1]) = O can be used to conclude the
non-cleftness of the quantum principal Hopf fibration [8, Corollary 4.2]. On the
other hand, one can directly check that the other cyclic cocytleairs unitally
with above projectors:

([t [e]) = (e 0 TN(e) =1, pel (1.5)

Since® and t! come fromK-homology [13, p. 175], they pair integrally with
KO(A(Sj)) (Noncommutative Index Theorem). Thus, taking advantage of the lin-
earity of the pairing, we have a group homomorphism

(% 1 Ko(A(SD) 3 [p] = ([°] [pD), ([='1. [P]) € Z S Z. (1.6)

Furthermore, it follows already from the values(ef, z1) on [1] and k_;] that it is

an epimorphism. This epimorphism splits by the freeness®fZ, whenceZ & Z

is a direct summand iio(A(S?)). We can think of(z°, z*) as a (possibly incom-
plete) coordinate system fdfo(A(Sg)) determining the rank and Chern number,
respectively. The point of this paper is that for anye Z there exists a rank one
projector matrix (quantum line bundle) with its Chern number equal.to
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2. Chern—Connes Pairing for Quantum Hopf Line Bundles

We are to compute the pairing between the Chern cyclic coayclnd both left
and right projector matrices of quantum Hopf line bundkss We refer to the thus
obtained invariants as the left and right Chern numbers, respectively. Sirise
a 0-cyclic cocycle, the pairing is given by the formy[a'], [p]) = (z1 o Tr)(p),
wherep € M,(A(S2)), p?> = p, and Tr:M, (A(S2)) — A(S?) is the usual matrix
trace. We have:

THEOREM 2.1.The left Chern number and the winding number of any quantum
Hopf line bundle coincide(z® o Tr)(e,) = i, u € Z.

Proof. We need to consider two cases:< 0 andu > 0. (The caset = 0 is
evident, agy = 1 andr! annihilates numbers.)

Caseu < 0. To simplify notation put: = —pu. Let us first compute the trace
of e_, (see (1.2)) as a polynomial in:= —g~1bc:

Tl’(e,n) = Z <Z > (_q)kan—kckbkdn—k
q2

k=0

: n —2k(n— n—k gn—
- Z( k) (=)' 2P ey a art
k=0 7

n n—k—1
_ Z <Z> q—Zk(n—k—l)é.k 1—[ (1_q—21§).
q2

k=0 =0

The last step follows from the quantum determinant formwla= 1 + g bc =
1- ¢ (see (1.1)) and standard induction. (The expresE[(lizrﬂ)(- -+) is understood
as1.) Toapplyt!to Tr(e_,) we need to know more explicitly the coefficients of the
above polynomial. For this reason let us recall the definitioshifted binomials
(cf. [12, p.173]). Letk[¢] denote a polynomial ring in one variable ands k. For
natural numbers & [ < v we define thec-shifted binomial[ | ] by the equality

Vv

v—1
Z[” t=[Ja+x").
x =0

=0

Now we can use the above calculations and (1.4) to compute the Chern—Connes
pairing betweend'] and [e_,]:

(['], [e-n]) = o Tr(e-y)

n n—k
— 7l (Z ( Z > q—2k(n—k—1)§.k Z [ n ; k } (_§)1>
q2 =0 q—Z

k=0

— 1 (Z ( Z )qz g2k k Z [;_—kk ]q_z (_é_)m—k>

k=0 m=k
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.1 (Z(_g)m Z <Z ) g2 1k [Zikk ] )
k=0 q? g2

m=0

—~ ()" ¢ (” ) “2k(n—k—1)_\k |: n—k ]
=2 T g 7" .
Z 1 _ q2m pard k q2 m — k 1172

m=1

The point is to prove that the just obtained number equals To do so, let us
assume for the time being that € (0, 1), so that we can use thé*-algebraic
framework. Recall that the O-cyclic cocycté comes from a 1-summable Fred-
holm module ovelA(S(f) [13, p.175]. Hence, by the Noncommutative Index The-
orem, the Chern—Connes pairing betweeH pnd any element oKO(A(Sj)) is
necessarily an integer — the index of an appropriate Fredholm operator. (See, e.g.,
[4, p. 297], [3, p. 54], [10, Section 12.2.5].) Thus we have

n

1 _ (_1)m - n —2k(n—k—1) k|l n— k
(T OTr)(e—n) - Zl—qzmg;(k)qzq (_1) m—k q—ZGZ

m=1

foranyg e (0, 1). Observe now that, singe'oTr)(e_,) is a rational function oé,

it is continuous, whence constant @ 1) by the connectedness @, 1) and the
above integrality property. The only rational function@R {0, roots of 3 which is
constant on the open intervd, 1) is a constant function. Thereforg,* o Tr)(e_,)

is independent of € (1, co), and we havérloTr)(e_,) = lim,_ o (t1oTr)(e_,).

Now it suffices to show that

g—>00 P

for any positive integers: andn. To this end we need to analyse the asymptotic
behaviour of the fractions

N —2k(n—k=1);_q\k | T —k
Fn,m,k(Q) = <k)q2q ( 1) |:m—k:|q_2

_ D -1 @” - 5
CqFED(@E =D (g - D@ =D (g2 = D)

q—2k(n—k—1)(_1)k [ n—k :| —_1
q—2

m—k
q2

1 1
X (q(mkl)(mk) +o Tt q(nkl)(nk)(nml)(nm)) :

Here the sum in parenthesis equ@”f;sj’;(]q_z and the powers of 2 are ordered
from the smallest to the biggest. The dominating tern¥,of, « (¢) if proportional
tog tothe powerohi(n +1) —k(k+1) —(n—kK(n—k+1) —2k(n —k—1) —
(m —k —1)(m — k) = —k? + k(1 + 2m) + m — m?. Thinking of this expression
as a function ok, we see that it is biggest fér= m. Hence the dominating term
in Y1 o Fu.mx(q) is proportional tog®". All other terms are proportional i to
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some power strictly less tham2 and will be annihilated byl—g?")~*. Therefore,
only F, ,...(q) contributes to the limit, and we have:

I|m (1—g?~ (- 1)’"Zank(61)
k=0

T G (=D"(q* =1 (¢* - )
T g—oo 1— g2m g2nin=m=1(g2 _ 1)...(g2" —1)(g%2 — 1) - -- (g2n—m — 1)
_ —(q> =1 (g* -1

4> (g7 = Dg™" " VG- (@ = D@D (P = D)
= -1

This proves thatr! o Tr)(e_,) = > _4(=1) = —n, as needed.
Caseu > 0: The reasoning is similar to that of the previous case, though the
calculation of the limit is more straightforward. Put= 1. First we compute:

Tr(e,) = Z (Z ) 2 (_q)—kbkdn—kan—kck
q

k=0
n n—k—1
_ Z (Z > ¢k (1— g2+ 0¢)
2
k=0 q =0
n . n—k n k
— k - 2.5\
k=0 q =0 q

=3 (1) e k] oo
q? q?

- (1)mk2(mk)|: k]

Zeg(o), e

m=0 =l q2

Using the Noncommutative Index Theorem the same way as before, we can again
conclude thatz! o Tr)(e,) € Z for g € (0,1). Also by the same argument as
before, the integrality ofr! o Tr)(e,) entails that it is independent gf We can
therefore compute it by taking the limit:

(ttoTr(e,) = Iim (tt o Tr)(e,)

|Im Z(l q2m)12( > ( 1)m k 2(m k) |:m ]]i]

n

= Z Z(_l)m_k(sk,m((sk,m—l + 8k,m) =n. O

m=1 k=0
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Remark2.2. It follows from a direct calculation th&t* o Tr)(e_5) = (-1 —
g% + (=14 ¢=?) = —2, where the first and the second term correspond to
m = 1 andm = 2, respectively, in the general sum. Similarly! o Tr)(ep) =
14+4¢)+A—-g*» =2

As for the right projective structure a?,, one can infer directly from formulas
(1.2), (1.3) and Theorem 2.1 that

(ttoTN(f) = (o TN(e,) = —p.

Hence we have:

COROLLARY 2.3. The right Chern number of any quantum Hopf line bundle
equals the opposite of its winding number, i@l o Tr)(f,) = —u, 1 € Z.

Let us now consider further consequences of Theorem 2.1. Note first that due
to the direct sum decompositioh(SL,(2)) = D,z P., One can say that the co-
ordinate ring ofSL, (2) decomposes intmutually Ko-non-equivalenteft and right
projective finitely generateA(S(f)-bimoduIes. As for the structure onO(A(Sj)),
Theorem 2.1 provides us with an estimate of its positive cone. Indeed, combining
(1.5) with Theorem 2.1 yields:

COROLLARY 2.4.The image of the positive cone &§(A(S?2)) under (z°, t1):
Ko(A(S2)) — Z x 7 containsZ, x Z see (1.6).
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