
Poisson-Lie groupoids and the contraction procedure

Kenny De Commer

Free University Brussels

20 August 2014

Kenny De Commer (VUB) Poisson-Lie groupoids 20 August 2014 1 / 20



Poisson-Lie groups and Lie bialgebras

Lie bialgebras and quantizations
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(Uh(ĝ), ∆̂)
q-cl lim // (ĝ, δ̂)
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Poisson-Lie groups and Lie bialgebras

Example: Lie algebra level

g = sl(2,C)

Generators

H =
(
1 0
0 −1

)
, X+ =

(
0 1
0 0

)
, X− =

(
0 0
1 0

)
.

Relations
[H,X±] = ±2X±, [X+,X−] = H.

Cobracket
δ(H) = 0, δ(X±) = iX± ∧ H.

QUEA Uh(g):

[H,X±] = ±2X±, [X+,X−] =
ehH − e−hH

eh − e−h
,

Coproduct

∆(H) = H ⊗ 1 + 1⊗ H, ∆(X±) = X± ⊗ e
1
2
hH + e−

1
2
hH ⊗ X±.

Compact real structure su(2): H∗ = H, X ∗+ = X−.
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Poisson-Lie groups and Lie bialgebras

Example: Lie group level

G = SL(2,C),

{
(
a b
c d

)
| ad − bc = 1}.

Poisson structure:

{a, b} = iab, {a, d} = 2ibc, {b, c} = 0, ...

QFSHA Fh(G ):

ab = ehba, ad − ehbc = da− e−hcb = 1, bc = cb, ...

Compact real form: Gc = SU(2):

a∗ = d , b∗ = −c .
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Poisson-Lie groups and Lie bialgebras

Example: Dual Lie bialgebra

ĝ = C n (C⊕ C)

Generators

Ĥ =
((
− i

2
0

0 i
2

)
,
(
− i

2
0

0 i
2

))
, X̂+ =

((
0 0
i 0

)
, 0
)
, X̂− =

(
0,
(
0 0
i 0

))
Relations

[Ĥ, X̂±] = −i X̂±, [X̂+, X̂−] = 0

Cobracket
δ̂(Ĥ) = X̂+ ∧ X̂−, δ̂(X̂±) = ±2Ĥ ∧ X̂±.

QUE algebra U(ĝ)[[h]] = Uh(ĝ) ⊇ Fh(G)

a = e ihĤ(1− h2e−hX̂+X̂−)1/2, b = ihe−h/2X̂+,

d = (1− h2e−hX̂+X̂−)1/2e−ihĤ , c = iheh/2X̂−.

Dual real form: Ĥ∗ = Ĥ, X̂ ∗+ = X̂−.
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Poisson-Lie groups and Lie bialgebras

Example: Dual Lie group

Ĝ = C× n (C⊕ C),

{
((

A 0
B A−1

)
,

(
A 0
C A−1

))
| A ∈ C×,B,C ∈ C}.

Poisson structure

{A,B} = iAB, {A,C} = −iAC , {B,C} =
i

2
(A2 − A−2).

QFSHA Fh(Ĝ ) ⊆ Uh(g):

A = e
1
2
hH , B = h

(
eh − e−h

2h

)1/2

X+, C = h

(
eh − e−h

2h

)1/2

X−.

Dual real form: Ĝc = R×+ nC,

A∗ = A, B∗ = C .
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Poisson-Lie groupoids and Lie bialgebroids

From Lie groups to Lie groupoids

Definition

Lie groupoid: smooth manifolds O,G with groupoid structure G
s
⇒
t

O

s.t. s, t submersions and structure maps smooth.

Definition

Lie algebroid: vector bundle A over O with anchor map ρ : A→ TO and
bracket on Γ(A) s.t. [α, ·]A satisfy Leibniz rule w.r.t. ρ(α).

(O,G , s, t) ⇒ A = ker(ds)|O , ρ = dt|A.
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Poisson-Lie groupoids and Lie bialgebroids

Lie bialgebroids

Definition

G is Poisson groupoid if G is Poisson s.t. Graph(mult) co-isotropic in
Γ× Γ× Γ̄.

E.g. G Poisson-Lie group: Graph(mult) = {(g , h, gh) | g , h ∈ G},

{(∆(f )⊗ 1− 1⊗ 1⊗ f ) , (∆(g)⊗ 1− 1⊗ 1⊗ g)}
= {∆(f ),∆(g)} ⊗ 1− 1⊗ 1⊗ {f , g}
= ∆({f , g})⊗ 1− 1⊗ 1⊗ {f , g}.

Definition

(A,O) is a Lie bialgebroid if also (A∗,O) is Lie algebroid s.t.

δ : Γ(A)→ Γ(Λ2(A)), δ(X )(ξ, η) = X ([ξ, η])−ρ∗(ξ)(X (η))+ρ∗(η)(X (ξ))

satisfies cocycle condition.
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Poisson-Lie groupoids and Lie bialgebroids

Example: dynamical r -matrix

Data:

g complex Lie algebra

h ⊆ g abelian

Basis {hi} ⊆ h, dual basis {λi} ⊆ h∗

r : U ⊆ h∗ → Λ2(g) s.t.
∑

i hi ∧
dr
dλi

+ 1
2 [r , r ] constant in (Λ3(g))g.

Then Lie bialgebroid

O = h∗, A = g⊕ Th∗ →
ρ
Th∗, δ(ξ) = [r , ξ].
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Poisson-Lie groupoids and Lie bialgebroids

Example: dynamical SL(2,C)

g = sl(2,C).

h = C Cartan and

r(y) = −1

2
coth(y/2)X+ ∧ X−.

G = C× SL(2,C)× C.

Poisson structure

{a, b} = i tanh(y)ab, {a, d} = i(tanh(x) + tanh(y))(ad − 1)

{f , a} = i

(
∂f

∂x
+
∂f

∂y

)
a, {f , b} = i

(
∂f

∂x
− ∂f

∂y

)
b.
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Quantum groupoids

Quantizations

Lie bialgebra/Poisson-Lie group ⇒ Hopf algebra

Lie bialgebroid/Poisson groupoid ⇒ Hopf algebroid

x. with zero bracket on object space ⇒ Hopf face algebra
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Quantum groupoids

Hopf face algebras

Data:

Index set J,

Vector spaces Ax y
w z , indices in J,

Partial multiplication and units,

M : Ax y
w z ⊗ Ay u

z v → Ax u
w v , 1

(
x
y

)
∈ Ax x

y y .

Partial comultiplication and counits,

∆uv : Ax y
w z → Ax y

u v ⊗ Au v
w z , ε ∈

(
Ax y

x y

)∗
Antipode

S : Ax y
w z → Az w

y x

s.t. e.g.

∆uv (xy) =

∫
t

∆ut(x)∆tv (y)dt.
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Quantum groupoids

Example: dynamical quantum SU(2)

Dynamical quantum SL(2,C)

Index set J: real numbers ‘+ infinitesimals’.

Generators:
αxy ∈ Ax x−h

y y−h, βxy ∈ Ax x−h
y y+h, . . .

Relations:

αxyβx−h,y−h =

(
cosh(y + h)

cosh(y − h)

)1/2

βxyαx−h,y+h, . . .

Comultiplication:

∆z,z−h(αxy ) = αxz ⊗ αzy , ∆z,z+h(αxy ) = βxz ⊗ γzy .
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Contraction groupoid

Example: Contraction

Contraction quantum Ĝ = ̂SL(2,C ).

Index set J: complex numbers.

Ax w
y z = δx ,wδy ,zFh( ̂SL(2,C); x , y).

Relations:
[Bxy ,Cxy ] = h(xA2

xy − yA−2xy )

Coproduct:

∆zz(Axy ) = Axz ⊗ Azy , ∆zz(Bxy ) = Bxz ⊗ Azy + A−1xz ⊗ Bzy , ...

Real form: index set J = R,

A∗xy = Axy , B∗xy = Cxy .
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Contraction groupoid

Associated contraction Poisson groupoid

Contraction Ĝ = ̂SL(2,C) groupoid

Ĝ = C× Ĝ × C.

Poisson structure: {f , g} = {f ,A} = {f ,B} = {f ,C} = 0 and

{A,B} = iAB, {A,C} = −iAC , {B,C} =
i

2
(xA2 − yA−2).

⇒ Poisson manifolds (Ĝ , {·, ·}x ,y ) with Poisson multiplication

(Ĝ , {·, ·}x ,y )× (Ĝ , {·, ·}y ,z)→ (Ĝ , {·, ·}x ,z).

Real structure:

x∗ = x , y∗ = y , A∗ = A, B∗ = C .
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Contraction groupoid

Isotropy groups and contraction

Each ( ̂SL(2,C), {·, ·}y ,y ) is Poisson group.

Dual Poisson groups?

If y 6= 0: SL(2,C).

If y = 0: EC(2) = {
((

a b
0 a−1

)
,

(
a 0
c a−1

))
| a ∈ C×, b, c ∈ C}.

W.r.t. real form:

If y > 0: SU(2).

If y = 0: E (2) = U(1) nC = {
(
a b
0 a−1

)
| a ∈ U(1), b ∈ C}.

If y < 0: SU(1, 1).
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Contraction groupoid

Contraction Lie bialgebroid

Lie bialgebroid associated to Ĝ = C× ̂SL(2,C)× C.

Â = ̂sl(2,C)⊕ TC →̂
ρ
TC over O = C.

Direct sum Lie algebroid structure.

Cobracket: with Ê = 2i ∂∂y we have δ̂(y) = 0 and

δ̂(X̂±) = ±2Ĥ ∧ X̂±, δ̂(Ĥ) = yX̂+ ∧ X̂−, δ̂(Ê ) = X̂+ ∧ X̂−.

Real form: take object set R and

Ê ∗ = Ê , Ĥ∗ = Ĥ, X̂ ∗± = X̂∓
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Contraction groupoid

Dual contraction Lie bialgebroid

V = vector space generated by H,X±,E .

A = V × C→ C trivial vector bundle.

Anchor map ρ = 0.

Relations

[H,X±] = ±2X±, [X+,X−] = yH + E , E central.

⇒ Bundle of Lie algebras.

Cobracket:

δ(H) = 0, δ(X±) = −iH ∧ X±, δ(E ) = 0, δ(y) = 2iE .
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Contraction groupoid

Dual contraction Poisson groupoid

G̃y = {
((

a b
yc d

)
,

(
a yb
c d

))
} ⊆ SL(2,C)× SL(2,C).

G = {(y , θ, g) | y ∈ C, θ ∈ C, g ∈ G̃y} with

(y , θ, g) · (y , θ′, g ′) = (y , θ + θ′ + Ωy (g , g ′), gg ′)

w.r.t. cocycle

Ωy (g , g ′) =
1

y
ln

(
a(gg ′)

a(g)a(g ′)

)
=

1

y
ln

(
1 + y

bc ′

aa′

)
, y 6= 0,

Ω0(g , g ′) =
bc ′

aa′
.

Poisson structure:

{a, b} = iab, {a, d} = 2iybc, {b, c} = 0, ...

{y ,−} = 2i
∂

∂θ
, {θ,−} = −2i

∂

∂y
.
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Contraction groupoid

Contraction of representations

Hol0(C) = space of germs of holomorphic functions around zero.

Infinitesimal representation on Hol0(C):

(X+f )(z) = zf (z) + yz2f ′(z),

(X−f )(z) = −f ′(z),

(Hf )(z) = 2zf ′(z),

(Ef )(z) = f (z).

Locally integrated representation:

(π(y ,θ,g)f )(z) = e−θ(1 + yb(az − c))−1/y f

(
− az − c

ybz − d

)
.
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