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ODD-DIMENSIONAL SPHERES FROM SOLID TORI

S2N`1 :“
 

pz0, . . . , zN q P CN`1 | |z0|
2 ` ¨ ¨ ¨ ` |zN |

2 “ 1
(

.

PRESENTING S2N`1 AS A GLUING OF N ` 1 CLOSED SOLID TORI.

Define Vi :“
 

pz0, . . . , zN q P S2N`1 | |zi | “ maxt|z0|, . . . , |zN |u
(

.

HOMEOMORPHISM IMPLEMENTING Vi – Dˆ
i
ˆ S1 ˆ Dˆ

N´i

φi : Vi Ñ Dˆ
i
ˆ S1 ˆ Dˆ

N´i
, pz0, . . . , zN q ÞÑ p

z0

|zi |
, . . . ,

zN

|zi |
q,

φ´1
i : pd0, . . . ,di´1, s,di`1, . . . ,dN q

ÞÑ
1

b

1`
ř

j‰i |dj|2
pd0, . . . ,di´1, s,di`1, . . . ,dN q.
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S2N`1 AS A MULTI-PUSHOUT

OF CLOSED SOLID TORI

Assume that i ă j. S2N`1

DiS1DN´i

44

Vi
φioo

. �

==

Vj
φj //

0 P

aa

DjS1DN´j

jj

DiS1Dj´i´1S1DN´j
?�

OO

Vi X Vj
0 P

aa

. �

>>

φijoo
φji // DiS1Dj´i´1S1DN´j

� ?

OO

Note that φji ˝ φ
´1
ij “ idDiS1Dj´i´1S1DN´j .

S2N`1 is homeomorphic to
š

0ďiďN Dˆi ˆ S1 ˆ DˆN´i divided by
the identifications prescribed by the diagrams, (0 ď i ă j ď N ):

DiS1DN´i DiS1Dj´i´1S1DN´j � � //? _oo DjS1DN´j
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CpS2N`1q AS A MULTI-PULLBACK

THE MULTI-PULLBACK ALGEBRA Aπ OF A FINITE FAMILY

tπi
j : Ai ÝÑ Aij “ Ajiui,jPJ , i‰j of algebra morphisms is defined as

Aπ :“

#

paiqiPJ P
ź

iPJ

Ai

ˇ

ˇ

ˇ

ˇ

ˇ

πi
j paiq “ πj

ipajq, @ i, j P J , i ‰ j

+

.

CpS2N`1q is isomorphic as a C*-algebra to a subalgebra of
ś

0ďiďN CpDqbi b CpS1q b CpDqbN´i defined by the compatibility
conditions (0 ď i ă j ď N , b-sign suppressed)

CpDqiCpS1qCpDqN´i

πi
j

(( ((

CpDqjCpS1qCpDqN´j

π
j
i

vvvv
CpDqiCpS1qCpDqj´i´1CpS1qCpDqN´j
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S2N`1 AS A U p1q-PRINCIPAL BUNDLE

THE DIAGONAL ACTION OF U p1q ON S2N`1

S2N`1 ˆ U p1q Q ppz0, . . . , zN q, λq ÞÑ pz0λ, . . . , zNλq P S2N`1.

carries componentwise to the pushout presentation, e.g.,

Dˆi ˆ S1 ˆ DˆN´i ˆ S1 Q ppd0, . . . ,di´1, s,di`1, . . .dN q, λq

ÞÑ pd0λ, . . . ,di´1λ, sλ,di`1λ, . . .dNλq P Dˆi ˆ S1 ˆ DˆN´i .

Hence we can determine a multi-pushout structure of
PN pCq “ S2N`1{U p1q using the multi-pushout presentation
of S2N`1. However, to determine quotients by diagonal actions,
we need to gauge them to actions on the rightmost components.
This will yield an alternative multi-pushout presentation
of S2N`1.
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FROM THE DIAGONAL TO THE RIGHTMOST ACTION

Let G be a group, and let X be a G-space.

pX ˆGqR is X ˆG understood as a G-space with G-action
pX ˆGq ˆG Q ppx ,gq,hq ÞÑ px ,ghq P X ˆG.

pX ˆGqD is X ˆG understood as a G-space with G-action
pX ˆGq ˆG Q ppx ,gq,hq ÞÑ pxh,ghq P X ˆG.

G-SPACE ISOMORPHISMS

κ : pX ˆGqR Q px ,gq ÞÑ pxg,gq P pX ˆGqD,

κ´1 : pX ˆGqD Q px ,gq ÞÑ pxg´1,gq P pX ˆGqR.
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GAUGED MULTI-PUSHOUT PRESENTATION OF S2N`1

S2N`1 is homeomorphic to
š

0ďiďN DˆN ˆ S1 divided by the
identifications prescribed by the diagrams, 0 ď i ă j ď N ,

i j

DˆN ˆ S1 DˆN ˆ S1

Dˆj´1 ˆ S1 ˆ DˆN´j ˆ S1
� ?

OO

χij // Dˆi ˆ S1 ˆ DˆN´i´1 ˆ S1
� ?

OO
,

χij : pd1, . . . ,dj´1, t,dj`1, . . . ,dN , sq ÞÑ

pt´1d1, . . . , t´1di , t´1, t´1di`1, . . . , t´1dj´1, t´1dj`1, . . . , t´1dN , stq.

The diagrams are U p1q-equivariant with respect to actions on
the rightmost components, whence they yield a multi-pushout
presentation of S2N`1{U p1q.
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COMPLEX PROJECTIVE SPACES

PN pCq :“ pCN`1zt0uq{ „

Here pxiq0ďiďN „ pyiq0ďiďN iff @i : xi “ αyi , for some α P Czt0u.
We denote by rx0 : . . . : xN s the class of px0, . . . , xN q in PN pCq.

AFFINE OPEN COVERING OF PN pCq

Put Ui :“ trx0 : . . . : xN s P PN pCq | xi ‰ 0u.
Then Ui – CN , rx0 : . . . : xN s ÞÑ p

x0
xi
, . . . ,

xi´1
xi
,

xi`1
xi
, . . . , xN

xi
q.

AFFINE CLOSED COVERING OF PN pCq

Put Vi :“
 

rx0 : . . . : xN s P PN pCq | |xi | “ maxt|x0|, . . . , |xN |u
(

.
Then Vi – DˆN , where the isomorphism is given by:
ψi : Vi Q rx0 : . . . : xN s ÞÑ p

x0
xi
, . . . ,

xi´1
xi
,

xi`1
xi
, . . . , xN

xi
q P DˆN ,

ψ´1
i : pd1, . . . ,dN q ÞÑ rd1 : . . . : di : 1 : di`1 : . . . : dN s.
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COMPLEX PROJECTIVE SPACES

AS MULTI-PUSHOUTS OF MULTI-DISKS

Let 0 ď i ă j ď N . PN pCq

DˆN

44

Vi
ψioo

. �

==

Vj
ψj //

0 P

aa

DˆN

jj

Dˆj´1 ˆ S ˆ DˆN´j
?�

OO

Vi X Vj
0 P

aa

. �

>>

ψijoo
ψji // Dˆi ˆ S ˆ DˆN´i´1.

� ?

OO

Υij :“ ψji ˝ ψ
´1
ij : Dˆj´1 ˆ S ˆ DˆN´j ÝÑ Dˆi ˆ S ˆ DˆN´i´1

Υijpd1, . . . ,dj´1, s,dj`1, . . . ,dN q “

ps´1d1, . . . , s´1di , s´1, s´1di`1, . . . , s´1dj´1, s´1dj`1, . . . , s´1dN q.

Since Υij coincides with χij with the rightmost component
deleted, we infer that the quotient multi-pushout structure of
S2N`1{U p1q agrees with the above multi-pushout presentation.
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CpPNpCqq AS A MULTI-PULLBACK

The C*-algebra CpPN pCqq is isomorphic with the subalgebra of
śN

i“0 CpDqbN defined by the compatibility conditions:

i j

CpDqbN

����

CpDqbN

����
CpDqbj´1 b CpSq b CpDqbN´j CpDqbi b CpSq b CpDqbN´i´1.

Υ˚
ijoo
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TOEPLITZ ALGEBRAS

AND QUANTIZATIONS OF S2N`1 AND PNpCq

Take classical pushback diagrams and replace CpDq by T .

TOEPLITZ ALGEBRA IS THE UNIVERSAL C*-ALGEBRA GENERATED

by z and z˚ satisfying z˚z “ 1. We have a short exact sequence
of U p1q-equivariant C*-homomorphisms:

0 ÝÑ K ÝÑ T σ
ÝÑ CpS1q ÝÑ 0.

Here σ — symbol map , u — the unitary generator u of CpS1q,
σpzq “ u, K — the ideal of compact operators.
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COACTION OF CpU p1qq ON T

HOPF STRUCTURE ON CpU p1qq

The comultiplication: ∆puq “ u b u, the antipode: Spuq “ u´1,
the counit: εpuq “ 1.

THE COACTION OF CpU p1qq ON T
comes from the gauge action of U p1q on T that rescales z by the
elements of U p1q, i.e., z ÞÑ λz. Explicitly, we have:

ρ : T ÝÑ T b CpU p1qq – CpU p1q, T q,
ρpzq :“ z b u, ρpzqpλq “ λz.

We use the Heyneman-Sweedler notation ρptq “: tp0q b tp1q.
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QUANTUM SPHERE S2N`1
H

By definition, CpS2N`1
H q is the C*-subalgebra of

śN
i“0 T bi b CpS1q b T bN´i defined by the compatibility

conditions prescribed by the following diagrams
(0 ď i ă j ď N , b-supressed):

T iCpS1qT N´i

σj

**

T jCpS1qT N´j

σi

tt
T iCpS1qT j´i´1CpS1qT N´j

where σj :“ idj b σ b idn´j.

We equip all the algebras in the diagrams with the diagonal
actions of U p1q. Since all morphisms in the diagrams are
equivariant, we obtain the diagonal U p1q-action on CpS2N`1

H q.
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GAUGEING COACTIONS

Let H be a commutative Hopf algebra, and P be an H-comodule
algebra. Let

pP bHqD be the H-comodule algebra P bH with the
diagonal coaction p b h ÞÑ pp0q b hp1q b pp1qhp2q
pP bHqR be the H-comodule algebra P bH with the
coaction on the rightmost factor p b h ÞÑ p b hp1q b hp2q.

H-COMODULE ALGEBRA ISOMORPHISMS

g : pP bHqD Ñ pP bHqR, p b h ÞÑ pp0q b pp1qh,

g´1 : pP bHqR Ñ pP bHqD, p b h ÞÑ pp0q b Sppp1qqh.
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CpS2N`1
H q AS A GAUGED MULTI-PULLBACK

The following diagrams (0 ď i ă j ď N ) are U p1q-equivariant with
respect to U p1q-actions on the rightmost factors.

i T NCpS1q

σj´1
��

T NCpS1q j

σi
��

T j´1CpS1qT N´jCpS1q T iCpS1qT N´i´1CpS1q
Ψ̃ijoo

Ψ̃ij :
i´1
â

k“0

tk b v b
N
â

l“i`1
l‰j

tl b s

ÞÑ

j´1
â

k“0
k‰i

tkp0q b S

¨

˚

˝

N
ź

m“0
m‰i,j

tm p1q

˛

‹

‚

Spvqsp1q b
N
â

l“j`1

tl p0q b sp2q.

CpS2N`1
H q is isomorphic as a U p1q-C*-algebra to the

multi-pullback U p1q-C*-algebra of the above diagrams.
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QUANTUM COMPLEX PROJECTIVE SPACES

FROM TOEPLITZ CUBES

CpPN pT qq is the C*-subalgebra of
śN

i“0 T bN defined by the
compatibility conditions prescribed by the diagrams
(0 ď i ă j ď N ):

i T bN

σj
��

T bN j

σi`1
��

T bj´1 b CpS1q b T bN´j T bi b CpS1q b T bN´i´1Ψijoo

Ψij :
i´1
â

k“0

tk b h b
N´1
â

l“i`1

tl ÞÑ
j´1
â

k“0
k‰i

tkp0q b S

¨

˚

˝

`

N´1
ź

m“0
m‰i

tm p1q
˘

h

˛

‹

‚

b

N´1
â

l“j
tl p0q.

Clearly, CpPN pT qq – CpS2N`1
H qUp1q.
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GENERATORS OF CpS2N`1
H q

Let us define the following elements of CpS2N`1
H q:

ai :“

˜

i´1
â

l“0

1b

˜#

z if i ‰ k
u if i “ k

¸

b

n
â

m“i`1
1

¸n

k“0

It straightforward to check that, for all i, j P t0, . . . ,nu, they
satisfy:

aiaj “ ajai , aia˚j “ a˚j ai , when i ‰ j,

a˚i ai “ 1,
n
ź

i“0

p1´ aia˚i q “ 0.

One can show that ai ’s generate CpS2N`1
H q.

ZIELIŃSKI AT AL. (UNIVERSITY OF ŁÓDŹ) ODD-DIMENSIONAL FROM POISSON ... 17 / 22



PRINCIPAL COMODULE ALGEBRAS

Let H — a Hopf algebra with bijective antipode, P — a right
H-comodule algebra. Then P is a principal comodule algebra iff
there exists a strong connection on P.

A STRONG CONNECTION

A linear map ` : H Ñ P b P, `phq “: `phqx1y b `phqx2y s.t.

`p1Hq “ 1P b 1P

`phqx1y`phqx2y “ εphq,

`php1qq
x1y b `php1qq

x2y b hp2q “ `phqx1y b `phqx2yp0q b `phq
x2y
p1q,

Sphp1qq b `php2qq
x1y b `php2qq

x2y “ `phqx1yp1q b `phq
x1y
p0q b `phq

x2y.
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STRONG CONNECTION FORMULA

The dense subalgebra PUp1qpCpS
2N`1
H qq :“

À

mPZ L2N`1
m , where

L2N`1
m :“ tp P CpS2N`1

H q | ρppq “ p b umu,

is an OpU p1qq-comodule algebra.

A STRONG CONNECTION ON CpS2N`1
H q

` : OpU p1qq Ñ PUp1qpCpS
2N`1
H qq b

alg
PUp1qpCpS

2N`1
H qq

is defined by the following formulae, where m ą 0:

`p1q :“ 1b 1, `pumq :“ pa˚0q
m b am

0 ,

`ppu˚qmq :“
ÿ

0ďk1ď¨¨¨ďkmďn

˜

m
ź

i“1

aki

¸

bHk1

¨

˝

m
ź

j“1

a˚kj

˛

‚.

Here HN “ 1 , Hi “
śn

j“i`1p1´ aja˚j q, i P t0, . . . ,N ´ 1u.
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UNIVERSAL PRESENTATION OF CpS2N`1
H q

LEMMA

CpS2N`1
H q is isomorphic as a C*-algebra with the universal

C*-algebra generated by ai ’s satisfying the following identities:

aiaj “ ajai , aia˚j “ a˚j ai , when i ‰ j,

a˚i ai “ 1,
n
ź

i“0

p1´ aia˚i q “ 0.

Corollary 1. CpS2N`1
H q – T bN`1{KbN`1.

Corollary 2. K0pCpS2N`1
H qq “ Z “ K1pCpS2N`1

H qq

and rCpS2N`1
H qs is a generator of K0pCpS2N`1

H qq.
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MAIN RESULT

For any at least three dimensional odd quantum sphere, all
non-zero winding number noncommutative line bundles are not
stably trivial:

THEOREM

@m P Zzt0u,N P Nzt0u : rL2N`1
m s R ZrCpPN pT qqs Ď K0pCpPN pT qqq
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PROOF OUTLINE

1 By the preceding lemma, there exist U p1q-equivariant
surjections CpS2N`1

H q Ñ CpS2N´1
H q given by

ak ÞÑ bk when k ă N , aN ÞÑ bN´1.

Here a0, . . . ,aN are isometries generating CpS2N`1
H q and

b0, . . . ,bN´1 are isometries generating CpS2N´1
H q. Hence

there exists a U p1q-equivariant surjection

CpS2N`1
H q Ñ CpS3

Hq.

2 Combining this fact with the stable triviality criterion
[Hajac], we conclude that the stable freeness of L2N`1

m
implies the stable freeness of L3

m .
3 Finally, as by an index pairing computation [Hajac,

Matthes, Szymański] L3
m is not stably free, neither is L2N`1

m .
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