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.
ODD-DIMENSIONAL SPHERES FROM SOLID TORI

SNEL = {(zo, .. z) € OV | Jzof2 -+ |2 = 1. |

PRESENTING SZVN*+1 AS A GLUING OF N + 1 CLOSED SOLID TORI.

Define V; := {(zo,...,2zn) € S*N*1 | |z| = max{|z|, ..., |zn|}}.

4 N
HOMEOMORPHISM IMPLEMENTING V; =~ D*' x S! x D*"

W« N—i Zy ZN

61 Vi> D x S'x D" (20,... zn) — (2, ..., 2N,
|zi| |zi|
d);l : (dOa 'adi—lasa di-i-la" 'adN)
1
= 2(d07-"adi—1asvdi+l7'"adN)-
A 1+ 20 ]
v
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S2N+1 A A MULTI-PUSHOUT
OF CLOSED SOLID TORI

Assume that i < j. S2N+1

NG
\/%

Vin V;———— DiSIp—i-1g1pN=j

D‘SIDN—

lD]VJ

Dilej—i—lleN—j

Note that ¢;; o gb;l = idpigi pj-i-151 pN—j-

S?N+1 js homeomorphic to [ [y ;o y D*' x S' x D*N~! divided by
the identifications prescribed by the diagrams, (0 < i <j < N):

DileN—i )Dile]'—i—lleN—j( DjleN—j
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|
C(S?N*1) AS A MULTI-PULLBACK

THE MULTI-PULLBACK ALGEBRA A™ OF A FINITE FAMILY

{ﬂ'ji : Ai — Ay = Aji}ijed, izj of algebra morphisms is defined as

AT = { (ai)iGJ € HAL

ied

mi(ay) = mi(ay), Vijed, i ;ﬁj} .

C(S?N+1) is isomorphic as a C*-algebra to a subalgebra of
[Tocien C(D)®' ® C(S') @ C(D)®N~! defined by the compatibility
conditions (0 < i <j < N, ®-sign suppressed)

cDyc(sCDN cpyC(sHCDN I

t

C(D)ic(Shc(Dy—t—1c(Sh) (DN
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S2N+1 As A U(1)-PRINCIPAL BUNDLE

THE DIAGONAL ACTION OF U(1) oN S?N+1
SN+ U(1) 3 (2o, - - -, 2N), A) — (2o, ..., zyA) € S2NFL

carries componentwise to the pushout presentation, e.g.,

D*tx St x D*N=1t s1 5 ((do,...,di—1,S,dis1,...dn), \)
— (doA, . i1\, S\, dig 1\, ... dy)A) € DXt x St x DN

Hence we can determine a multi-pushout structure of

PN(C) = S?N+1/U(1) using the multi-pushout presentation

of S?N*+1, However, to determine quotients by diagonal actions,
we need to gauge them to actions on the rightmost components.

This will yield an alternative multi-pushout presentation
of SZN +1 .
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FROM THE DIAGONAL TO THE RIGHTMOST ACTION

Let G be a group, and let X be a G-space.

@ (X x G)Ris X x G understood as a G-space with G-action
X xG)xG>3((x,9),h)— (x,gh) e X x G.

( )
@ (X x G)P is X x G understood as a G-space with G-action
(X x G) x G>((x,g),h) — (xh,gh) e X x G.

G-SPACE ISOMORPHISMS

k(X xG)Rs(x,g) — (xg,9) € (X x G)P,
K1 (X xG)P3a(x,g) — (xg1,g) e (X xGR
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GAUGED MULTI-PUSHOUT PRESENTATION OF S2V+1

S2N+1 is homeomorphic to [ [,y D*N x S! divided by the
identifications prescribed by the diagrams, O < i <j < N,

i J
D*N x St D*N x St
D71 x S x DN «x S1 25 D*t x S x p*N=i=1 « Sl

Xy : (dla“'761_]'—17t7(1j+17"’7dN7s) =
(t 'y, ..t t e i, T ey, g, E Dy, D).
The diagrams are U(1)-equivariant with respect to actions on
the rightmost components, whence they yield a multi-pushout
presentation of S?VN+1/U(1).
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COMPLEX PROJECTIVE SPACES

PY(C) = (CV*1\{0})/ ~

Here (x;)o<i<n ~ (Yi)o<i<n iff Vi : x; = ay;, for some a € C\{0}.
We denote by [xp : ... : xy] the class of (xo,...,xy) in PN(C).

AFFINE OPEN COVERING OF PN(C

Put U;:= {[xp:...: xn] e PN(C) | x; # O}.
Xi_— Xi
Then U; = CV, [xo ... i x| = (2, 5t 58,0 3.
AFFINE CLOSED COVERING OF PN(C)
Put Vi := {[x0:...: xny] € PN(C) | |x;| = max{|xo|,...,|xn[}}.
Then V; ~ D*N, where the isomorphism is given by:
i Via[xo:... i xy]— (%,...,%,le,...,%)eDXN,
’(/Ji_l c(dyy..,dy)—[dysoooidii i digey .. dy).
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COMPLEX PROJECTIVE SPACES
AS MULTI-PUSHOUTS OF MULTI-DISKS

Let0<i<j<N N(C)

/\
\w

Y

—

D><N D><N

D=1 x § x D*N—J D>t x S x p*N-i-1

=

1 . - . .
Ti:=gjiody : DI x Sx DN — D x § x D*N-1
Ty(dl7" )dj—lasadj+l7"‘7dN):

-1 -1 -1 -1 -1 -1 -1
( d],...,S di,S , S di+1,...,S dj,l,s de,...,s dN)

Since T coincides with x; with the rightmost component
deleted, we infer that the quotient multi-pushout structure of
S2N+1/1(1) agrees with the above multi-pushout presentation.
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|
C(PN(C)) AS A MULTI-PULLBACK

The C*-algebra C(PY(C)) is isomorphic with the subalgebra of
l_[llV: o C(D)®N defined by the compatibility conditions:

i J

C(D)®N C(D)®N

C(D)¥ 1 © C(S) ® C(D)ENT </ C(D)®' @ C(S) ® C(D)EN-I-1.
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TOEPLITZ ALGEBRAS
AND QUANTIZATIONS OF S2N+1 AND PN (C)

Take classical pushback diagrams and replace C(D) by 7. ]

TOEPLITZ ALGEBRA IS THE UNIVERSAL C*-ALGEBRA GENERATED

by z and z* satisfying z*z = 1. We have a short exact sequence
of U(1)-equivariant C*-homomorphisms:

0—K-—T-%C(S)—o.

Here ¢ — symbol map , u — the unitary generator u of C(S?),
0(z) = u, K — the ideal of compact operators.
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COACTION OF C(U(1)) ON T

HOPF STRUCTURE ON C(U(1))

The comultiplication: A(u) = u® u, the antipode: S(u) = u™!,

the counit: e(u) = 1.

THE COACTION OF C(U(1)) ON T

comes from the gauge action of U(1) on 7 that rescales z by the
elements of U(1), i.e., z — A\z. Explicitly, we have:

p: T —TR C(U(l)) ~ C(U(l),T),
p(z):=z®u, p(z)(\) =z

We use the Heyneman-Sweedler notation p(t) =: to) ® t(1)-
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QUANTUM SPHERE S3''!
By definition, C(SZV*1) is the C*-subalgebra of
[TV, T® ® C(S') ® T®N~! defined by the compatibility

conditions prescribed by the following diagrams
(0 <i<j< N, ®supressed):

Tic(SH) TN TIC(SH)yTN

TicshH)T-te(sh) T
where 0 := id ® o @ id" .
We equip all the algebras in the diagrams with the diagonal

actions of U(1). Since all morphisms in the diagrams are
equivariant, we obtain the diagonal U(1)-action on C(SZV*1).
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.
GAUGEING COACTIONS

Let H be a commutative Hopf algebra, and P be an H-comodule
algebra. Let

e (P® H)P be the H-comodule algebra P ® H with the
diagonal coaction p® h — p(g) ® h(1) ® p1)h2)

e (P® H)R be the H-comodule algebra P ® H with the
coaction on the rightmost factor p@ h — p® h(1) ® hg).

H-COMODULE ALGEBRA ISOMORPHISMS

g: (POH)? - (P®H)X, p®h— po)®pn)h,
g ' (PQH)® - (PQH)P, p®hw po®S(pm))h.
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C(S#N*1) As A GAUGED MULTI-PULLBACK

The following diagrams (0 < i <j < N) are U(1)-equivariant with

respect to U(1)-actions on the rightmost factors.

i TNC(Sh TNC(SY)

o ~ |

T-1e(SHTNIC(S) < Tio(sh) TN-1e(sh)

i—1 N
\I/y:®tk®v®®tl®s
k=0 l=i+1

1)

Jj-1 N N
- Rt ®S | [ tma) |S@s1® & tyoy®@s
k=0 m=0

I=j+1
e#i msi,j J

C(SZN*1) is isomorphic as a U(1)-C*-algebra to the
multi-pullback U(1)-C*-algebra of the above diagrams.
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QUANTUM COMPLEX PROJECTIVE SPACES
FROM TOEPLITZ CUBES
C(PN(T)) is the C*-subalgebra of [\, 7®" defined by the

compatibility conditions prescribed by the diagrams
O<i<j<N):

i T®N T®N j

O'J‘\L \L0'1+1

TE-1@ C(S!) @ TENT <L 79 @ C(S) @ TON-i-!

N—1 j-1 N-1 N-1
@tk®h® X tl'_’®tk(0)®s (H tm)) R [® &) ti(0)-
k=0 l=i+1 : m=0 =i

k#l m#i
Clearly, C(PN(T)) = C(SZN*+1H)v(), |
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GENERATORS OF C(SZ¥*1)

Let us define the following elements of C(SZ¥!):

=1 z ifi#k n "
a; := (@ 1® ({ e ® @ 1
1=0 u ifi=k m=i+1 / _o

It straightforward to check that, for all i,j € {O,..., n}, they
satisfy:

a;a; = a;a;, aiaj" = aj*ai, when i # j,
n
* *
afa; =1, H(l—aiai)zo.
i=0

One can show that a;’s generate C(SZ¥"1).
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PRINCIPAL COMODULE ALGEBRAS

Let H — a Hopf algebra with bijective antipode, P — a right
H-comodule algebra. Then P is a principal comodule algebra iff
there exists a strong connection on P.

A STRONG CONNECTION
Alinearmap /: H - P®P, ((h)=:£(h)V@(h)P s.t.

E(lH) =1p®1p
R P UR)P = e(h),
U(h)) Y @ L(h(1))® ® hg) = ()Y @ LR P o) ® L(R)P y),
S(h(1)) ® £(hi) Y @ t(hg)® = ()Y (1) ® L(h) Y ) ® £(h)®.

v
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.
STRONG CONNECTION FORMULA

The dense subalgebra Py 1) (C(Si' 1)) := Dppey L2V, where
L™= {pe C(SE) [ p(p) = p@ U™},

is an O(U(1))-comodule algebra.

A STRONG CONNECTION ON C(SZV+1)
£:O(U(1)) = Pyay(C(SH) a%PU(l)(C(S%{NH))
is defined by the following formulae, where m > O:

(D):=101, (u™) = (@) ea,

E((u*)m) = Z (H aki> ®Hk1 ( a,”;) .

0<k; <---<km<n \i=1 j=1

Here Hy =1, HL—HJ it1(1 —aa’), ie{0,....N —1}.
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R
UNIVERSAL PRESENTATION OF C(SZV*1)

LEMMA

C(S%_IN *1) is isomorphic as a C*-algebra with the universal
C*-algebra generated by a;’s satisfying the following identities:

a;q; = a;a, aiog" = og"ai, when i # j,
n

a‘a; =1, H(l —aiq;) = 0.

i=0 ,
Corollary 1. C(S""1) = TENH1/KKENTL, |
Corollary 2. Ko(C(Si'™)) = Z = Ki (C(S"*1)
and [C(SZNT1)] is a generator of Ko(C(SZV1)).
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MAIN RESULT

For any at least three dimensional odd quantum sphere, all
non-zero winding number noncommutative line bundles are not

stably trivial:

THEOREM

vme Z\{0}, N € N\{0} : [L3¥"'] ¢ Z[C(PY(T))] = Ko(C(PV(T)))

ZIELINSKI AT AL. (UNIVERSITY OF LODZ) ODD-DIMENSIONAL FROM POISSON ... 21/ 22




.
PROOF OUTLINE

@ By the preceding lemma, there exist U(1)-equivariant
surjections C(SHV*1) — C(S2V~1) given by

a;. — b when k<N, ay+— by_1.

Here ay, ..., ay are isometries generating C(SZ"'!) and
bo,...,by_1 are isometries generating C(SZ¥~'). Hence

there exists a U(1)-equivariant surjection
C(SH' ) — C(Sh).

© Combining this fact with the stable triviality criterion
[Hajac], we conclude that the stable freeness of L2N*!
implies the stable freeness of L3,.

© Finally, as by an index pairing computation [Hajac,
Matthes, Szymanski] L3, is not stably free, neither is L2N+1,

ZIELINSKI AT AL. (UNIVERSITY OF LODZ) ODD-DIMENSIONAL FROM POISSON ... 22 /22



