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Aim:

Study 'noncommuting coordinates’ of the x-Minkowski spacetime by operator methods

(asin Q.M.)

irreducible representations

r-analogue of Weyl Operators, Heisenberg Group and Weyl calculus

covariance

uncertainty relations



CCR

In Q.M. momentum and position obey
[P, Q] = —il.

A rep. can't be bounded; eg. Schrédinger rep on L2(R)

Py(s) = —ig'(s), Qu(s) = sy(s),
which is also (Von Neumann: unique) regular irrep., ie. (stronger) Weyl relations hold

elaPeibl — giafibQegial o 3 c R
The Weyl operators:

W(a, B) = eiaP+iBQ — iaB/2iaP ,ifQ

form a proj rep of abelian group R?

W (az, 1) o W(an, B2) = eX1822200/2 W (o) + ap, B1 + B2)

or a unitary rep of the Heisenberg group H = R3, with

(a1, B1,c1) (o, B2,c0) = (a1 + ao, B1+062,c1 + o + (a1 82—0pP1)/2).
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Weyl quantisation

—_—

W (a, 3) are the quantised “plane waves”. Weyl quantisation of f € L1(R?) is

F(P.Q) = (2m)! [ da dB F(a, )W (a, ),

where

Fla,8) = (2m) 7" [ dp dq f(p,q)e " PTID.
Twisted star product [Groenewold, Moyal'40, Baker'60]

F(P,Q)g(P,Q) = (fx9)(P,Q)

best studied as twisted convolution in Fourier space

—_—

(Fx9)(,8) = [ do'aBf(a’, 8)5(a— o, f — B)e! @7 =P/

(by relating to the representation of the group algebra of the Heisenberg group).

If the operator f( P, Q) is trace class (eg. for Schwarz f),

Trf(P,Q) = [ dpdq f(p,q).



The x-Minkowski spacetime > 90’s [Lukierski et.al., Majid-Ruegg, ..]

[¢°, ¢] = [¢7,d" =0, 4 k=1,...4; (),
studied as algebra. We fix Kk = 1 in absolute units. First d 4+ 1 = 2,
T, X] =1iX. (1)

A representation of (1) is a pair of seladjoint operators (T, X') (on H) satisfying (1).
It is regular if also (Weyl)

eiozTeiﬁX — eiﬁe_o‘XeiozT a, B € R.
PROP. [Unterberger1984, Bertrand1997, Agostini2007, GG-BV2007] The regular irreps are
(79, X9 = (¢,0), t e R; trivial (onedim.),

(TT, XN =(Pe 9, (T7,X)=(P,—e?): nontrivial,

in terms of the Schréd. ops P, @ on L2(R) (but this is not QM!). o
Notation for some reducible reps:

(10, x0) = /(T0>t,XO’t)dt — (Q,0) ~ (P,0),

(T XY = (T, X )@ (T° X e (TT,XT); universal.



Proof. Trivial by Schur’'s lemma. Nontrivial (7', X') by reducing to CCR; from (2)
el xetol = g=ax (2)
Consequently, for f a (Borel) function of the spectrum of X,
fletxem oty = e f(X)e ! = f(e"“XR).

Now O ¢ spec(X) and we may take f(z) = e~ #0109 2] obtaining

el gif(=10g|X]) — giaBif(—l0g|X]) iaT"
namely the Weyl relations for the CCR. By von Neumann uniqueness we may assume

T=P Q= —logl|X]|

Let C' = sign(X), which commutes strongly with Q. We rewrite again (2) in terms of
T=P X=Ce ¥

eloP Ce=Qe—ial — o —Q
—taP ,—Q

and, using e~ Qe = ¢—a¢

and strict positivity of e @,

eiozPC — CeiozP
namely C' strongly commutes with P, too. By the generalised Schur's lemma, C'is a
multiple of the identity, C' = &1, and X = +e @ []

As a matter of fact they could be written 60 years ago, by linking to certain group...
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Given a rep. (T, X), the Weyl operators
W (a, B) = T
must satisfy
W(a,0) =", W(0,8) = &%,
W(a,B)™t = W(a,B)",

WA, \B)WNa,N'3) = WA+ \a, A+ X)3).

Solution:

eOé

: : : . 1
ezozT—I—zBX — ezozTezB X.

(6

Explicitly, with T = P, X4+ = +e—@,

1—e ¢

emTi—HﬁXig(S) _ eiaPiiﬁe_Qg(S) _ FIBE e—85(8_|_a)’ £ e L2<R).

With Ty = Q, Xg = O,
ei&TO‘I'ﬁXOg(S) — eioz8£(8).



The Weyl operators are closed under composition (not up to a constant as for CCR) and

form a (strongly continuous) unitary rep 7 of H = R2, with the group law:

(a1,B1)(az, B2) = (a1 + az, w(ai1+ az, a1)e™2p1 + w(ay+a, a2)b2),
where

oz(eo‘/ —1)
o/ (e —1)

w(a,d') =

Rem: w(0,0) =1, w(a,a) >0, w(ag,ax)w(ag,az) = w(ay,az).

Conversly, m ~ W («, (3) and both link to regular reps of the k-Minkowski relations.
The "k-Heisenberg” group H is isomorphic to Ay(1), the connected affine group of R,

known also as “ax + b" group; its irreps were classified by Gelfand-Naimark in 1947...

Rem: our W («, 3) do not depend on ordering of operators (e.g. “time-first”, [Agostini|)
and on BCH formula (cf. [Agostini et al, Gracia-Bondia et al, Kosinski et al]).



Quantisation a la Weyl

W (o, B) are the quantised “plane waves”. Following Weyl we define the quantisation

(T.X) = [ da dg F(a, 3)e'THY),

where
1

(27)2

and (7", X)) is the universal representation of the commutation relations.

Fla, B) = [ dt dw £t @)= 1A,

Notation for the components:

F(T,X)=f(T", X)) e f(T° X% @ f(TT,XT).

Two “good” (and indispensable) features:
- (T, X) = f(T, X)T, so real f goes to selfadjoint operator,
- if f depends only on ¢, f(T, X) = f(T') (the ordinary functional calculus),

- similarly for x.



Twisted Products

FI,X) g(T, X) = (f»g)(T, X)

again provides x-product, given by some explicit integral; hard to study directly.

In Fourier space looks like a deformed convolution
(f*xg)(e, B) =

/ do'df w(a—o',0)f(o/,B)g(a—o/,w(a—d/,a)g—w(a—d/,a)e 3.

but as for CCR, the best is to relate it to reps of the group algebra of H.

However our H is not unimodular; need to use the left Haar measure and modular function

e® — 1

du(a, B) =

da dB, A(a,B) = e“.
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Fortunately, we can cure this:

«

w: LYR?) — LY(H), (up)(a,B) = —— 7P B),

604

is an isometric isomorphism to the group algebra L1 (H), with the convolution product

and involution (involving du and A).

Given a unitary representation VW of the group H,

n(p) i= [ dula, B)p(a, W (0, B), o € LX(HD),

defines a *-representation of the group algebra L1 (H), which fulfills

f(I,X) =n(uf) but #w(f).
This makes x« O.K.:

(f *g)(T, X) = n(uf)m(ug).
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REM. If f(-,0) = ¢g(-,0), then f(Tp,0) = g(Tp,0) (functional calculus).

Now fix (77, XT). R := X looks like the quantisation of LE|R+.
If f(,iU) :g(°,$), (S (O,oo),then f(TaR) :g(TaR)

Moreover, (1T, R) 'appears’ as a function of P, ().
PROP.

(v, x) = /da gtat F1f (a, e_:'j(eo‘/2 — e_a/Q)/oz>
fulfils
(v)(P,Q) = f(T, R),

where lhs. is the CCR Weyl quantisation.
Pf. Check that for g = ~f

e S —e”

u—l—s).

U
) = Hy(s,u) ;= F1g <u — 85—

K¢(s,u) 1= F1f (u— S,

uU— s
CORR. If f € LY(R?) N L1(R?2) and the operator (T, R) is trace class
1
Trf(T,R) = / dt dr —f(t,r).
T

{r>0}
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We expect the classical limit (large k) of each 4= component is same as the small A limit
of CCR up to restrictions to open halflines, which are separated from each other and the
origin.

This is consistent with the spectrum of X being continuous R\{O} and pure point {0}
for all k, which suggests the classical limit of d = 2 k-Mikowski is R x R, where

R = (—00,0) L {0} (0, c0).

What is the C*-algebra A of the (regular) k-Minkowski relations, ie. C*(AT (1)) ?
(Recall C*(CCR)= IC (compacts)).

PROP. [D.P.2010, preprint]

A=K®&Cxo(R) ® K.

But there is a flaw in the prove that norm closure of image of 7= is K, and actually
7= (f) € K for f € LY(H) iff [ f(a,b)db = 0 [Khalil1974].
(In fact we can easily see that 7T:|:(f) € HS). So, now | try again:
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PROP. (Almost as above) TFIES:

0—-KpK—>A— Cxo(R) — 0.
"Pf". In [Ziep1983] we find

0—-K— AT - c(sh — 0.
The presence of C'(S1) = Cso(R)T is clear due to the unitalization AT of A but K

arises from a curious "IC @ K = K" in his proof (which also invalidates the proof based

on [BrownDouglasFillmore| that the extension is nontrivial).

[Zep1975, Zep1983] studies C*(A(1)) (with a € R\ 0), which has two R-lines of trivial

t 4

regular irreps %> and just one nontrivial 7, and gets

K— AT = C(00) =C('8") = Cao(RUR)T .

For that he shows that 7 is faithful and that TFAE:

i) Khalil condition on f,

i) f €N+ ker(ntt) = Dt + ker(wb®) = ker(79) and
i) m(f) € K.
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Now d + 1 dimension: T, X; selfadjoint &

[X]7 Xk] = 0,
regular form:
eiaTeiBX — eie_o‘,ﬂXeiaT7 acR, B¢ Rd,
0%, P X =0, 8,8 eRr?,

where 8 = (8;), X = (Xj), BX = (Zj [5’ij)-

PROP. Irreps up to unitary equivalence:

trivial:  Vt € R, 7(0t) = t, x 01 =,

nontrivial: V ¢ = (c;) € gd-1 - Rrd 7€) = p, X](C) = cje_Q.
Note SO = {£1}.

Notation: We need as before the direct integral 7(0) =P, X (0) = 0 and the universal
rep TV =1Q P, X;‘ = C’;-’“Ru = (¢;-) ® e~ @, on the Hilbert space

H' = L2(S4"T U {0},du(c)) ® L2(R),

where du(c) is the ususal measure on S(4=1) 4 §,.
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Proof. With R? = (X{ 4 ...+ X7)** let E = X (0 50)(R). By (2)

e?:()iTEe—’iOéT — X(O,OO)(e—OéR) — E,

so that &£ commutes strongly both with R and 1. Hence, by the generalised Schur's
lemma, either £ = [ or E = 0. If E = 0O, the representation is trivial: T is a real
number and X = C' = 0. Otherwise R is invertible, and the bounded operators

Cr.=X,R % k=1,...,4d,
strongly commute pairwise and with R. By (2) and the properties of functional calculus,
eiaTCke—z'ozT — eiaTXke—iozTeiaTR—le—iaT — (e_an) (e—aR)—l = O,

so that C, strongly commutes with 7", too. Hence by Schur's lemma C}. = cj.I for some
ct, and X = ci.R.

Since the representation is not trivial, there is some c¢; 7 O: thus strong relation written
for 3 = Be; is likeind + 1 = 2. It follows that T"' = P, R = e~ @, by positivity of
R and proposition ind 4+ 1 = 2.

With the unitary operator U = e*£’1091¢| can rescale Ue=QU* = (1/|c|)e~¥, so can
assume |c| = 1, i.e. c € S91, (]
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Given rep. (T, X') the Weyl op. are

Ji(aT+BX) _ ioT i“=LBX (0. 8) € R x R%.

Y

In particular,

R u . _ . e _
ez(ozT +8X") ezaP—I—(,Bc-)e Q — otaP i (Be) e @

The quantisation of the function f € LY(R4+1) n L1(RI+1) is the operator

f(T% X%) =

g0 T T %0

We have also (unbounded) trace functional

Te(f) =

I_(d,/2) /dt dx|x|™ df(t x),

whenever the rhs. exists.
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Covariance | (automorphisms):

time translations, T +— T =+ a, are implemented in (7(¢), X(€)) and (T(0), x(0)) py
'@ (but not in (T(0:1), x(0.1)Y),

space rotations, r € O(R?), are trivial in (T(0:1) X(0:0)) and are implemented in
(T%, X*) by pull back of 71 (but not in (T¢©), X(C))),

space dilations, e® € R, are trivial in (T(0:4) X (0:t)) and are implemented in (T°(¢), x(€))
by "’ But in (T(C), X(C)) the commuting (!) time translations X space dilations are
implemented only projectively, and an amplification T'= P ® I, X; = cje_Q Qe @

on L2(R) ® L2(R), is needed to implement them not projectively - by e?@ @ eih .

Accordingly in (T%, X%).
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Covariance Il. Of course (due to its origins) there is a deformed Poincare covariance
under the deformed (twisted) quantum Poincare algebra .

It is interesting to implemented it (in the reps above 7) upcoming [A. Sitarz, B. Durhuus]...

Covariance Ill. Cf. [P] for a relation between two other well known models

extension
[Moyall] == [DFR]
reduction
and for the result that the deformed covariance (deformed Lorentz action, same prod-
uct) is just usual (form) covariance (usual Lorentz action, Lorentz transformed product)
[P2009] (the former is also equivalent to the extended model, with the covariance broken

by dismissing lot of admissible localisation states.)
This works also here. We introduced in [DGP2010] the Lorentz covariant (extension of

the) x-Minkowski spacetime (d + 1 = 4) where k is vieved as time-component of a

4-vector of (central) generators.
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Recently we constructed a (minimal) Poincare covariantization of of kappa Minkowski:

generators XH VH AF 1, =0,1,...d & (at most) quadratic relations

[XH, XV] = i(VA(X = A)Y = VV(X = A)H),
[XH, VY] = [XF, A"] = O,
[AF, V7] = [AF, A¥] = [VF, VP] =0,
More precisely, we construct selfadjoint operators fulfilling (1a-d) strongly (later)

together with a unitary representation U of the full Poincaré group & such that

U(A,a) 1 XPU(A, a) = A* XY + atl,
U(A,a) YVHU(A, ) = AH VY,
U(A,a) YAPU (A, a) = AP AY + ot

How?
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The Covariant Coordinates

Now, for simplicity, specify d + 1 = 4 and use relativistic notation and conventions.
Consider first an irreducible representation X#, VH AH of (4).

By the Schur’'s lemma, V# = vH#I, A# = a*I for some real 4-vectors v, a, so that
(X, XY] = i(vM (XY —a”]) — oY (XH — at'])) (6)
(kind of a combination of a“canonical” a “Lie type" contribution) and

W
VU = 1.

The special case a = 0, v = V(0): where

U(O) — (17 07 O) O)

is just the usual k-Minkowski relations:

(X (o) X{o)) = X{oy Koy X{oy) =0 (7)
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For every (A,a) € &, the operators
XH = Ay XYy + all

fulfill (6) with v = A’U(O).
We can so obtain an irrep for any pair (v, a) € H x R*, where H = Zv (@) is the orbit
of v(y under the full Lorentz group .2" = O(1,3); it is a two sheeted hyperboloid.

Taking a direct integral over the Haar measure d(A,a) of &2 of all the irreps above,
it is easy (see e.g. [DFR], [DGP]) to construct selfadjoint operators X* VH AH and a
unitary representation U of &2, fulfilling (4-5).

The result of the construction is equivalent to the following covariant representation.

Consider the Hilbert space of ﬁ(o)—valued functions 1 (A, a), with scalar product

(¥, 0) = [ d(A,a)(W(4,0), 4/ (A, 0)) o)
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Then set

(XHp) (A, a) = (AX gy + al)* (A, a), (8a)
(VHp) (A, a) = (Avgy)H (A, a), (8b)
AP (A, a) = a (A, a), (8¢c)
U(M,b)p(A,a) = p((M,b)"1(4A,a)). (8d)

Note that U is a strongly continuous representation of &2 and we may define momentum

operators by setting €@ Fu = U(I, a): they fulfil the commutation relations
[PH, PY] =0, [PH,VY]=0, (9a)
[P, AY] = [PF, XV] = igh"]. (9b)

Above, the first of (9a) means abelian translations; and others express the effect of in-
finitesimal translations. Analogously one can define the generators of infinitesimal Lorentz

transformations, and write down all the remaining commutation relations.
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Weyl Symbols
will be functions f = f(v,a; z), where z € R* (v,a) € H x R?

(surviving the classical limit as extra dimensions).

Again the Weyl ops etk X govern the quantisation

vy 1 - DN ik X
FV, A; X) = (QW)Q/dk F(V, A: k)R X
where
£ 1 —ikx
f(V,A k) = (27)2 /daz f(V,A;x)e k.

and the replacement of v#, a” by the operators V'#, A* respectively is in the usual sense
of functions of pairwise commuting operators. This intertwines operator adjunction and

pointwise conjugation:
FOV, A, X) = f(V, A X)),

One may obtain the symbolic calculus with the star product

(fx9)(V,A; X) = f(V, A; X)g(V, A} X).
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To find the Weyl ops and their composition explicitly (the latter suffices) consider the
irreducible case when V= vI, A = al, ie. X = AX(O) ~+ al, where the Lorentz

matrix s.t. Av(0) = v is
e ‘ U
A = e ‘ 1 i .
1420

(Here regard @, h, k, O as row 3-vectors; and #?, ht, kt, 0! as column vectors).

Write now the composition of Weyl operators (p.13) for the original £ Mink (7)

Zh“X(O) ZkMX(O) Z¢M(h k)X(O) (10)

for any h, k € R*, where (cf. d + 1 = 2)
#O(h, k) = h° + K0, (11a)
o(h, k) = —w(h® + k9, e on — w (KO 4+ KO, KO)k. (11b)
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By relativistic invariance of scalar product,
kX eikaei(A_lk)X(o)j
hence by (7,10) we have
X kX _ i(h+k)a €i¢(A_1h,A_1k)X(O)
which can be rearranged again in terms of X as

pthX ik X ei(h—l—k:—go(h,k;v))a ez'go(h,k;v)X,

where

p(h, k;v) = Ap(A™1h, A71E)).
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Substituting the expression for ¢, we compute

O (h, k:v) = w((h+k)v, hv)e™ (WOh—hO0D) 5! +w((h+k)v, kv) (vPk—kO) T
+(h+k)v P,

G(h, k:v) = w((h+k)v, hv)e™ (hv 5—h)+w((h+k)v, kv) (kv 5—kv) — (h—+k)v .

(as expected, ¢ does not depend on the choice of A, provided that Av(o) = v ).

Finally we obtain the regular (Weyl) form of our full model relations

where vy, is replaced by the (commuting) operators V}, in ¢.
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Uncertainty Relations. First d + 1 = 2.

1 1
AL ALX) > Zo(IT, X)) = Lw(X])
for a state w with w(X') small do not exclude small product of uncertainties.
E.g. for any w pure and supported at O, T, X have null uncertainty (cheap).
Other states localised close to 07 Let £, > O.
There always is §* € Z(P) derivable and with compact support such that Ag(P) < e.
Same for the state shifted by A, £5(s) = (e~ MP¢e)(s) = £5(s — ).
But &5 € .@(e_Q) and due to the compactness of the support,
lim Agi(e_Q) = 0.

A—00
In particular, there is a Ay such that A§§\ (e—®) < n. We found a state not belonging
"

to the trivial component, and such that

A(T) <e, A(R)<n.

Message: no limit on the localisation precision of all the spacetime coordinates, at least in
the region close to the space origin (asymptotically classical).
This contrasts the standard motivations for spacetime quantisation, namely to prevent the

formation of closed horizons as an effect of localisation alone (see [DFR]).
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Noncommutativity at large
For a state localised at distance w(R) = L from the origin, rewrite the uncertainty
relations (with the Planck mass x ~ 103° /m)

L <2kcATAR.
The usual scale of strong interaction physics is AR ~ ¢AT < 107 19m, so
L < 10 3m,

which is the peak nominal beam size at LHC...
If LHC was placed somewhere else on the Earth (diameter L ~ 107m), it would be
insensitive to this, provided & should be > 1042 /m .

The usual atomic physics scales ¢ = 1 A = 10~ 10 (diameter of the classical electron
orbit in the Hydrogen atom, and 7 = 1377/ (the period of the orbit) need

L < kel ~ 101 "m ~ 10 light—years.

But a-Centauri is already five light—years far.
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Conclusions
On the mathematical side, we found an explicit quantisation prescription of k-Minkowski,
which realises precisely the underlying relations, and more...

Instead regarding the physical interpretation, we find some problematic features:

- The main motivation for spacetime quantisation, namely to prevent arbitrarily precise

localisation (which could lead to horizon formation) is lost for this model.
- On the contrary, the noncommutativity grows dangerously at large distances.

- No Lorentz and translation covariance: hovewer it is restored in extended model, in which
two dimensionful parameters K, ¢ coexist;

ie. a universal length may well exist in a Poincaré covariant setting (and so in DSR).

- Despite these problems, no obstacles to start a QFT, i.e. the 2nd (or '3rd’) quantisation...
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