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Abstract: We prove that each action of a compact matrix quantum group on a
compact quantum space can be decomposed into irreducible representations of the
group. We give the formula for the corresponding multiplicities in the case of the
quotient quantum spaces. We describe the subgroups and the quotient spaces of
quantum 577(2) and SO(3) groups.

0. Introduction

Quantum groups have been already applied in various areas of physics, like confor-
mal field theory and exactly solvable models in statistical mechanics. It is especially
interesting that they could possibly describe symmetries of (quantum) space-time in
a future quantum gravity. In the same time, the nature and properties of quantum
groups are still under investigation. The local description of quantum groups is given
in terms of quantum universal enveloping algebras (cf. e.g. [Dr, J]). In the global
description we investigate the functions on quantum groups (cf. e.g. [W2, RTF]). A
deep insight in that global structure is given by the topological approach developed
in the series of papers of S.L. Woronowicz [W1-W6]. We use that approach in the
present paper.

The classical 517(2) and SO(3) groups play an important role in description
of spherically symmetric, stationary problems in physics. Also their subgroups are
important in description of various physical systems. The description of quantum
SU(2) groups was given in [W2]. Their quantum homogeneous spaces, quantum
2-spheres, were investigated in [PI, P2, P5] (cf. also [VS2]). However, the general
theory of quantum subgroups and quantum homogeneous spaces was only touched
there. In the present paper we want to treat that subject in more detail. We also
provide more examples.

In Sect. 1 we investigate the general theory of the (right) actions of (compact
matrix) quantum groups on (compact) quantum spaces. In Sect. 2 and 3 the theory
is illustrated on the example of quantum SU(2) and SO(3) groups. We classify
their subgroups and describe the corresponding quotient spaces. Provided examples
of finite quantum groups can have an application in the theory of pseudogroups of
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Ocneanu. In the course of the paper we substantiate some statements made in [PI]
and [P5]. The results of the paper were partially contained in [P3] and partially
announced in [P4].

Throughout the paper we use the terminology and results of [W2, W3]. All
considered C*-algebras and C*-homomorphisms are unital. The symbol ~ denotes
a C*-isomorphism. If M is a subset of a C*-algebra A then < M > denotes the
closure of span M. Let us recall (cf. [Wl]) that (compact) quantum spaces X
are abstract objects which are in bijective correspondence with C*-algebras C(X).
In particular, if X is a usual (compact Hausdorff) space then C(X) has the usual
meaning of C*-algebra of continuous functions on X. Each commutative C*-algebra
can be obtained in that way (up to a C*-isomorphism).

We use the Pauli matrices

0 1
1 0

σv =
0 -i
1 0

1 0
0 -1

We sum over repeated indices which are not taken in brackets (Einstein's conven-
tion). For x G R ,E(x) denotes the integer part of λ".

1. Symmetries of Quantum Spaces

In this section we define the notion of subgroup of (compact matrix) quantum
group. We also provide the basic notions concerning the actions of quantum groups
on (compact) quantum spaces. We prove that each such action can be decomposed
into irreducible representations of the quantum group. We give the formula for the
corresponding multiplicities in the case of quotient quantum spaces.

Let us recall

Definition 1.1 ([W3, W7]). G = ( A , u ) is called a (compact matrix) quantum group
if A φ{0} is a C*-algebra, u — (ui/ )fί ^l is an N x N matrix with entries belonging

to A and
1. A is the smallest C*-algebra containing all matrix elements of u.
2. There exists a C*-algebra homomorphism Φ : A —> A ®A such that

Φ(w*/)=Σ>,<g>w,/ M = l , 2 , . . . , # . (1)
r=l

3. u and ιιτ — (t/// c)f / = 1 are invertible.

In particular, each compact group of matrices G C GL(N,C) is a quantum group
[W3]. Then A = C(G) and u corresponds to the fundamental representation of
G : ιijj(g) = Qij £ C, g £ G,ij = 1 , . . . , 7 V . Each quantum group with commutative
A is of that kind (up to a C*-isomorphism). We use the notation A — C(G) for any
quantum group. We say [W3] that vr is a (smooth nondegenerate) representation of
G if i t ' is an invertible M x M matrix with entries in A and

N

Φ(mι) - Σ>W,r Θ w,v, /c, / - 1,2,.. .,M ,
r=l

for some M E N . We denote M = dimit '. It is easy to see (cf. [W3]) that w7 is
also invertible and therefore the iv-image of G is a quantum group:
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Proposition 1.2. Let w be a representation of a quantum group, M - dimiv. Then

is also a quantum group.

Note. Let C*({w// : ij = 1,...,M}) =A Then quantum groups (^,w) and C/4,w)
have the same Φ and can be identified.

The unital * -algebra generated by all matrix elements of u is denoted by ##.
Tensor product (φ), direct sum (Θ), equivalence (~) and irreducibility of repre-
sentations of G are defined as for usual matrices (cf. [W3]). In particular, repre-
sentations w, w' are equivalent if dimw = dimv/ and there exists S G GL(dimw, C)
such that w = Sw'S~l. Each representation is equivalent to a representation which
is unitary (as matrix). Let {uτ}τ^ be the set of all nonequivalent irreducible unitary

representations of G. We denote by UQ the trivial representation (0 G G, dimι/° = 1
and u°n = I). Set dτ = άimuτ. Due to [W3, Prop. 4.7], the matrix elements of all

uτ,τ G G give a linear basis of j/. The Haar measure h is the state on C(G) which

is equal to 1 on I and 0 on other matrix elements of ι/τ, τ G G. It is invariant, i.e.
(id 0 h)Φ(x) = (A 0 id)Φ(x) = h(x)I,x G C(G) [W3, Th. 4.2]. According to (5.10)
and (5.15) of [W3], there exist matrices Fα, α G G, such that

We set x*m — (7>F(α)) u^m *(F(χ))ιcs,p*m(x) = h(xy

smx) for x G C(G),α G G, s,m =

l , . . . , d χ . Then p*OT are continuous linear functionals on C(G) and p*m(w'n) =

δχβδsιδmn, β G G, l,n — 1,2,.. .,dβ. Hence,

(the action of both sides on all uτ

ab is the same). We put P*m = (id 0 p*m)ΦG,p
y =

py

ss G C(GX (Einstein's convention!). Then

PlmC(G) C spanK : ' = 1,2,...,^} , (3)

(cf. [W3, eq. 5.37]). In particular ρ° = h. The basic notion of this section is given
by

Definition 1.3. We say that a quantum group H = (B,v) is a (compact) sub-
group of a quantum group G = (A,u) if ά\mv = άimu and there exists a C*-
homomorphism ΘHG '• A —> B such that ΘHG(UΪJ) = VjjJJ = 1,2,.. .,dinm

Notice that ΘHG must be a C*-epimorphism.
Let H C G be two compact groups of matrices. The conditions of Def. 1.3 are

then satisfied by ΘHG — *'*, where i : H —> G is the natural embedding. Conversely,
let G be a compact group of matrices. Then each subgroup in the sense of Def. 1.3
is also a compact subgroup in the usual sense (up to a C*-isomorphism).

According to Def. 1.3, SqU(N),q G(0,l] (see [W4]) is a subgroup of SqU(N +
1) (we use the identification of the note after Prop. 1.2 for the representation w =
uφu° of SqU(N), cf. Eq. (1.7) of [NYM]).




