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In mathematics, a quadric, or quadric surface, is any D-dimensional hypersurface in (D + 1)-dimensional
space defined as the locus of zeros of a quadratic polynomial. In coordinates {x1, x2, ..., xp+1}, the general

quadric is defined by the algebraic equation[l]

D+1 D+1
Z x;Qijr; + Z Px;+ R=10
i,j=1 i=1

which may be compactly written in vector and matrix notation as:
2Qz" + PrT + R=10

where x = {x1, x2, ..., XD+1} 1S a row vector, x ' is the transpose of x (a column vector), Q is a

(D + 1)X(D + 1) matrix and P is a (D + 1)-dimensional row vector and R a scalar constant. The values O, P
and R are often taken to be real numbers or complex numbers, but in fact, a quadric may be defined over any
ring. In general, the locus of zeros of a set of polynomials is known as an algebraic variety, and is studied in
the branch of algebraic geometry.

A quadric is thus an example of an algebraic variety. For the projective theory see quadric (projective
geometry).
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Euclidean plane and space

Quadrics in the Euclidean plane are those of dimension D = 1, which is to say that they are curves. Such
quadrics are the same as conic sections, and are typically known as conics rather than quadrics.
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Ellipse (e=1/2), parabola (e=1) and hyperbola
(e=2) with fixed focus F and directrix.

In Euclidean space, quadrics have dimension D = 2, and are known as quadric surfaces. By making a
suitable Euclidean change of variables, any quadric in Euclidean space can be put into a certain normal form
by choosing as the coordinate directions the principal axes of the quadric. In three-dimensional Euclidean

space there are 16 such normal forms.l?] Of these 16 forms, five are nondegenerate, and the remaining are
degenerate forms. Degenerate forms include planes, lines, points or even no points at all.’] Quadric with
nonzero Gaussian curvature is Darboux surface in three-dimensional Euclidean space.[4]
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Non-degenerate real quadric surfaces
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Projective geometry

The quadrics can be treated in a uniform manner by introducing homogeneous coordinates on a Euclidean
space, thus effectively regarding it as a projective space. Thus if the original (affine) coordinates on RP™ are

(T1,...,Tp41)

. . D+2
one introduces new coordinates on R

[Xo, ..., Xp]

related to the original coordinates by x; = X / X In the new variables, every quadric is defined by an
equation of the form

Q(X) =2 a;;X;X; =0

]

where the coefficients a;; are symmetric in i and j. Regarding Q(X) = 0 as an equation in projective space
exhibits the quadric as a projective algebraic variety. The quadric is said to be non-degenerate if the
quadratic form is non-singular; equivalently, if the matrix (a;j) 1s invertible.

In real projective space, by Sylvester's law of inertia, a non-singular quadratic form Q(X) may be put into the
normal form

QX)=+XZ+ X} +---+£ X},
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by means of a suitable projective transformation. The normal forms of singular quadrics can have zeros as
well as =1 for coefficients. This normal form thus classifies real non-singular quadrics up to a projective
transformation. In dimension D = 2, there are exactly three inequivalent cases:

X2+ X7+ X2 + X2
Q(X) =< X¢+ X7+ X2 - X3
X2+ X2 - X2 - X2

Consequently, the ellipsoid, the elliptic paraboloid and the hyperboloid of two sheets are equivalent to each
other up to a projective transformation as these all correspond to the second normal form. The hyperbolic
paraboloid and the hyperboloid of one sheet are both equivalent to the third form (these are ruled surfaces).
The cone and the cylinder are equivalent to the degenerate form

-2 -2 2
.\O - ‘\1 - .Xaz - 0'

These latter are degenerate quadrics because the coefficient on X3 is zero; they also have zero Gaussian
curvature.

In complex projective space all of the nondegenerate quadrics become indistinguishable from each other.

See also

Focus (geometry), an overview of properties of conic sections related to the foci.
Klein quadric

Quadratic function

Superquadrics

References

1. ~ geom.uiuc.edu (http://www.geom.uiuc.edu/docs/reference/CRC-formulas/node61.html), Quadrics in Geometry
Formulas and Facts by Silvio Levy, excerpted from 30th Edition of the CRC Standard Mathematical Tables and
Formulas (CRC Press).

2. ”~ Sameen Ahmed Khan (http://inspirehep.net/author/S.A.Khan.5/),Quadratic Surfaces in Science and Engineering
(http://indapt.org/images/stories/bulletin2010/bulletin november 2010.pdf), Bulletin of the IAPT, 2(11), 327-330
(November 2010). (Publication of the Indian Association of Physics Teachers).

3. ~ Stewart Venit and Wayne Bishop, Elementary Linear Algebra (fourth edition), International Thompson
Publishing, 1996.

4. ~ Boapenko, N.W. O6o0I1ieHHbIe MOBepXHOCTH J[apOy B MPOCTPaHCTBAX MOCTOSHHOW KpUBH3HBI. Saarbriicken,
Germany: LAP LAMBERT Academic Publishing, 2013. C. 119-130. ISBN 978-3-659-38863-7

» [skovskikh, V.A. (2001), "Quadric" (http://www.encyclopediaofmath.org/index.php?title=q/q076220),
in Hazewinkel, Michiel, Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4
= Weisstein, Eric W., "Quadric (http://mathworld.wolfram.com/Quadric.html)", MathWorld.

External links

= [nteractive Java 3D models of all quadric surfaces (http://www.professores.uff.br/hjbortol/arquivo
/2007.1/qs/quadric-surfaces_en.html)

Retrieved from "http://en.wikipedia.org/w/index.php?title=Quadric&oldid=554466254"
Categories: Surfaces | Quadrics | Algebraic surfaces Complex surfaces Analytic geometry

6 of 7 25/05/2013 20:56



Quadric - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/Quadric

» This page was last modified on 10 May 2013 at 16:34.

» Text is available under the Creative Commons Attribution-ShareAlike License; additional terms may
apply. By using this site, you agree to the Terms of Use and Privacy Policy.
Wikipedia® is a registered trademark of the Wikimedia Foundation, Inc., a non-profit organization.

7 of 7 25/05/2013 20:56



