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Schauder basis

From Wikipedia, the free encyclopedia

In mathematics, a Schauder basis or countable basis is similar to the usual (Hamel) basis of a vector space;
the difference is that Hamel bases use linear combinations that are finite sums, while for Schauder bases they
may be infinite sums. This makes Schauder bases more suitable for the analysis of infinite-dimensional
topological vector spaces including Banach spaces.

Schauder bases were described by Juliusz Schauder in 1927,[1][2] although such bases were discussed earlier.
For example, the Haar basis was given in 1909, and Faber (1910) discussed a basis for continuous functions
on an interval, sometimes called a Faber—Schauder system.
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Definition

Let V' denote a Banach space over the field F. A Schauder basis is a sequence (by) of elements of V' such
that for every element v € V there exists a unique sequence (a;) of elements in F so that

v = E o by,

neM

where the convergence is understood with respect to the norm topology. Schauder bases can also be defined
analogously in a general topological vector space.

As opposed to a Hamel basis, the elements of the basis must be ordered since the series may not converge
unconditionally.

Examples and properties

The standard bases of ¢ and /, for 1 <p < oo are Schauder bases.

Every orthonormal basis in a separable Hilbert space is a Schauder basis.

The Haar system is an example of a basis for Z7(0, 1) with 1 < p < co. Another example is the trigonometric
system defined below.

The Banach space C([0, 1]) of continuous functions on the interval [0, 1], with the supremum norm, admits a
Schauder basis.
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A Banach space with a Schauder basis is necessarily separable, but the converse is false, as described below.
Every Banach space with a Schauder basis has the approximation property.

Basis problem

A theorem of Mazur asserts that every infinite-dimensional Banach space has an infinite-dimensional
subspace that has a Schauder basis. A question of Banach asked whether every separable Banach space has
a Schauder basis; this was negatively answered by Per Enflo who constructed a separable Banach space

without a Schauder basis.[3]

Relation to Fourier series

Let (x5) be the sequence (in the real case)

{1,cos(x),sin(x), cos(2x),sin(2x), cos(3x),sin(3x),. . .}
or (in the complex case)

{1 Ci.r e—iI €2i.l‘ C—Qil‘ €3i.r 6—3i.l‘ }

The sequence (x;) (called the trigonometric system) is a Schauder basis for the space L”[0, 27] for any
p > 1. For p = 2, this is the content of the Riesz—Fischer theorem. However, the set (x;) is not a Schauder

basis for L' [0, 27]. This means that there are functions in L' whose Fourier series does not converge in the
1
L” norm.

Unconditionality

A Schauder basis ( bn ) 1S unconditional if whenever the series Z ey, b_n converges, it converges

unconditionally. Unconditionality is an important property since it allows us to forget about the order of
summation.

The standard bases of the sequence spaces Cp and [ p for 1 <p <oo, as well as every orthonormal basis in a
Hilbert space, are unconditional.

The trigonometric system is not an unconditional basis in 17, except for p = 2.

The Haar system is a unconditional basis in I for any 1 < p < c. Actually, the space L' has no unconditional
basis.

A natural question is whether every infinite-dimensional Banach space has a infinite-dimensional subspace
with an unconditional basis. This was solved negatively by Timothy Gowers and Bernard Maurey in 1992.

Related concepts

A Hamel basis is a subset B of a vector space J such that every element v € V can uniquely be written as

v = Z cvpb

el

with op € F, with the extra condition that the set
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{I'JEB||:‘1'3;%U}

is finite. This property makes the Hamel basis unwieldy for infinite-dimensional Banach spaces; as a Hamel
basis for an infinite-dimensional Banach space has to be uncountable. (Every finite dimensional subspace of
an infinite-dimensional Banach space X has empty interior, and is no-where dense in X. It then follows from
the Baire category theorem that a countable union of these finite-dimensional subspaces cannot serve as a

basis.[4])

A family of vectors is total if its linear span (the set of finite linear combinations) is dense in V. Every
complete set of vectors is total, but the converse need not hold in an infinite-dimensional space.

If V 1s an inner product space, an orthogonal basis is a subset B such that its linear span is dense in " and
elements in the basis are pairwise orthogonal.

See also

m Generalized Fourier series
= Orthogonal polynomials
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