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Generalized eigenvector

From Wikipedia, the free encyclopedia

In linear algebra, for a matrix A, there may not always exist a full set of linearly independent eigenvectors
that form a complete basis — a matrix may not be diagonalizable. This happens when the algebraic
multiplicity of at least one eigenvalue A is greater than its geometric multiplicity (the nullity of the matrix
(A — AT), or the dimension of its nullspace). In such cases, a generalized eigenvector of A is a nonzero

vector v, which is associated with A having algebraic multiplicity k >1, satisfying
(A=A)*v=0.

The set of all generalized eigenvectors for a given A, together with the zero vector, form the generalized
eigenspace for A.

Ordinary eigenvectors and eigenspaces are obtained for k=1.
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For defective matrices

Generalized eigenvectors are needed to form a complete basis of a defective matrix, which is a matrix in
which there are fewer linearly independent eigenvectors than eigenvalues (counting multiplicity). Over an
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algebraically closed field, the generalized eigenvectors do allow choosing a complete basis, as follows from
the Jordan form of a matrix.

In particular, suppose that an eigenvalue 4 of a matrix A has an algebraic multiplicity m but fewer
corresponding eigenvectors. We form a sequence of m eigenvectors and generalized eigenvectors
L1, T2y..., T, that are linearly independent and satisfy

(--1 — /\I)lk = Q1T+ -+ Qg p—1Tg—1

for some coefficients g 14 .. ., Qg p—1,fork = 1.... , m. It follows that
k . .
(A= M)Fz, = 0.
The vectors Ty, T2, ..., Ty can always be chosen, but are not uniquely determined by the above

relations. If the geometric multiplicity (dimension of the eigenspace) of 4 is p, one can choose the first p
vectors to be eigenvectors, but the remaining m — p vectors are only generalized eigenvectors.

Examples

Example 1

Suppose

1 1
A=

Then there is one eigenvalue A=1 with an algebraic multiplicity m of 2.

There are several ways to see that there will be one generalized eigenvector necessary. Easiest is to notice
that this matrix is in Jordan normal form, but is not diagonal, meaning that this is not a diagonalizable matrix.
Since there is 1 superdiagonal entry, there will be one generalized eigenvector (or you could note that the
vector space is of dimension 2, so there can be only one generalized eigenvector). Alternatively, you could
compute the dimension of the nullspace of 4 — [ to be p=1, and thus there are m-p=1 generalized
eigenvectors.

0

Using this eigenvector, we compute the generalized eigenvector U2 by solving

(A= Al )vy = vy.

: : : 1]. :
Computing the ordinary eigenvector 1 = [ ] is left to the reader (see the eigenvector page for examples).

Writing out the values:

=Bk

Uy + TVog — Uy = 1
vgp — Vo2 = 0.

This simplifies to
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Voo =— 1.

And T'21 has no restrictions and thus can be any scalar. So the generalized eigenvector is 19 = { 1], where

the * indicates that any value is fine. Usually picking O is easiest.

Example 2
The matrix
1 0 0 0 0]
3 1 0 0 0
A=16 3 2 0 0
10 6 3 2 0
(15 10 6 3 2|

has eigenvalues of 1 and 2 with algebraic multiplicities of 2 and 3, but geometric multiplicities of 1 and 1.

The generalized eigenspaces of 4 are calculated below.

07 [0 o 00 0][0] [O]
1 3 00001 0
(A-1)|-3| =6 3 1 0 0||-3[=10
3 10 6 3 103 0
-1 |15 10 6 3 1] [-1] [0
1] [o 0o 000][1] [0
~15 3 0 00 0]-15 1
(A-10)[30|=|6 3 10 0||[30|=3[-3
-1 10 6 31 0[|-1 3
45| [15 10 6 3 1] |-45] |-1
0] [-1 0 0 0 0][0] [o0]
0 3 -1 00 0o} o
(A-2nfo|=[6 3 00 o||o]=1|0
0 10 6 30 0|fo] |0
1| |15 10 6 3 0f[1] [0
0] [-1 0 0 0 0][0] [0]
0 3 -100 010 0
(A-2n|of=16 3 0 0 of|of=3]0
1 10 6 3 0 0]t 0
o] |15 10 6 3 0f|o] |1
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0 1 0 00 0]f0 0
0 3 —100 0]}0 0
(A-2)|1|=|6 3 00 o0||[1]|=3]0
—2 10 6 30 0f]|-2 1
(0] [15 10 6 30[[0] |0]

This results in a basis for each of the generalized eigenspaces of 4. Together they span the space of all 5
dimensional column vectors.

— — -

([0 1 |) (ol [ol[o07)
1 —15 0:10 0
-3 [30 %, ¢ fo]fo]f[1]}
3 -1 O 11] -2
\ _—1_ _—45_ ) \ _1_ _O_ _O_ )
The Jordan Canonical Form is obtained.
0 00 1 0] 1 1.0 0 0]
3 00 =15 0 010 0 0
T=1(-9 00 30 1 J=10 0 2 1 0
9 03 -1 =2 0 00 2 1
-3 9 0 —45 0 0000 2
where
AT =TJ

Other meanings of the term

= The usage of generalized eigenfunction differs from this; it is part of the theory of rigged Hilbert
spaces, so that for a linear operator on a function space this may be something different.

= One can also use the term generalized eigenvector for an eigenvector of the generalized eigenvalue
problem

Av = A\Bu.
The Nullity of (A — A DX

Introduction

In this section it is shown, when ), is an eigenvalue of a matrix 4 with algebraic multiplicity %, then the
null space of (4 — AI)¥ has dimension £.

Existence of Eigenvalues
Consider a nxn matrix A. The determinant of A has the fundamental properties of being

n linear and alternating. Additionally det(l) = 1, for I the nxn identity matrix. From the
determinant’s definition it can be seen that for a triangular matrix T = (tjj) that
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det(T) = [](tii).

There are three elementary row operations, scalar multiplication, interchange of two rows,
and the addition of a scalar multiple of one row to another. Multiplication of a row of A by a
results in a new matrix whose determinant is o det(A). Interchange of two rows changes the
sign of the determinant, and the addition of a scalar multiple of one row to another does not
affect the determinant.

The following simple theorem holds, but requires a little proof.

Theorem:
The equation A x = 0 has a solution x # 0, if and only if det(A) = 0.

proof:

Given the equation A x = 0 attempt to solve it using the elementary row operations

of addition of a scalar multiple of one row to another and row interchanges only,

until an equivalent equation U x = 0 has been reached, with U an upper triangular matrix.

Since det(U) = xdet(A) and det(U) = [](uij)

we have that det(A) = 0 if and only if at least one uji = 0. The back substitution procedure
as performed after Gaussian Elimination will allow placing at least one non zero element

in X when there is a uji = 0. When all uijj # 0 back substitution will require x = 0.

Theorem:
The equation A x = A x has a solution x # 0, if and only if det(A I — A) = 0.

proof:
The equation A x = A x isequivalentto (A1 —A) x=0.

Constructive proof of Schur's triangular form

The proof of the main result of this section will rely on the similarity transformation as stated and proven
next.

Theorem: Schur Transformation to Triangular Form Theorem

For any nxn matrix A, there exists a triangular matrix T and a unitary matrix Q, suchthat AQ = Q T.
(The transformations are not unique, but are related.)

Proof:

Let A1, be an eigenvalue of the nxn matrix A and x be an associated eigenvector, so that A x = A1 X.
Normalize the length of x so that |x| = 1.

X Xp 92 93" 9n
X X2 U2 Y23 - - - a2y

For x=| ° |, construct a uwifary matrix Q = B ot
_xn_ _xn U2 Gyz - " - qnn_

Q should have x as its first column and have its columns an orthonormal basis for C".
Now, A Q =Q Uz, with Uz of the form:
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U, =

Let the induction hypothesis be that the theorem holds for all (n-1)x(n-1) matrices.
From the construction, so far, it holds for n = 2.

Choose a unitary Qo, so that Ug Qo = Qo U2, with U2 of the upper triangular form:

Define Q1 by:

Q1=

Now:

U1 Ql
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M oI Eg Ty,
0
- U, Q,
0
(1 0 0 ...0
- Q,
0

Summarizing,

U1Q1 —

with:

U,

Q:1Us

Mo B g
0 %y Zp5- -

0
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Now, AQ=Q U1 and U1 Q1 =Q1 U3, where Qand Q1 are unitary
and U3 isupper triangular. Thus A Q Q1= Q Q1 Us. Since the product
of two unitary matrices is unitary, the proof is done.

Nullity Theorem's Proof

Since fromAQ = QU,onegetsA = QU QT. It is easy to see

(xI-A) = Q(xI-U)Q" and hence det(x I - A) = det(x I - U).
So the characteristic polynomial of A is the same as that for U and is
given by p(X) = (x = A)(X—A2) - ... - (X —An).

(Q unitary)

Observe, the construction used in the proof above, allows choosing any order for
the eigenvalues of A that will end up as the diagonal elements of the upper triangular
matrix U obtained. The algebraic mutiplicity of an eigenvalue is the count of the
number of times it occurs on the diagonal.
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Now. it can be supposed for a given eigenvalue A, of algebraic multiplicity k, that U
has been contrived so that A occurs as the first k diagonal elements.

P! I n
0 % 2z Zyy
0 .
l I — 0 2
0 M
0 0 00,

Place (U—-A1T) inblock form as below.

0112113- TS

U U 123' . ..zzn
U-aI= "2 "0

0 0 - 0 PByyy-- -

. 0

0 0 0. 0 -0B,

The lower left block has only elements of zero.
The Bi=Ai—A#0 fori=k+1, .., n. Itiseasy to verify the following.

B -
U-.h)= ., , ™
o
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Tk

Where B is the kxk sub triangular matrix, with all elements on or below the diagonal
equal to 0, and T is the (n-k)x(n-Kk) upper triangular matrix, taken from the blocks of

(U - AT, as shown below.

0 .
B= "1 «T= °
| D .
0 . 00 0 - 0B,

Now, almost trivially!

0 ] B k
K+l
Bk 0 00 k 0
= atid —_—
.0 - . I .
0 . 0.0 u.upnk

That is B has only elements of 0 and ™is triangular with all non zero diagonal elements.
Just observe that if a column vector v = <vg, Vo, ..., V>, is mutiplied by B, then after the

first multiplication the last, k'th, component is zero. After the second multiplication the

second to last, k-1"th component is zero, also, and so on.

The conclusion that (U — A I)k has rank n-k and nullity k follows.

It is only left to observe, since (A — A I)k =QU-Axr I)k QT,
that (A— A I)k has rank n-k and nullity k, also. A unitary, or any
other similarity transformation by a non-singular matrix preserves rank.

The main result is now proven.

Theorem:
If A is an eigenvalue of a matrix A with algebraic multiplicity K,

then the null space of (A — A I)k has dimension k.

An important observation is that raising the power of (A — A I) above k
will not affect the rank and nullity any further.

http://en.wikipedia.org/wiki/Generalized_eigenvector
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Motivation of the Procedure

Introduction

In the section Existence of Eigenvalues it was shown that when
a nxn matrix A, has an eigenvalue A, of algebraic multiplicity k,

then the null space of (A — A I)k, has dimension k.

The Generalized Eigenspace of A, A will be defined to be the null space
of (A —A I)k. Many authors prefer to call this the kernel of (A — A I)k.

Notice that if a nxn matrix has eigenvalues A1, A2, ..., Ar With
algebraic multiplicities k1, k2, ..., kr, then k1 + ko + ... + kr = n.

It will turn out that any two generalized eigenspaces of A, associated with
different eigenvalues, will have a trivial intersection of {0}. From this it

follows that the generalized eigenspaces of A combined span C",
the set of all n dimensional column vectors of complex numbers.

The motivation for using a recursive procedure starting with the
eigenvectors of A and solving for a basis of the generalized eigenspace
of A, A using the matix (A — A I), will be expounded on.

Notation

Some notation is introduced to help abbreviate statements.

= C"is the vector space of all n dimensional column vectors of complex numbers.

The Null Space of A, N(A) = {x: Ax=0}.

V € W will mean V is a subset of W.

V ¢ W will mean V is a proper subset of W.
A(V) ={y:y = Ax, for some x € V}.
W\ V will mean { x: x € Wand x is not in V}.

The Range of A is A(C") and will be denoted by R(A).
dim(V) will stand for the dimension of V.

{0} will stand for the trivial subspace of C".

Preliminary Observations

Throughout this discussion it is assumed that A is a nxn matrix of complex numbers.
since A™x = A (A™!x), the inclusions

N(A) € N(AD) ¢ ... ¢ N(A™}) c N(A™),

are obvious. Since A™x = A™(A x), the inclusions

R(A) 2 R(A%) 2 .. 2 R(A™ 2 R(AM),

are clear too.

http://en.wikipedia.org/wiki/Generalized_eigenvector
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Theorem:

When the more trivial case N(A2) = N(A), does not hold,
there exists k> 2, such that the inclusions,

N(A) € N(AD) c ... ¢ N(A¥D) c N = Nk Y =
and

R(A) o R(A%) 5 ... o RA¥Y 5 R(AK = R(AKY) = .,
are proper.

proof:

0 < dim(R(A™1)) < dim(R(A™)) so eventually dim(R(A™1)) = dim(R(A™)),
for some m. From the inclusion R(A™Y) € R(A™) it is seen that a basis for
R(A™1) is a basis for R(A™) too. That is R(A™1) = R(A™).

since R(A™1) = A(R(AM), when R(A™1) = R(A™), it will be

R(A™?) = AR(A™) = A(R(A™)) = R(A™?).

By the rank nullity theorem, it will also be the case that

dim(N(A™?)) = dim(N(A™1)) = dim(N(A™)), for the same m.

From the inclusions N(A™?) ¢ N(A™) ¢ N(A™),

it is clear that a basis for N(A™?) is also a basis for N(A™) and N(A™).
So N(A™2) = N(A™1) = N(A™).

Now, K is the first m for which this happens.

Since certain expressions will occur many times in the following,
some more notation will be introduced.

= AL k=(A-1DF
= N, k= N(A - %D = NAL )
= Ry, k=R(A-4+DY) =R(ALK

From the inclusions N3, 1 € Ny, 2 € ... € N k-1 € Na,k = Ny, kt1 = ..y
Na, k\{0}=U (No, m\ Ny, m1), form=1, .. kand Ny o= {0}, follows.

When A is an eigenvalue of A, in the statement above, k will not exceed the
algebraic multiplicity of A, and can be less. In fact when k would only be 1 is
when there is a full set of linearly independent eigenvectors. Let's consider when k> 2 .

Now, X € Ny, m\ Ny, m-1, ifand only if A;, mXx =0, and Ay, m-1 x# 0. Make the observation
that Ay, mx=0, and Aj, m1 x#0,
if and only if Ay m-1 A, 1X=0, and Ay, m2 AL 1X#0.

S0, X € N, m\ Np, m-1, ifand only if Ay 1 X € Ny, m-1\ Nj, m2.

Recursive Procedure

Consider a matrix A, with an eigenvalue A of algebraic multiplicity k> 2,
such that there are not k linearly independent eigenvectors associated with A.

It is desired to extend the eigenvectors to a basis for Nj, k. That is a basis for
the generalized eigenvectors associated with A.
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There exists some 2 <r <k, such that

Na1<€ Np2c...c Nyr-1 €Nyr =Ny rt1 =,
Na, r\{0}=U (Na,m\Np, m1), form=1, .., rand Ny o={0}, .

The eigenvectors are Ny, 1\ {0}, solet xg, ..., Xr, be a basis for Ny, 1\ {0}.

Note that each Ny, m is a subspace and so a basis for Nj, m-1
can be extended to a basis for Ny, m .

Because of this we can expect to find some r2 = dim(N3, 2) — dim(N3, 1)
linearly independent vectors
Xri+ 1y ooy Xr+ 17 such that X1 oo Xry s X+ 1y oo Xrg+ 1o

is a basis for Ny, 2
Now, X € Ny, 2\ Ny, 1, ifand only if Ay 1x € Ny, 1\{0}.

Thus we can expect that for each x € {Xr;+ 1, ..., Xr;+ rp} ,
A%]X = (11X1+...+(lrerl,
for some ay, ..., ar, , depending on Xx.

Suppose we have reached the stage in the construction so that m-1 sets,

X1 o Xrd s X+ L Xek ity o XPt o ot Lo X0p# o+ Fnn)
such that
X1, .., Xrl y XI’1+ 1 - XI’1+ o 4y «vey XI’1+ v F o+ 1 XI’1+ ot ma

is a basis for N, m-1, have been found.

We can expect to find some rm = dim(N, m) — dim(Nj, m-1)
linearly independent vectors

Xri+ ... + Fpg+ Ls o0 Xrp+ ... + 1y SUCH that

X1y ooy Xry s Xrg+ 1, oo Xrgtrp 5oy X4+ + 1 oo Xrg+ 41

is a basis for Nj, m
Again, X € N), m\ N, m-1, ifand only if Aj, 1 X € Ny, m-1 \ N, m-2.

Thus we can expect that for each X € {Xry+ ... + rpq + 1, -0 Xrg+ .. + 1} »
Al 1X = a1l XL+ ee F O+ L+ g X+ o+ e s

for some ay, ..., ar;+ ..+, , depending on x.

Some of the {or;+ ... + ryp + 1y eees Ory+ ... + rm.} » Will be non zero,

since Ay, 1 X mustliein Nj, m-1\Nj, m2.

The procedure is continued untilm =r.

http://en.wikipedia.org/wiki/Generalized_eigenvector
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The a; are not truly arbitrary and must be chosen, accordingly,
so that sums a1 X1 + @2 X2 + ... are in the range of Ay, 1 .

Generalized Eigenspace Decomposition

As was stated in the Introduction, if a nxn matrix has eigenvalues A1, A2, ..., Ar

with algebraic multiplicities k1, ko, ..., Kr, then k1 + k2 + ... + kr = n.
When Vi1 and V2 are two subspaces, satisfying V1 N V2 = {0},
their direct sum, @ , is defined and notated by

» V1D Vo ={vi+wv:vi€Viandvs € Vo}.
V1 @ V2 isalso a subspace and dim(V1 @ V2) =dim(V1) + dim(V2).
Since dim(Ny;, k;) = ki, fori=1, 2, ..., r, after it is shown that

Nai, ki N Ny k= {0}, fori#j,
we have the main result.

Theorem: Generalized Eigenspace Decomposition Theorem
C"=Niyk,® Nibk, ® .. © Ny, k. .
This follows easily after we prove the theorem below.

Theorem:

Let A be an eigenvalue of A and g # L. Then
Ag, r(Na,m\Nj,m-1) = Ny m\Np, m1,

for any positive integers mand r.

proof:

If xe Ny, 1\{0}, AL,1x=(A—-ADx=0,

then Ax=Aix and Ag 1Xx= (A-pDx=(—-p)x.
So Ap,1x €Ny, 1\{0}and AB,1(k—B)_1X:X.

It holds Ag, 1 (Na, 1\{0}) =N, 1\{0}. Now, X € N, m\ Np, m-1, if and only if

A, mX=(A—A DA, m1X=0, and Aj, m-1 X#0.

Inthe case, X € Nj, m\ Nj, m1 ,

Arn,m1X€ Ny1\0, and Apg 1AL mi1x=G—PB) Ay, m1x#0.
The operators Ag, 1 and Ay, m-1 COmmute.

Thus Aj, m(Ap,1X) =0 and Ax, m-1(Ag, 1X) #0,

which means Ag, 1X € N), m\ N, m-1.

Now, let our induction hypothesis be,
Ag, 1I(Na, m\Niym-1) = Num\ Ny me1 .
The relation Ag,1 X = (A—B) x+ Ax, 1 X holds.

http://en.wikipedia.org/wiki/Generalized_eigenvector
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For ye Njym+1 \Nj,m, let x=(Q— B)'1y+ zZ

Then Ag1x =y +(h—B) AL 1y +(h-B)z+ Ay 12

=y +(x—B)'1Ax,1y +Ag, 12

Now, Ap, 1Y € Ni, m\ Nx, m-1and, by the

induction hypothesis, there exists z € Ny, m\ Ny, m-1 that solves
Ap1z = (=B A1y

It follows x € Nj, m+1 \ N3, m and solves Ag 1 X =Y.

So Ag, 1(Na, m+1 \Naym) = N, m+1 Ny, m, -
Repeatedly applying Ag, r = Ap, 1A, r-1 finishes the proof.
l

In fact, from the theorem just proved, for i#j,

Aki, ki(Nkj, kj) = N?»j, K-

Now, suppose that Ny, k; N Ny, k; # 10}, for some i #j.
Choose x € Ny, kN N, k7 0.

Since x € Ny, k;, it follows Ay, k; X =0.

Since x € Ny, K » it follows Ay, k; x # 0,

because Ay, k; preserves dimension on Ny, k;.

So it must be Ny, k; N Ny, i = {0}, fori#j.

This concludes the proof of the Generalized Eigenspace Decomposition Theorem.

Powers of a Matrix
using generalized eigenvectors

Assume A is a nxn matrix with eigenvalues A1, A2, «., Ar
of algebraic multiplicities ki, k2, ..., Kr.

For notational convenience Ay, o = I.

Note that Ag,1 = (A — B)I+ Ay, 1. and apply the binomial theorem.

S
Aps = O-pr+AL = Y (1) 0B A,
m=0

When A is an eigenvalue of algebraic multiplicity k, and x € Ny, ,
then Aj, mx =0, for m>K, so in this case:

http://en.wikipedia.org/wiki/Generalized_eigenvector
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min(s, k—1)
Apsx = S (0) BT AL mx
m=0

Since C"= Nik,® Nk, ® ... © Ny, k,
any x in C" can be expressed as x = x1 + x2 + ... + Xr,

with each xj € Ny; k.. Hence:

r min(s, ki—1)

Asx= Y S ()G
i=1  m=0

The columns of Ap,s are obtained by letting x vary across the standard basis vectors.
The case Ag, s is the power A of A.
the minimal polynomial of a matrix

Assume A is a nxn matrix with eigenvalues A1, A2, «., Ar
of algebraic multiplicities ki, k2, ..., Kr.

For each i define a(i), the null index of Aj, to be the
smallest positive integer a suchthat Ny, « = Ny, k;

It is often the case that a(Ai) < K;.

Then p(x) =[] (x— ki)“(“) is the minimal polynomial for A.

To see this note p(A) =[] A »;,e@) and the factors can be commuted in any order.
So p(A) (N, k;) = {0}, because Ay a@my) (Na;, k) ={0}. Being that

C"=Nuk, D Nik, ® ... ® Ny, itisclear p(A)=0.

Now p(x) can not be of less degree because A g, 1 (Na;, k;) = Ny, k;»

when B #4j, and so A j,a() must be a factor of p(A), foreach j.
using confluent Vandermonde matrices

An alternative strategy is to use the characteristic polynomial of matrix A.

2 n

Let p(x)=ag+aiXx+ax x> +.. +an1 X" +x
be the characteristic polynomial of A.

The minimal polynomial of A can be substituted for p(x) in this discussion, if it is known,
and different, to reduce the degree n and the multiplicities of the eigenvalues.
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Then p(A)=0 and A" = —(ag I +ag A+ a2 A%+ ... + an.g AT
So An+m = bm, ol+ bm, 1A+ bm, 2A2 + ...+ bm, n-1 An-l,

where the bm, 0, bm, 1, bm, 2, ..., bm, n-1, satisfy the recurrence relation

bm, 0 = —ap bm-1, n-1,
Pm, 1=bm-1,0— a1 bm-1, n-1,
Pm, 2 =bm-1,1— a2 bm-1, n-1,

m, n-1= bm—l, n-2 — an-1 bm-l, n-1
with bg,0=Dbo,1=bo 2=..=bg,n2=0, and bg n-1=1.

This alone will reduce the number of multiplications needed to calculate a higher
power of A by a factor of n?, as compared to simply multiplying A™™ by A.

In fact the bm o, bm, 1, bm, 2, ..., bm n-1, can be calculated by a formula.

Consider first when A has distinct eigenvalues A1, A2, ..., An.
Since p(%j) = 0, for each i, the Aj satisfy the recurrence relation also. So:

I N Y " b0 Ay
1 1‘2 1‘22 ... 1‘2]1-1 hl‘ll, 1 1‘2114']11
1 ln 1’112 .. },n:“' 1 hm, nl }.,n“"'m

The matrix V in the equation is the well studied Vandermonde's,
for which formulas for it's determinant and inverse are known.

det(V(hy, Ry, ooy 2 )) = l'[(:n.j—:u,i)

l1Ei<j%En

In the case that A2 = A1, consider instead when A1 isnear A2, and
subtract row 1 fromrow 2, which does not affect the determinant.
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1 x 112 .. ;,._ln-l llnﬂn
0 1-\2 - 1-1 )_‘22 - }_,12 e )_‘211-1 - llll-l )‘2n+:m _ lln+:m
1 Yo ;u,ni .o ;Lnn-l lnnﬂn

After dividing the second row by (A2 — A1) the determinant will be affected by
the removal of this factor and still be non-zero.

0 )'2 — 11 }.22 _ 112 o }“2]1-1 _ lln-l :'-znﬂ“ _ llnﬂﬂ

Gy =Rq) B = ) Ry =3y Ry =3y

Taking the limit as A1— A2, the new system has the second row differentiated.

1 )? 1‘22 L. 12]1-1 12n+m
0 1 2% - . . @D | @m)a,mmd
1 1‘3 1‘32 L. 1311-1 lglrhll
1 l'n lnz .. lnll-l lnll‘l'flll

The new system has determinant:

det(V(hy, ., A )) = n(;,j_;,z)i l'[(:n.j—:n.i)

3T jEn 3I€i<jEn

In the case that A3 =2, also, consider like before when A2 isnear A3, and
subtract row 1 from row 3, which does not affect the determinant. Next divide
row three by (A3 —A2) and then subtract row 2 from the new row 3 and
follow by dividing the resulting row 3 by (A3 —A2) again. This will affect the

determinant by removing a factor of (A3 — xz)z.

Each element of row 3 is now of the form
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( (fhg) — o) )/ Qg — A —T'(A0) )/ (g — 2y)
and

((£Gg) = 0.3) ) 1 Gy = 2g) — 1B )/ By =2y) 7 %2 f""(g) asRy 70y

The effect is to differentiate twice and multiply by one half.

1 1‘3 132 . . . 1‘3][-1 1‘3]l+flﬂ

001 2x . . . n-1) a2 (rm) "]
000 1 3% . . HelDm2)r"Y | Mcdm)tme1) a2
1 14 142 . . . 1411-1 l4ll+flﬂ

R ;\,ni C ;Lnn—l j, e

The new system has determinant:

det(Vikg, .., 2 )) = n(;,j_;,g)ﬁ H(:n.j—:n.i)

4Ej%=n 4 ELi<jEn

If it were that the multiplicity of the eigenvalue was even higher, then the next row would

be differentiated three times and mutiplied by 1/3!. The progression is 1/s! ), with the
constant coming from the coefficients of the derivatives in the Taylor expansion. This
being done for each eigenvalue of algebraic multiplicity greater than 1.

example

i 0 0 0 U_

1 0 0 0

The matrix A = 32 00
10 6 3 2 0

1510 6 3 2

has characteristic polynomial p(x) = (x — 1)2(x - 2)3.

The bm, 0, bm, 1, bm, 2, bm, 3, bm, 4, for which

A = ool +bm 1A+ bm 2 A2+ bm 3 A3+ bm, 4 A%,
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satisfy the confluent Vandermonde system next.

1 01 12 13 4| _hm,u- [ 15m ]
0 1 21 312 413 |[by, (5+m)-151m1
1 2 22 93 g boo| = 25+m
0 1 22 322 423 |[by; (5+m)-251m1

|0 0 1 32 622 i _hm,4_ _5&(5+m)(5m—1)-15+’“‘2 .

bao| [-16 -8 17 .10 a4l 1]
b1 48 20 —48 29 -12 (5+m)
b2l = | -48 -18 48 -30 13 322m
b 3 20 7 -20 13 -6 16(5+m)-2™

| P4 3 -1 03 2 1] 4Gtm)Gimol2™ |

using difference equations

Returning to the recurrence relation for bm o, bm, 1, bm, 2, ..., bm, n-1,
bm, 0=—a0 bm-1, n-1,

bm, 1=Dbm1,0— a1 bm1,n1,

bm, 2=bm1,1— a2 bm1,n1,

bm, n-1= bm—l, n-2 — an-1 bm-l, n-1

with bp,0=bo,1=bo, 2=...=bo, n2=0, and bg n-1=1.

Upon substituting the first relation into the second,

bm, 1= —ap bm-2, n-1 — a1 bm1, n-1,

and now this one into the next bm 2 = bm-1,1 — a2 bm-1, n-1,
bm, 2= —a0 bm-3,n-1 — a1 bm-2, n-1 — a2 bm-1, n-1,

..., and so on, the following difference equation is found.

bm, n-1=
—a0 bm-n, n-1 — a1 bment+1, n-1 — a2 bmen+2, -1 — ... — an-2 bm-2, n-1 — an-1 bm-1, n-1
with bo,n-1=b1,n1=b2 n1=...=bn2n1=0, and bn-1,n-1=1.

See the subsection on linear difference equations for more explanation.

Chains of generalized eigenvectors

Some notation and results from previous sections are restated.

= Ais a nxn matrix of complex numbers.
= Aj k= (A- DK
Ni, k= N(A =2 D) = N(A, )

For V1 N V2 ={0}, V1 D Vv, = {vi +v2:v1 € Viand vz € V2}.
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Assume A has eigenvalues A1, A2, ...y Ar
of algebraic multiplicities ki, k2, ..., Kr.

For each i define a(i), the null index of Aj, to be the
smallest positive integer a suchthat Ny, « = Ny, k;

It is always the case that a(j) < ki.

When a()) >2,

Na1C€ Np2c...C Ny, a1 €Ny o =Ny a1 =0,
Na, «\ {0} =U (Np, m\ Ny, m1), form=1,..,aand Ny o= {0}

X € Nj, m\ Ny, m-1, ifand only if Ay 1 X € Ny, m-1\Ni, m2

Define a chain of generalized eigenvectors to be a set
{Xx1, X2, ..., Xm} such that x1 € N), m\ Nj, m-1, and Xij+1 = Ay, 1 Xi.

Then Xxm#0 and Ay 1 Xm=0.

When x1 € Ny, 1\ {0}, {x1} can be, for the sake of not requiring extra
terminology, considered trivially a chain.

When a disjoint collection of chains combined form a basis set for Ny, a2 ,
they are often referred to as Jordan chains and are the vectors used for
the columns of a transformation matrix in the Jordan canonical form.

When a disjoint collection of chains that combined form a basis set,
is needed that satisfy Bi+1Xi+1 = Ay, 1 Xi, for some scalars Bi, chains
as already defined can be scaled for this purpose.

What will be proven here is that such a disjoint collection of chains
can always be constructed.

Before the proof is started, recall a few facts about direct sums.

When the notation V1 @ V2 is used, it is assumed V1 [ V2 = {0}.

For x=v1 +v2 withvi € V1and vz € V2, then x=0,

ifand only if vi=v2=0.

In the discussion below

6i = dim(Ny, i) — dim(Ny, i-1), with 81 = dim(Ny, 1).

First consider when Ny, 2\ Ny, 1 # {0} , Then a basis for Ny, 1 can be
extended to a basis for Nj_ 2. If 82 =1, then there exists X1 € Ny, 2 \ N, 1,
such that Np, 2= Ny, 1 ® span{x1}. Let x2= Ay, 1x1. Then

x2 € Nj, 1\ {0}, with x1 and x2 linearly independent. If dim(N,, 2) = 2,
since {x1, X2} is a chain we are through. Otherwise x1, X2 can be extended
to a basis X1, X2, ..., X5, for Ny, 2. The sets {x1, X2}, {x3}, ..., {X5.}

form a disjoint collection of chains. In the case that 82 > 1, then there exist
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linearly independent X1, X2, ..., X5, € Na, 2\ Ny, 1, such that

Ni, 2 = Ni, 1 ® span{Xi, X2, ..., X3,}. Let yi=Ay 1Xi.

Then yie€ Ny, 1\{0}, for i=1,2,..,02. Toseethe y1,y2, .., Ys,

are linearly independent, assume that for some g1, B2, ..., Bs,,

that B1y1+ B2y2 + ... + Bs,Ys, = 0, Then for x = B1x1 + P2x2 + ... + B5,Xs,,
X € N, 1, and x € span{xi, X2, ..., X§,}, which implies that x = 0, and
p1=P2=...=Ps, = 0. Since span{y1, ¥, ..., ¥s,} € Na, 1, the vectors

X1, X2, ..., X8, , Y1, Y2, ..., Y5, are alinearly independent set.

If 82 =201, then the sets {x1, y1}, {x2, y2}, ..., {Xs,, ¥5,} forma

disjoint collection of chains that when combined are a basis set for Ny, 2.
If 81> 92, then x1, X2, ..., X5, , Y1, Y2, ..., Y5, can be extended to a basis
for Ny, 2 by some vectors Xg,+1, ..., X§; In Nj, 1, so that

{Xla yl}a {X21 y2}1 ey {X621 yﬁz} 1 {X62+1}1 ey {Xal}
forms a disjoint collection of chains.

To reduce redundancy, in the next paragraph, when & =1 the notation
X1, X2, ..., X§ Will be understood simply to mean just x1 and when & =2
to mean Xi, X2.

So far it has been shown that, if linearly independent

X1, X2, ..., X3, € Na, 2 \ Ny, 1, are chosen, such that

Ni, 2 = Ni, 1 ® span{Xi, X2, ..., X3,}, then there exists a disjoint

collection of chains with each of the x1, X2, ..., X5, being the first member or top
of one of the chains. Furthermore, this collection of vectors, when combined,

forms a basis for Nj, 2.

Now, let the induction hypothesis be that, if linearly independent

X1, X2, ..., X3, € No, m\ Na, m—1, are chosen, such that

N, m= N, m-1 ® span{Xi, X2, ..., X5,}, then there exists a disjoint

collection of chains with each of the x1, X2, ..., X5,, being the first member or top
of one of the chains. Furthermore, this collection of vectors, when combined,

forms a basis for Nj, m.

Consider m < a(h). A basis for Nj, m can always be extended to a basis for
N3, m+1. So linearly independent X1, X2, ..., Xgye1 € Na, mr+1 \ N3, m, such that
Nj, m+1 = N, m ® span{Xi, X2, ..., X5}, €an be chosen. Let yj= Ay 1 Xi.
Then yi€ Ny, m\ Ny, m-1, for i=1,2,..., dm+1. Toseethe y1,Y2, ..., Y1

are linearly independent, assume that for some B1, P2, «es Por1s
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that B1y1 + B2y2 + ... + Boe1Yomes = 0, Then for

X = B1X1 + B2X2 + eee + B X6mes X € N1, and

X € span{X1, X2, ..., Xg+1}, Which implies that x = 0, and

B1=P2=... = B5,., = 0. Inaddition, span{y1, y2, ..., Yo} N Na, m-1 = {0}.
To see this assume that for some B1, B2, <o Bops1s

that Biy1+ B2y2 + ... + B61Yo,:1 € Na,m—1 Then for

X = B1X1 + B2X2 + eoe + P51 X0 X € Naym, and

X € span{X1, X2, ..., X5,,+1}, Which implies that x = 0, and

B1=P2= ... =B+, = 0. The proof is nearly done.

At this point suppose that b1, b, ..., bd,,_, isany basis for Nj, m-1.
Then B = span{bi, by, ..., bd,,_,} ® span{y1, y2, ..., Yém:1}

is a subspace of Ny, m. If B # Ny m, then

b1, b2, ..., bdy-1, Y1, Y2, ..., Yomeq Can be extended to a basis for Ny, m,
by some set of vectors z1, 22, ..., Z,,— 5ms1) » IN Which case

N)\‘, m = N)\‘, m—1 Q Span{yla y21 ey y6m+l} Q Span{zll 221 T Z(ﬁm_ 5m+l)}'

If dm= 0m+1, then

Na, m= N, m-1 ® span{y1, Y2, ..., Yorme1}

or if dm> dm+1, then

Ni, m= N, m-1 ® span{z1, 22, ..., Z3—dme1) » Y1, Y2, -oos Yomer}

In either case apply the induction hypothesis to get that there exists a disjoint
collection of chains with each of the y1, y2, ..., ¥5,,,, being the first member or top
of one of the chains. Furthermore, this collection of vectors, when combined,
forms a basis for Nj, m. Now, yi= Ay, 1 X, for i=1,2,...,dm+1, S0 each of the
chains beginning with y;j can be extended upwards into Nj, m+1 \ Na, m to a chain
beginning with xj. Since Nj, m+1 = Nj, m ® span{xi, X2, ..., X5m.1};

the combined vectors of the new chains form a basis for Ny, m+1.
Differential equations y'= Ay

Let A be a nxn matrix of complex numbers and A an eigenvalue of A, with
associated eigenvector X . Suppose y(t) isa n dimensional vector valued
function, sufficiently smooth, so that y'(z) is continuous. The restriction that y(t)

be smooth can be relaxed somewhat, but is not the main focus of this discussion.

The solutions to the equation y'(¢) = Ay(t) are sought. The first observation is that
y(t) = eMx will be a solution. When A does not have n linearly independent
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eigenvectors, solutions of this kind will not provide the total of n needed for a
fundamental basis set.

In view of the existence of chains of generalized eigenvectors seek a solution of
the form 'y(t) = e'lx1 + t'etxo , then

y'(t)="A eMX1 + eMXZ +At e)‘tx =' M(k X1+ Xx2)"" +t em(kx 2)

and

Ay(t) = eMAxy + teMAxo .

In view of this, y(t) will be a solutionto y’(t) = Ay(t) , when '‘Ax1 =4x1 +x2' and
Ax2=»Ax2.Thatiswhen (A—-2AI)x1=x2 and (A — A I)x2=0. Equivalently,

when {x1, x2} is a chain of generalized eigenvectors.

Continuing with this reasoning seek a solution of the form

y(t) = eMxy + t eMxo + 2 eM

X3, then
y'(t)=ke7‘tX1+e7‘tX2+kte tX2+2te X3+ At emxg
= M(k X1+ X2) +1 e” (k X2+ 2 X3) + t M(k x3)" and

Ay(t) = eMA x1 + t eMA xo + t2 eMA X3 .

Like before, y(t) will be a solution to y'(t) = Ay(t) , when 'Ax1 =/1x1 +Xx2",
'‘Ax2 =Ax2+2x3",and Ax3=Aix3.Thatiswhen (A—-AI)x1=x2,
(A-ADx2=2x3,and (A—AIx3=0. Since it will hold (A-AT)(2x3)=0,
also, equivalently, when {x1, X2, 2 x3} is a chain of generalized eigenvectors.

More generally, to find the progression, seek a solution of the form

y(t) = eMxq + teMxp + 12 eMxg + 3 etyg + .+ 172 @My g + 1T €My,
then
y(t)=Xi eMX1 + emxz +At emxz' +2t e X3 + A t2 ng +3 t2 MX4’ + A t3 eMX4

D M=) 3 Mg A2 M + (-2 @My + At et
=' M(kx1+X2)+te (KX2+2X3)+'[2 M(kx3+ 3X4)+t3 M(kx4+4X5)
+ ...
+ {3 M(k Xm=2 + (m=2) Xm-1) + ™2 M(k Xm-1 + (m—1) xm) + gl M(k m)’
and
Ay(t) =
eMAx1 +teMAxo + 2 eMA xg + 2 eMA xa + .. + 12 eMA Xy + L eMA X

Again, y(t) will be a solution to y'(t) = Ay(t) , when
'AXL=Ax1+X2', AXo=Ax2+2X3, AX3=AXx3+3X4, AXa=Ax4+4X5,

AXm—2=AXm2+ (M2) Xm-1, AXm-1=AXm-1+ (m1)xXm,
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and AXm=AXm.

That is when

A-ADx1=x2, A—ADx2=2x3, (A—ADx3=3x4, (A—-ADxg4=4x5,
(A= ADxm—2=mm2) xm-1, (A—ADxm1=m-1)xm,and
(A-ADxm=0.

Since it will hold (A — A I)((m—1)! x3) = 0, also, equivalently, when

{x1, 11 x2, 21 x3, 3! X4, ..., (Mm—2)! xm—1, (m—1)! xm}

is a chain of generalized eigenvectors.

Now, the basis set for all solutions will be found through a disjoint collection
of chains of generalized eigenvectors of the matrix A.

Assume A has eigenvalues A1, A2, ...y Ar
of algebraic multiplicities ki, k2, ..., Kr.

For a given eigenvalue Aj there is a collection of s, with s depending on i,
disjoint chains of generalized eigenvectors

Ci1= {121, 122, ...,1Zj1}, Ciz2= {221, 222, ...,2ij}, ., Cijs(i) = {521, 52, ...,SZjS},
that when combined form a basis set for Ny, k;. The total number of vectors

in this set will be j1 + j2 + ... + js = k;j. Sets in this collection may have only one
or two members so in this discussion understand the notation {Pz1, Pz, ...,Bz“;}

will mean {le} when jg =1, and {le, Bzz} when jp = 2, and so forth.

Being that this notation is cumbersome with many indices, in the next paragraphs
any particular C; g, when more explanation is not needed, may just be notated as
C={zn, 12, ..z}

For each such of these chain sets, C = {z1, 22, ..., zj}

the sets {Xj}, {Xj-1, Xj}, {Xj-2, Xj-1, Xj}, .... {22, 73, ..., zj}, {21, 2, ..., 7}
are also chains. This notation being understood to mean when

C ={z1}just {z1}, when C = {z1, 22} just {z2}, {z1, 2} and when
C={a, o, 22} just {z3}, {z2, z3}, {z1, 22, 3}, and so on.

The conclusion of the top of the discussion was that

y(t) = eMxq, is a solution when {x1} is a chain.

y(t) = eMx1 + t eMxy, is a solution when {x1, 1! x2} is a chain.

y(t) = eMxy + tetxp + t eMX3, is a solution when {x1, 1! x2, , 2! x3} is a chain.
The progression continues to

y(t) = eMxy + t eMxo + 12 eMxa + 13 eMxg + ..+ 12 Mg + T M,
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is a solution when {x1, 1! x2, 2! x3, 3! X4, ..., (M—2)! X1, (m—1)! XM},

is a chain of generalized eigenvectors.

In light of the preceding calculations, all that must be done is to provide the proper
scaling for each of the chains arising from the set C = {z1, 22, ..., zj}.
The progression for the solutions is given by
y(t) = eMZj, for chain {zj}
y(t) = e“zj-_l +(1/1)t eMZj, for chain {zj-1, 1!(1/1!) zj}
y(t) = eMzja + (1/1Y) t eMzj—1 + (1/21) 12 Mz,
for chain {zj—2, 1(1/1!) zj—1, 2!(1/2!) zj}
y(t) = eMzj3 + (1/1Y) t eMzj—y + (1/21) 2 Mz + (1/31) 13 &My
for chain {z-3, 1!(1/1!) zj—2, 2!(1/2!) zj-1, 3!(1/3!) 7},
and so on until,
y(t) = Mz + 1/1) teMzp + (1/2) P etz + .+ (1/G-D)) t1T My,
for the chain of generalized eigenvectors,
{z1, 110/1Y) 22,211 /2Y) 23, ..., (-2)'(1/(G-2)!) X1, G-DI(1/G-D!) 7}
What is left to show is that when all the solutions constructed from the chain sets,
as described, are considered, they form a fundamental set of solutions.
To do this it has to be shown that there are n of them and that they are
linearly independent.
Reiterating, for a given eigenvalue A there is a collection of s, with s depending on i,
disjoint chains of generalized eigenvectors
Ci1={'z1, 2, ...,1Zj1(i)}, Ciz = {21, %2,, ...,22j2(i)},
. Cijst) = {S(i)ZL S(i)zz, ...,S(i)st(i)},
that when combined form a basis set for Ny, k;. The total number of vectors
in this set will be j1(i) + j2(i) + ... + js(i) = k;.

Thus the total number of all such basis vectors and so solutions is
ki+ko+..+kr=n

Each solution is one of the forms y(t) = eMxy, y(t) = eMxy + t ety
(t)—e tx1 + teMxo + t emxg y(t)—e tx1 + teMxo + t eMX3+

Now each basis vector vj, for j = 1, 2, ..., n; of the combined set of

generalized eigenvectors, occurs as X1 in one of the expressions immediately

above precisely once. That is, for each j, there is one yj(t) = e“vj' +

Since y;j(0) = e™vj = vj, the set of solutions are linearly independent at t = 0.
Yi 1=V

Revisiting the powers of a matrix
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As a notational convenience A, o = I.

Note that A = A I+ Ay, 1.and apply the binomial theorem.

S
W= orem = 3 (7)R
r=0

Assume L is an eigenvalue of A, and let {x1, x2, ..., Xm}
be a chain of generalized eigenvectors such that X1 € Nj, m\ Ni, m-1,

Xi+1 = Ap, 1 Xi,. Xm#0, and Ay 1 Xm=0.

Then Xr+1= Ay, rXx1, for r=0,1,.., m-1.

S S
Axi= Y (i);f‘rAmxl =y (i)xs‘rxm
r=0 r=0

Sofors<m-—-1

S
ASxy = Z (i)xs"rxm
r=0

and fors>m— 1, since Aj, mXx1=0,

m-—1
S _
ASX1= Z (r)ks T Xr+1 .
r=0

Ordinary linear difference equations

Ordinary linear difference equations are equations of the sort:
yn=ayn-1+ b

yn=ayn-1+byn2 + ¢

or more generally,

Yn=amyn-1t am-1Yn—2t ..+ @2¥n-m+1*+ alyn-m* ao

with initial conditions

Yo, Y1, Y2, «.o; Ym2, Ym-1.

A case with az =0 can be excluded, since it represents an equation of less degree.

They have a characteristic polynomial

p(X) = X"~ '<1me_1 - am—le_2 —..—azx—aj.
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To solve a difference equation it is first observed, if yn and zn are both solutions,
then (yn— zn) is a solution of the homogeneous equation:

Yn=amyn-1t am-1Yn2 t ... ¥ 82¥Yn-m+1 t alYn-m-

So a particular solution to the difference equation must be found together with
all solutions of the homogeneous equation to get the general solution for the
difference equation. Another observation to make is that, if yn is a solution to
the inhomogeneous equation, then

In=Yn+l —Yn

is also a solution to the homogeneous equation.

So all solutions of the homogeneous equation will be found first.

When B isaroot of p(x) =0, then itis easily seen
yn=p

Yn—amyn-1 —am-1Yn2 — ... — @2¥n—m+1 — alYn—m,

"is a solution to the homogeneous equation since

becomes upon the substitution yn=p",

Bn _ amBn_l _ am—lBrl_z N aZBn—m-ir 1 _ aan—m
= BB - amp™ ' — am-1B™ 2 — ... — agB — a1)
=B" "p(B) = 0.

When B is a repeated root of p(x) =0, then

Yn= nB"_l is a solution to the homogeneous equation since

an_l — am(n—l)Bn_2 — am—l(n—2)[3n_3 —...—az(n—m+ DB M —ar(n—m)p" " !
= (n-m)B™ ™ T B - amB™ ! — am 1B .. — a2B — a1)
+ B L™ — (m-1)amB™ 2 — (m—2)am-1p™ > — ... — 2a3p — a2)

== (n-m)p™ ™ Ip(p) + B Ip() == 0.

After reaching this point in the calculation the mystery is solved. Just notice when
B isaroot of p(x) =0 with mutiplicity k, thenfor s=1,2,..., k-1

d*(B" "p(B))/dp° = 0.

Referring this back to the original equation

B"— amB™ ! — am 172 — ... — agpt ™! — gt ™

it is seen that

yn=d°(B"y/dp®

are solutions to the homogeneous equation. For example, if B is a root of
multiplicity 3, then yn= n(n—l)[}“_z is a solution. In any case this gives m

linearly independent solutions to the homogeneous equation.

To look for a particular solution first consider the simpliest equation.
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Yn=ayn-1+ b.

It has a particular solution ypn given by

Yp0=0,Yp1=b,yp2= (1 +a)b,...ypn=(L+a+a’+..+a" b, ...
It's homogeneous equation yn=ayn-1 has solutions yn = a"yo.

SO Zn=Yn+t1—yn= ab

can be telescoped to get

Yn=(n=yn-1) *+ (Yn-1 = yn2) + ... + (Y2 y1) + (Y1~ yo0) *+ Yo
=In-1tZn2+...+21+20+ Y0

=(l+a+a’+..+a" hp,

the particular solution with yg = 0.

Now, returning to the general problem, the equation

Yn=amyn-1 t* 8m-1Yn—2 * ... + 82¥n-m+ 1 t 81yn-m *+ a0.

When ypn is a particular solution with yp o = 0, then

Zn = Yp,n+l — Yp,n

is a solution to the homogeneous equation with zg=yp1 .

SO Zn=Ypn+1 —¥Ypn

can be telescoped to get

Ypn= (Ypn = ¥pn-1) + Ypn-1 = Ypn-2) + . + (Yp,2 = ¥p,1) + (Yp,1 — ¥p,0) + ¥p,0
=In-1t1tZp2+...+Z21+ 270

Considering

Yp,m=amyp,m-1 + am-1Ypm—2 + ... ¥ a2yp,1 + aiyp,0 + ao.

and rewriting the equation in the zj

Im—1tZm2 t+ ... +721+ 20

= (@am(zm2+tzm3+..+z1+20) + (@m1) (Zm3 + Zm4 + ... + 21 + 20)
+ (am-2) (Zm4 + Zm-5 + ... + 21 + 20)

+

+ (a3) (z1+2z0) + (a2) (z0) + (a0)

and

Zm-1

=(@m-Dzm2 + @+ am-1—1)zm3 + @+ am-1+am2— 1) Zm+4
+

+ @mtam-1+..tasa+taz—1)z1 + (@m+am1+..taz+az—1)2
+ (a0).

Since a solution of the homogeneous equation can be found for any initial conditions

20, 71, 22, .oy Zm2, Zm-1.
reasoning conversely find such z satisfying the equation,
just before and define yp,n by the relation
Yp0=0, Ypn =Zn-1+Zn2+ ..+ 21+ 20

http://en.wikipedia.org/wiki/Generalized_eigenvector
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One choice is, for example, zm-1=2a0, 20 = 21 = 22 =...= Zm2 = 0.
This solution solves the problem for all initial values equal to zero.

The general solution to the inhomogeneous equation is given by
Yn=Ypn+y1W(n+v2W(2)n+ ... + ym-1 w(m=1)n+ ym w(m)n
where

W(LDn, W(2)n, .., W(m—1)n, w(m)n

are a basis for the homogeneous equation, and

Y1 V25 «es Ym—1, YmM
are scalars.

example

Yn=8Yn-1-25yn2+38YyYn3 28 yn4 +8yns+ 1
with initial conditions
yo=0,y1=0, y2=0, y3=0, and y4=0.

The characteristic polynomial for the equation is
p(x) = x° — 8x* + 25x3 — 38x% + 28x — 8 = (x— 1)2(x — 2)3.

The homogeneous equation has independent solutions
wlp = 1"=1, w2y = n-1" ! =n, and

w3n = 2" wép = n-2% 1 ws, = n(n—1)-2"2.
The solution to the homogeneous equation
Zn=-3wln—w2n+ 3w3n—2 wépn + Y2 W5
satisfies the initial conditions

24=1, z0 =21 =22 =23 = 0.

A particular solution can be found by

Yp0=0, Ypn =Zn1+Zn2+..+21+20.

Calculating sums:

n.

dYwl = wlp-1 +wlp2 + ... +wl1 +wlp

dW2 = W2p-1 +W2p2+ ...+ W21 +W20 = (n—1)n/2.

SW3 = W3n-1 +W3n2+..+W31+w3g = 2"—1.
Sums of these kinds are found by differentiating (x" — 1)/ (x — 1).
Swd = whn1 + Whpo + ..+ Wap +Who = (n-2)2" ' + 1.

dwWS = Wip-1 +Wdp—2 + ... + WO + W50 = (n2 —5n+ 8)2n_2 -2.

Now,
Ypn="32>wln—=2w2n+ 33 wW3n—2 >wdn+ 12> w5n

solves the initial value problem of this example.
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At this point it is worthwhile to notice that all the terms that are combinations of
scalar multiples of basis elements can be removed. These are any multiples of
1, n, 2" n2"! and n2.2"2

So instead the particular solution next, may be preferred.

Ypn = = n?,

This solution has non zero initial values, which must be taken into account.

yo=0, y1=-1/2, y2=-2, y3=-9/2, and ys4=-8.
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