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yof that the sum of the reciprocals of the primes diverges - Wikipedia, ... http://en.wikipedia.org/wiki/Proof_that_the_sum_of_the_reciprocals_of_

Third proof

Here is another proof that actually gives a lower estimate for the partial sums; in particular, it shows that these sums grow
at least as fast as In(In(n)). The proof is an adaptation of the product expansion idea of Euler. In the following, a sum or
product taken over p always represents a sum or product taken over a specified set of primes.

The proof rests upon the following four inequalities:

» Every positive integer i can be uniquely expressed as the product of a square-free integer and a square. This gives
the inequality

> 1<Il(1+;) 25
i=1 pEn
where for every i between 1 and n the (expanded) product contains to the square-free part of i and the sum contains
to the square part of i (see fundamental theorem of arithmetic).
= The upper estimate for the natural logarithm
n+l oy n i+1 oy LI |
In(n+1) = / — = — <)y =
V=) TRl T 4E
= "‘-—-v-——"
<1/i

» The lower estimate 1 + x < exp(x) for the exponential function, which holds for all x > 0.

» Letn = 2. The upper bound (using a telescoping sum) for the partial sums (convergence is all we really need)

1 2 1 5
<1+§:(~4m k+¢m)_1+§“n+u2<§

=1/(k3—1/4)>1fk2

Combining all these inequalities, we see that

s E Ik < ()= Fen (52)

pEn pEn pPEN

Dividing through by 5/3 and taking the natural logarithm of both sides gives

Inln(n + 1) ln—< Z—

p<n
as desired.
Using
<1 =

ZT“F
(see Basel problem), the above constant In (5/3) = 0.51082... can be improved to 1n(1T2/6) =0.4977...; in fact it turns out
that
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