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Loosely speaking, the Riemann integral is the limit of the Riemann sums of a function as the
partitions get finer. If the limit exists then the function is said to bdntegrable (or more
specifically Riemann-integrable). The Riemann sum can be made as close as desired to the
Riemann integral by making the partition fine enough.

One important fact is that the mesh of the partitions must become smaller and smaller, so
that in the limit, it is zero. If this were not so, then we would not be getting a good
approximation to the function on certain subintervals. In fact, this is enough to define an
integral. To be specific, we say that the Rlemann integral of f equalss if the following
condition holds:

For all ¢ > 0, there exists § > 0 such that for any tagged partitionZo, - . . , Tn and
to, ..., ln—1 Whose mesh is less thang, we have

n—1
> fE) (@i — i) — 8| < e.
im0

However, there is an unfortunate problem with this definition: it is very difficult to work
with. So we will make an alternate definition of the Riemann integral which is easier to work
with, then prove that it is the same as the definition we have just made. Our new definition
says that the Riemann integral of f equalss if the following condition holds:

For all ¢ > 0, there exists a tagged partitionZo, - - ., Zx and {p, . . . , L1 such that for
any refinement %o, - . - , Ym and So, . . . y Sm-1 0f Lo, ..., Tx and &y, ..., t,_1, Wwe have

z f(8:)(Yir1 —w:) — 8| <e.

i=0

Both of these mean that eventually, the Riemann sum of f with respect to any partition gets
trapped close to s. Since this is true no matter how close we demand the sums be trapped, w
say that the Riemann sums converge tos. These definitions are actually a special case of a
more general concept, anet.

As we stated earlier, these two definitions are equivalent. In other wordss works in the first
definition if and only if s works in the second definition. To show that the first definition
implies the second, start with ane, and choose a § that satisfies the condition. Choose any
tagged partition whose mesh is less thang. Its Riemann sum is withine of s, and any
refinement of this partition will also have mesh less thans, so the Riemann sum of the
refinement will also be withine of s. To show that the second definition implies the first, it is
easiest to use the Darboux integral First one shows that the second definition is equivalent
to the definition of the Darboux integral; for this see the page on Darboux integration. Now
we will show that a Darboux integrable function satisfies the first definition. Fix, and choose
a partition Yo, - - . , ¥m such that the lower and upper Darboux sums with respect to this
partition are withine/2 of the value s of the Darboux integral. Letr equal the supremum of
[f(x)| on [a,b]. If r = O, then f is the zero function, which is clearly both Darboux and
Riemann integrable with integral zero. Therefore we will assume thatr > 0. If m > 1, then we

choose § to be less than bothe/2Hm — 1) and 0<n%1n Yi+1 — Yi. If m = 1, then we choose §

to be less than one. Choose a tagged partitionZo, - - - , Tn and 2y, . . . , {,—1. We must show
that the Riemann sum is withine of s.
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