SUMMABILITY OF FORMAL SOLUTIONS OF LINEAR
PARTIAL DIFFERENTIAL EQUATIONS WITH
DIVERGENT INITIAL DATA

SLAWOMIR MICHALIK

ABSTRACT. We study the Cauchy problem for a general homoge-
neous linear partial differential equation in two complex variables
with constant coefficients and with divergent initial data. We state
necessary and sufficient conditions for the summability of formal
power series solutions in terms of properties of divergent Cauchy
data. We consider both the summability in one variable ¢ (with
coefficients belonging to some Banach space of Gevrey series with
respect to the second variable z) and the summability in two vari-
ables (¢, z). The results are presented in the general framework of
moment-PDEs.

1. INTRODUCTION

The problem of summability of formal solutions of linear PDEs was
mainly studied under the assumption that the Cauchy data are conver-
gent, see Balser [3], Balser and Loday-Richaud [5], Balser and Miyake
[6], Ichinobe [§], Lutz, Miyake and Schifke [9], Malek [10], Michalik
[11], 12), T3] and Miyake [15].

The case of more general initial data was investigated only for the
complex heat equation (see Balser [1, [4]). In [I] Balser considered the
case of entire initial data with an appropriate growth condition and
he gave some preliminary results for divergent initial data, too. Next,
these results were extended in [4], where a characterisation of summable
formal power series solutions of the complex heat equation in terms of
properties of divergent Cauchy data was given.

The aim of our paper is a generalisation of Balser’s results [I], 4] to
homogeneous linear partial differential equations with constant coeffi-
cients.

Namely, we consider the initial value problem for a general linear
partial differential equation with constant coefficients in two complex
variables (t, z)

(1) P@,0.)u=0, 9u0,2)=¢(z) (j=0,....n—1),
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where P(\, () is a polynomial in both variables of degree n with respect
to A and the Cauchy data @;(z) = > .~ ¢nz" € C[[z]] are formal
power series.

We study the Gevrey asymptotic properties of formal power series
solutions u for a fixed Gevrey order of the initial data. Moreover, we
characterise the multisummable formal solutions u of in terms of
the Cauchy data.

The results are expressed in the general framework of moment dif-
ferential equations with the differentiations 9, and 0, replaced by more
general operators of moment differentiations 0,,,; and 0,,, . respec-
tively (see Definition . The general moment differential equations
were introduced by Balser and Yoshino [7], who studied the Gevrey
order of formal solutions of such equations. A characterisation of the
multisummable formal solutions of moment differential equations in
terms of analytic continuation properties and growth estimates of the
Cauchy data was established in our previous paper [14] under the as-
sumption of convergence of the Cauchy data. In the present paper we
continue the study without this assumption. Additionally we consider
a wider class of moment functions, which is a group with respect to
multiplication, and so the set of moment differential operators contains
some integro-differential operators (see Example (3)).

We give a meaning to summability of formal solutions u in two vari-
ables by two methods. In the first one we treat u as a formal power
series in t-variable with the coefficients belonging to some Banach space
of Gevrey series (in z-variable). This situation is carried over by the
general theory of summability developed by Balser [2]. In the sec-
ond method we study summability of % in two variables (t,z) using
approaches used by Balser 4] and by Sanz [16].

The main idea of the paper is based on the use of appropriate moment
Borel transforms B, ; and B, . (see Definition , which transform
the formal solution uw of the equation P(Op, ¢, 0m,.)u = 0 with the
divergent Cauchy data @; into the analytic solution v = B, By, . u
of the equation P(Op,m! 1, Omomy,-)v = 0 with the convergent Cauchy
data Bméyz@. On the other hand we are able to define the summability
of u (both in ¢ and in (¢, z) variables) in terms of analytic continuation
properties of v. In this way, analogously to [14], we reduce the problem
of summability of u to the problem of analytic continuation of v.

In the case of summability of u with respect to t-variable, it is suf-
ficient to apply our previous result [14, Theorem 3|, which establishes
relation between the analytic continuation properties of v (with re-
spect to t) and the Cauchy data B, .%;. In the case of summability
of u in two variables (¢, z) the situation is more complicated, since we
have to study the analytic continuation properties of v with respect to
both variables. To this end we characterise the analytic continuation
properties of v in two variables (¢, z) in terms of the Cauchy data.
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Finally, in both cases we obtain a characterisation of the multi-
summable formal solution % of moment differential equations in the
terms of the divergent initial data &;.

2. NOTATION

We use the following notation. The complex disc in C" with centre
at the origin and radius r > 0 is denoted by D" := {z € C": |z| < r}.
To simplify notation, we write D, instead of D}. If the radius r is not
essential, then we denote it briefly by D™ (resp. D).

A sector in a_direction d € R with an opening € > 0 in the universal
covering space C of C\ {0} is defined by

Sye)={z€C: z=re? d—c/2<0<d+e/2, r>0}.

Moreover, if the value of opening angle ¢ is not essential, then we denote
it briefly by Sj.

Analogously, by a disc-sector in a directz'olz d € R with an opening
e > 0 and radius r > 0 we mean a domain Sy(e;7) := Sy(e) U D,.. If

~

the values of ¢ and r are not essential, we write it S, for brevity (i.e.
S;=S,UD).

By O(G) we understand the space of holomorphic functions on a
domain G C C". Analogously, the space of analytic functions of
the variables 2./, ... z/" ((k1,...,kn) € N") on G is denoted by
O1/ss,..1/8,(G). More generally, if E denotes a Banach space with a
norm || - ||g, then by O(G,E) (resp. O1/x,,..1/x, (G, E)) we shall denote
the set of all E-valued holomorphic functions (resp. holomorphic func-
tions of the variables 2/, ..., z/") on a domain G C C". For more
information about functions with values in Banach spaces we refer the
reader to |2 Appendix B]. In the paper, as a Banach space E we will
take the space of complex numbers C (we abbreviate O(G, C) to O(G)
and O1x,,..1/k,(G,C) to Oy)x,,. .1k, (G)) or the space of Gevrey series
G1/x(r) (see Definition [7)).

Definition 1. A function u € Ol/ﬂ(gd(g; ), E) is of exponential growth
of order at most K € R ast — oo in Sy(e;r) if for any € € (0,¢) and
7 € (0,7) there exist A, B < oo such that

u(t)||e < AP for every ¢ € S4(5:7).

The space of such functions is denoted by O{jn(gd(s; r),E).

Analogously, a function u € Ol/ﬁl,l/KQ(gdl (e1;71) X Sy, (e2:72)) is of
exponential growth of order at most (K1, Ky) € R? as (t,z) — oo in
Say (€1571) XSy (€25 12) if for any &; € (0,¢;) and any 7; € (0,7;) (i =1,2)
there exist A, By, By < oo such that

lu(t, 2)| < AP P22 for every (8, 2) € Sy, (E1;71) X Sy, (Ba: 7).
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The space of such functions is denoted by (95:1}’(12/,{2 (54, (21:71) % Sy (€25 72)).

The space of formal power series u(t) = >3, u;t’/* with u; € E

is denoted by E[[t%]] Analogously, the space of formal power series
. 11

ut,z) = 300 _ ujt?/* 12752 with uj, € E is denoted by E[t=, z=2]].

j?nZO
We use the "hat” notation (u, v, @, ¥, f) to denote the formal power
series. If the formal power series u (resp. v, @, ¥, f) is convergent, we

denote its sum by u (resp. v, ¢, ¥, f).

3. MOMENT FUNCTIONS

In this section we recall the notion of moment methods introduced
by Balser [2].

Definition 2 (see [2 Section 5.5]). A pair of functions e,, and E,,
is said to be kernel functions of order k (k > 1/2) if they have the
following properties:
1. e, € O(So(m/k)), em(2)/z is integrable at the origin, e,,(x) €
R, for z € R, and e,, is exponentially flat of order k in Sy(7/k)
(i.e. Ves0Ta.5o0 such that |e,, ()| < Ae~ (/B for 2 € So(m/k—
£)).
2. E,, € OFC) and E,,(1/2)/z is integrable at the origin in
Sx(2m — 7w /k).
3. The connection between e, and E,, is given by the correspond-
ing moment function m of order 1/k as follows. The function
m is defined in terms of e,, by

(2) m(u) ::/ 2" te,(z)dr for Reu >0
0
and the kernel function F,, has the power series expansion
[e.9] Zn
(3) E.(z) = for ze C.
2 i

Observe that in case & < 1/2 the set S;(2m — 7/k) is not defined,
so the second property in Definition [2| can not be satisfied. It means
that we must define the kernel functions of order £ < 1/2 and the
corresponding moment functions in another way.

Definition 3 (see [2, Section 5.6]). A function e, is called a kernel
function of order k > 0 if we can find a pair of kernel functions ez and
Ej of order pk > 1/2 (for some p € N) so that

em(2) = em(2YP)/p for ze€ S(0,7/k).

For a given kernel function e, of order £ > 0 we define the correspond-
ing moment function m of order 1/k > 0 by and the kernel function
E,, of order k > 0 by .
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Remark 1. Observe that by Definitions [2] and [3| we have

o0 oo

m(u) = m(pu) and E,(z) = Z Z—j = Z ~Zj,

= mlj) = mip)

We extend the notion of moment functions to real orders as follows

Definition 4. We say that m is a moment function of order 1/k < 0
if 1/m is a moment function of order —1/k > 0.

We say that m is a moment function of order 0 if there exist moment
functions m; and mg of the same order 1/k > 0 such that m = my /ma.

By Definition [ and by [2, Theorems 31 and 32| we have

Proposition 1. Let mq, mo be moment functions of orders s1,ss € R
respectively. Then

(1) myms is a moment function of order sy + Sa,
(2) mq/my is a moment function of order s; — ss.

Remark 2. By the above proposition we see that the set M of all
moment functions endowed with the multiplication operation has the
structure of group (M, -). Moreover, the map ord : (M, ) — (Z,+)
defined by ord (m) := s for every moment function m of order s, is a
group homomorphism.

Ezxample 1. For any a > 0, b > 1 and k£ > 0 we can construct the
following examples of kernel functions e,, and E,, of orders k > 0 with
the corresponding moment function m of order 1/k satisfying Definition
or 3t

o ¢,(z) =akz :

o m(u) = al(b+u/k),

1 o0 2J

® En(z) = ¢ 2o to7m

In particular for a = b = 1 we get the kernel functions and the cor-

responding moment function, which are used in the classical theory of
k-summability.

_k
bkez

o ep(2) = kzFe ",
e m(u) =T(1+u/k),
o En(2) = 22,2 /T(1 + j/k) = Eip(2), where Eyy, is the
Mittag-Leffler function of index 1/k.
Ezxample 2. For any s € R we will denote by I'y the function
_J I'Ql+su) for s>0
La(u) = { 1/T(1 —su) for s<O.

Observe that by Example [I] and Definition [4], I, is an example of mo-
ment function of order s € R.

The moment functions I'y will be extensively used in the paper, since
every moment function m of order s has the same growth as I';. Pre-
cisely speaking, we have
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Proposition 2 (see [2, Section 5.5]). If m is a moment function of
order s € R then there exist constants ¢,C > 0 such that

"Ts(n) <m(n) < C"T's(n) for every n e N.

4. MOMENT BOREL TRANSFORM, GEVREY ORDER AND BOREL
SUMMABILITY

We use the moment function to define the Gevrey order and the
Borel summability. We first introduce

Definition 5. Let x € N alnd m be a moment function. Then the
linear operator B E[[z+]] = E[[z*]] defined by

m,xl/” .

Bm,zl/ﬁ(iuj'l‘j/ﬁ) = i Uj xj/n
Jj=0 i

2 (/)

is called an m-moment Borel transform with respect to z'/*.
We define the Gevrey order of formal power series as follows

Definition 6. Let x € N and s € R. Then @ € E[[zx]] is called a
formal power series of Gevrey order s if there exists a disc D C C with
centre at the origin such that Br_,i«u € Oy/.(D,E). The space of
formal power series of Gevrey order s is denoted by E[[z+]],.
1 1

Analogously, if k1,ks € N and s1,8, € R then u € E[[t=1, z%2]] is
called a formal power series of Gevrey order (si,ss) if there exists a
disc D* C C? with centre at the origin such that Bp /e Bp /1 €
O1 k1 1/ms (D?,E). The space of formal power series of Gevrey order
(s1, 80) is denoted by E[[t7r, 272 ]];, ..

Remark 3. By Proposition 2| we may replace Ty (resp. Ty, and T'y,)
in Definition |§| by any moment function m of order s (resp. by any
moment functions m; and msy of orders s; and s3).

Remark 4. If @ € E[[z~]], and s < 0 then the formal series U is con-
vergent, so its sum u is well defined. Moreover, @ € E[[z+]]y < u €

O1x(D,E) and @ € E[[z+]], < u € O, ,/*(C,E) for s < 0.
By Definitions [ and [6] we obtain

Proposition 3. For every 1 € E[[z+]] the following properties of mo-
ment Borel transforms are satisfied:

® Bml’xuanQ,xl/na =B
and ms.

® By, 11/ By p1isth = By /6By 1wl = By y1/ett = U for every
moment function m.

e i€ E[jz+],, & B, .-t € E[[z+]]s,_s for every s,s; € R and
for every moment function m of order s.

myma.1/ U for every moment functions my
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As a Banach space E we will take the space of complex numbers C
or the space of Gevrey series G 1/.(r) defined below.

Definition 7. Fix k € N, r > 0 and s € R. By G, 1/.(r) we denote a
Banach space of Gevrey series

GS,I/K(T) = {9/5 € CHZ;HS: BFS,zl/"@ € OI/H(DT) N O(E)}
equipped with the norm

1%l

Gy ju(r) += TAX |Br, .1/-0(2)].
|z]<r

We also set G 1/ := hg Gs1/x(r). Analogously, we define Oy (G, Gy 1)) =
r>0

lity O1/2(G, Gt e(r)) and OF (G, Gl ) i= lim O (G, G ().
r>0 r>0
Moreover, we denote by G, 1/.[[t]]s, the space of formal power series

u(t,z) = > 20u(2)t) of Gevrey order s; with coefficients ;(z) €
Gsz,l/lﬂ?'
By Definitions [0, [/, Remark [3] and Proposition [3] we conclude

Proposition 4. For every k € N, 5,5 € R (resp. s1,$2,5 € R) and
for every moment function m of order s the following conditions are
equivalent:

@ € Cllax]]s (resp. @ € C[[t, 2¥]]s1.0);

By, 1/t € O1/x(D) (resp. BFsl,tBFSQ,Zl/Ha € O11/x(D?)),

there exists T > 0 such thatw € G1/.(r) (resp. U € Gy, 1/0(r)[[t]]s; ),
€ Gsayw (resp. € Gayayullt]]s, )

o B, el € Cllzx]]s—s (resp. B it € Goys1/sl[t]]s,)-

Now we are ready to define the summability of formal power series
in one variable (see Balser [2])

Definition 8. Let x € N, K > 0 and d € R. Then @ € E[[z+]] is

called K-summable in a direction d if theAre exists a disc-sector Sy in a
direction d such that By, ,1/xU € Oﬁﬁ(Sd,E).

Remark 5. By Definitions [7 and [§ @ € G1/,[[t]] is K-summable in a
direction d if and only if BFI/K7tBFS7ZI/na € Ofl/H(Sd x D). Moreover, we
may replace I'y in the above characterisation by any moment function

my of order s.
We can now define the multisummability in a multidirection.

Definition 9. Let K; > --- > K,, > 0. We say that a real vector
(dy,...,d,) € R"is an admissible multidirection if
|dj—dj_1|Sﬂ'(l/Kj—l/KJ‘_l)/Q for ]:2,,’)1
Let K = (Ky,...,K,) € R} and let d = (di,...,d,) € R" be an
admissible multidirection. We say that a formal power series u € E[[z]]
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is K-multisummable in the multidirection d if © = uy + - - - + U,, where
u; € E[[z]] is Kj-summable in the direction d; for j =1,...,n.

Following Sanz [16] we extend the notion of summability to two
variables
Definition 10. For ki, ks E N, Kl,Kg > 0 and di,dy € R the
formal power series u € (C[[t“l 2“2]] is called (K7, K3)-summable in
the direction (dy,ds) if there exist disc-sectors Sdl and Sd2 such that
Ki,K
BFI/Klztl/ﬁl BI‘I/K27Zl/N2u G Ol/lﬁ 12/I€2(Sd1 X SdQ)

Remark 6. By the general theory of moment summability (see [2], Sec-
tion 6.5 and Theorem 38]), we may replace I'1/x in Definition I resp.
I'1/k, and T'y/k, in Definition (10 D by any moment function m of order
1/K (resp. by any moment functions m; of order 1/K; and ms of order
1/K5).

More general approach to summability in several variables was given
by Balser [4]. Namely, he introduced

Definition 11. Let s1,5 > 0, O C {(to,20) € (C\ {0})?: |[(to, 20)|| =
1} be bounded, open and simply connected and let

G ={(t,z) € (C\{0})?: (t, 2) = (2%t0, 2%2), (to,20) € O, x> 0}.
Then we say that G is a (s1, $2)-region of infinity radius with an opening

0.

Moreover, for k1, ko € N the formal power series

At 2) = Y wyt?/m2mm2 € [t 27 ]]

7,n=0
is called (1/s, 1/82)—summable in the direction O if
U ,
Bs, s ul(t, 2) Jn i/ yn/ Rz
(51,52) ( JZ F +51j//€1+52n//€2>

belongs to the space O1/u,1/x,(G U D?) and for every O € O there
exist A, B > 0 such that

1Bsy,0) (2% g, 2%229)| < AeP™ for every (to,z0) € O', x> 0.

In the paper we will consider only the situation, when G is a poly-
sector Sy, x Sy, with an opening

O = Oy, g, := {(to, 20) € Sa, X Sa,: ||(to, z0)|| = 1}.
In this case, immediately by Definition we get
Proposition 5. Let s1,s9 > 0, di,ds € R and k1,k9 € N. Then the
1 1
formal power series uw € Cl[t=1, z%2]] is (1/s1,1/s2)-summable in the

direction Og, a4, if and only if B(s, s,)0 € Oi;}iiﬁi(g\dl x Sy,).
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The connection between the Borel type transforms Br, Br,, . and
B(s, s,) is given in the next lemma.

Lemma 1. Let s1,50 > 0 and u € (C[[t z]]. Then the formal power
series U(t, z) == Br, ,Br,, .u(t,2) and W(t, z) 1= B(s, s,)u(t, 2) are con-
nected by the formula

1
W(t,z) = (1 + 10 + $220,) / v(te™, z(1 —€)*) de.
0

Proof. Let u(t,z) = Y7 _ougnt"2". Then

~ = ukntk ~ = ukntk
ot 2) kgz:o [(1 4 ks))I(1 + nsy) and - @(t, 2) kg; [(1+ ksy + nss)

Using properties of the beta function

F(l —+ kSl)F(l + n32)
(2 + ksy +nsg)

1
/ €k51(1 _ 5)7152 de = B(l + ks + 7182) =
0

we conclude that

1
/ Bt 2(1 — £)) de
0

m tk n 1
o n ksq nso
e (1 — )2 de
Z 1 + ]{381 1 + 7182) /0 ( )
(2 + ks; +nss)

k,n=0

Hence
1
W(t,z) = (1 + 19, + $220,) / o(te™, 2(1 —€)™) de.
0

g

Remark 7. In Theorem |3 we will show that if & € C[[t, z+]] is a formal
solution of then

Br,, +Br,, il € O (84, % S1,) By sayii € 0711 (5S4, % 5,)

In other words, for such u we have the equivalence between (1/s1,1/s9)-
summability in the direction (d, dy) (introduced by Sanz) and (1/s1, 1/s5)-
summability in the direction Oy, 4, (introduced by Balser). In our
opinion it should be possible to extend the general theory of moment
summability (see Balser [2, Section 6.5]) to several variables and to
show that the above equivalence holds for every formal power series

u e C[t, z]].
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5. MOMENT OPERATORS

In this section we recall the notion of moment differential opera-
tors constructed recently by Balser and Yoshino [7]. We also extend
the concept of moment pseudodifferential operators introduced in our
previous paper [14].

Definition 12. Let m be a moment function. Then the linear operator
Om o+ E[[z]] — E[[x]] defined by

= u > u
P i1
&mw( E I x3> = E I )
J

— m(j) = m(J)

is called the m-moment differential operator O, ..
1

More generally, if & € N then the linear operator 0, ,i/x: E[[z+]] —
E[[x+]] defined by

Oz ( 2 m(i;]/m)xj/n> =2 %xﬂ "

Jj=0 J=0

is called the m-moment 1/k-fractional differential operator 0,, ,i/x.
Ezxample 3. Below we present some examples of moment differential
operators.

e For m(u) = I'y(u), the operator 0y, , coincides with the usual
differentiation 0,.
e For m(u) = I's(u) (s > 0), the operator 0,,, satisfies

(Om.2u)(z°) = 07 (u(x”)),

where 07 is the Caputo fractional derivative of order s defined
by

> Us; . > Uit .
n(3 ) 5
e For m(u) = 1, the corresponding operator 0y, . satisfies

Omu(x) = W for every u(z) = Zujxj € E[[z]].
=0

e For m(u) =I'_;(u), the operator 0, , satisfies
1 [*a(y) — =~
O zu(x) = —/ ly) = uo dy for every u(zx)= Zujxj € E[[z]].
z Jy prs
e For m(u) =T'_4(u) (s > 0), the operator 0, , satisfies

for every u(x) = Z ujz’ € Ef[z]],
=0
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where 0, ° is the right-inversion operator to d; and is defined

by
- 00 ws . 'S Wiy ‘
(X em) = L™

The moment differential operator 0, . is well-defined for every ¢ €
O(D). In addition, we have the following integral representation of
O =P

Proposition 6 (see [14, Proposition 3]). Let ¢ € O(D,) and m be a
moment function of order 1/k > 0. Then for every |z| < e < r and
n € N we have

oo(6)
Pol) = g et [ B0

= om

where 0 € (—argw — g7, —argw + 5.

Using the above formula, we have defined in [14, Definition 8] a

moment pseudodifferential operator A(9,,.): O(D) — O(D) as an op-
erator satisfying

A(Om,2) Em(C2) == A(() Em(C2) for [C] > ro.

Namely, if A(¢) is an analytic function for [(| > ry then A(Op,.) is
defined by

1 (0 eu(Cw)

A O = — MO E,(C2) 22— d¢ d
One)e) = 55§ o) [ NOE () R
for every o € O(D,) and |z| < e <1, where 0 € (—argw— g, —argw+

z)

We extend this definition to the case where A(() is an analytic
function of the variable ¢ = (/% for |¢| > 7y (for some x € N and
ro > 0. Since (O .0)(2%) = 05 (p(2")) for every ¢ € O(D), where
m(u) :=m(u/k) (see [14, Lemma 3]), the operator A(0y, ) should sat-
isfy the formula

(4)  (AOm2)e)(2") = (05, .)(@(2"))  for every @ € Oyu(D).

For this reason we have

Definition 13. Let m be a moment function of order 1/k > 0 and
A(¢) be an analytic function of the variable ¢ = ¢'/* for || > 7o
(for some k € N and 7y > 0) of polynomial growth at infinity. A
moment pseudodifferential operator X0, .): O1/x(D) — O1,.(D) (or,
more generally, A(9,,.): E[[z%]]o — E[[zx]]o) is defined by

(5) K 0o(0)

NOnoe) = g b ptw) [ OB 2 i

2K J || =e oeif w
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for every ¢ € Oy.(D,) and |z] < € < r, where m(u) := m(u/k),
n/k n/k

Em(CYr2Mm) = Zf:o%’ 0 € (—argw — £, —argw + ) and

f\z,\:g means that we integrate x times along the positively oriented

circle of radius €. Here the integration in the inner integral is taken

over a ray {re?: r >rg}.

Observe that

0o(6)
o1 " 1k em(Cw)
(NOr o)) () = 5 fw:€w<w> / MO B¢ /) 2 d
1 v (Cw)
% _ eplQW o H "
- — Im:gso(w) // N ER(G) =2 d dw = X05,.)(o(21),
7“(1] K i/ k

so () holds for the operators A(dp,,.) defined by (F)).
Immediately by the definition, we obtain the following connection
between the moment Borel transform and the moment differentiation.

Proposition 7. Let m and m' be moment functions. Then the op-
erators By z, Omo: El[z]] — E[[z]] satisfy the following commutation
formulas for every u € E[[z]] and for mv = mm/:

1) lg?’n’,a:arn,xa = aﬁ,azlgm’,xa;
i) By o P(Oma)t = P(Omx) B 20 for any polynomial P with con-
stant coefficients.

The same commutation formula holds if we replace P(0y,,.) by A(Op.z)-
Namely, we have

Proposition 8. Let m and m’' be moment functions and \(() be an
analytic function of the variable & = (Y% for |C| > ro (for some k € N
and ro > 0) of polynomial growth at infinity. Then the operators
B w1/ AOmz) s El[z'/*]]lo — E[[z'/%]]o satisfy the commutation for-
mula

By s1/e MO )T = A(Opsz) B 100

for every @ € E[[z'/*]]o and for m = mm/.
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Proof. Note that, by Proposition [1, m = mm’ is a moment function.
Observe that by Definition [14 we have

By o1/ MO 2 )()

K 0o(0)
17{ u(w) / A<<>Bm/,wam<<1/“x““>emégw) d¢ dw

2% w]=e oeif w
Lo <0 eulC)

_ E~ 1/k,.1/k\ M

szt 1) [N B i

K 0o(0)
Noma)g §, ) | B e B () 28 g

2RTU J || =e oeif
=A(Omz) By g1 /xi(),
where m(u) := m(u/k) and m(u) = m(u/k) = m(u/k)m' (u/kK). O

Using Proposition 8| we are able to extend Definition [13|to the formal
power series and to the moment functions of real orders.

Definition 14. Let s € R, m be a moment function of order s € R
and A(¢) be an analytic function of the variable & = ¢!/* for |¢| > rq of
polynomial growth at infinity. A moment pseudodifferential operator
A(Op,») for the formal power series @ € E[[z*]], is defined by

)‘(amz)@(z) = Bl“,g,zl/N A(%,Z)Brg,zl/ﬁ 9/5(2)7

where m = ml's, 5 = max{s,s + 1} and the operator A\(0m ) is con-
structed in Definition I3

Definition 15 ([14], Definition 9]). We define a pole order ¢ € Q and a
leading term A € C\ {0} of A(¢) as the numbers satisfying the formula
lime_,o0 A(C)/C? = A. We write it also A(¢) ~ A%

At the end of the section we improve the estimate given in [14]
Lemma 1] as follows

Lemma 2. Let § € C[[z#]]s, s < 0, m be a moment function of
order 1/k > 0 and \(Op,.) be a moment pseudodifferential operator
with A(¢) ~ A% and q € Q. Then there exist r > 0 and A, B < o
such that

SUp [N (O )0 (2) < PPAB Ty () for §=0,1,...,

|z|<r
where § := max{0, ¢}.

Proof. Repeating the proof of [14, Lemma 1], we may take r > 0 and
g, > 0 such that

|2|<r ell  2Kkme

| o Tanlg) 1"
sup [N (O )ol2)] < WA B2 L 7{ ()| dlw

w|=e
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for some Ay, B; < oo and for every € > ¢, such that D. € D and

2 € 01/H<D>
If s = 0 then the assertion is given by the estimation

1 K
f p(w)] dlw| < As.

2RTE Ji|=c

—1/s

If s <0 then ¢ € O,/ (C). So we estimate

1 " —1/s
7{ lp(w)|dlw| < AP for every € > &,

2KkTE |w|=¢

Hence, putting € = (%ﬁa)*s and applying the Stirling formula (see [2,

Theorem 68]) we conclude that

. N ABIT 34 (5)e 7
sup | N (On,2)p(2)] < o
|Z|<r’ (On)p(2) (—sjq) 571

< A AB (5511 (4)-
O

6. FORMAL SOLUTIONS AND GEVREY ESTIMATES

In this section we study the formal solutions of the initial value
problem for a general linear moment partial differential equation with
constant coefficients
(6) { P‘(aml,ta 67712,2’)a = 0

where my, mo are moment functions of orders s;, s5 € R respectively,
and

(7) P(AQ) = Bo(QN" = 3 QN

is a general polynomial of two variables, which is of order n with respect
to A.
First, we will show the following

Proposition 9. Let m) and m/, be moment functions, u € C[[t, z]] and
U = By, By u. Then u is a formal solution of (@) if and only if U is
a formal solution of

® X

{ P(Om, t, Omy,2)U =0

Or, 0(0,2) = ¥(2) := By, .0(2) € C[[z]] for j=0,...,n—1,
where My := mym) and My 1= maomb,.

Proof. (=) We assume that U is a formal solution of (€]). By Propo-
sition [ we have

P(aml,ta %Q,Z)i}\ - P(aml,ta aﬁz,z)Bmllvth,Z’za
= m'lthm'Q,zP(amLh ammz)a =0
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and
8%“6(0, Z) = ﬁ%17t8m37t8mé7za(0, Z) = Bm37t8m§7Z%17ta<0, Z)
- Bmé,z@j(z)

for j =0,...,n—1. So 0 is a formal solution of ().

(<=) Observe that © = By /) B1/my,.0 and @ = Bl/méyz{ﬂ\j for j =
0,...,n— 1. Repeating the first part of the proof with u replaced by v
and @; replaced by @/Z)\j, we obtain the assertion. O

If Py(¢) defined by (7)) is not a constant, then a formal solution of
is not uniquely determined. To avoid this inconvenience we choose
some special solution which is already uniquely determined. To this end
we factorise the moment differential operator P(Oy,, t, Om,..) as follows

P(amhta 8m2,z) = PO(amz,z)(amLt -\ (amz,z))nl e (arru,t - Al(amz,z))nl
= P()(am%z)ﬁ(aml,ta 8m2,2’)7

where A1(C),..., N (¢) are the roots of the characteristic equation
P(\,¢) = 0 with multiplicity ny,...,n; (ny + -+ + n; = n) respec-
tively.

Since A\, (() are algebraic functions, we may assume that there exist
k € N and ry < oo such that A\,(¢) are holomorphic functions of the
variable ¢ = (1% (for |¢| > ry) and, moreover, there exist A, € C\ {0}
and g, = pto/Vs (for some relatively prime numbers p, € Z and v, €
N) such that A\,({) ~ Aa(% for o = 1,...,l. Hence the moment
pseudodifferential operators A, (O, ) are well-defined.

Under the above assumption, by a normalised formal solution u of
@ we mean such solution of @, which is also a solution of the pseu-
dodifferential equation P(8p,, 1, Om,.-)0 = 0 (see [14, Definition 10]).

Now we are ready to study the Gevrey order of formal solution u of
@, which depends on the orders s1,ss € R of the moment functions
myq, my respectively, on the Gevrey order s € R of the initial data @ and
depends on the pole orders ¢, € Q of the roots A\, (¢) (v = 1,...,1).
We generalise the results for the analytic Cauchy data given in [14)
Theorems 1 and 2] as follows

Theorem 1. Let s € R and let u be a normalised formal solution of
with @; € Cllz]]s (j = 0,...n— 1) then & = Y0, 3252, Tlap with
Uqp being a formal solution of simple pseudodifferential equation

(aml,t - )‘a(amz,Z))Baaﬁ =0

(9) agnlitaaﬁ(oaz) =0 (] :0575_2)
02 4 05(0,2) = M2 (Omy )P (2),

where Bap(2) = 3020 dapi(Om, 2)@5(2) € Cllzx]ls and dug;(C) are
some holomorphic functions of the variable ¢ = (% and of polyno-
maal growth.
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Moreover, if q, is a pole order of A\(C) and g, = max{0,q,}, then
a formal solution s is a Gevrey series of order G, (sa + ) — s1 with
respect to t. More precisely, U,z € C[[t, Z%]]qa(sﬁs)_shs or, equivalently,
aaﬁ < GS,l/H[[t]]éa(SQ-I-S)—Sl'

Proof. For fixed s > max{s, —s2} we define v := Br_.u. By Proposi-
tion [9] v is a formal solution of

{ P(aml,tvamg,z)@\: 0
Oy 10(0,2) = ¥5(2) = Br, :9;(2) € C[[z]]s—s for j=0,....n—1,
where ::Amgfg. Since T is a moment function of order 35 +
s > 0 and 1; are the Gevrey series of order s —5 < 0 for j =
0,...,n — 1, repeating the proof of [I4, Theorem 1] we conclude that

=", > 521 Vap With U being a formal solution of

(aml,t - )‘a(amg,z))ﬁaaﬂ =0
87]711,75{)\045(07 Z) - O (.] - 07 A 6 - 2)
O 100, 2) = NI~ (O, 2 )W (2),

where $ag(2) = 32770 dag;(Oma,)¥5(2) € Cllz )]s and dag;(C) are
some holomorphic functions of the variable ¢ = (*/* and of polynomial
growth. Hence, by Definition , u = 22:1 > 5% Uap, Where Top =
Br__ ,1/xUap satisfies @ with

n—1 n—1
Bop = Br _mthap = Br _w Y dapi (O, ) 5(2) = dapi(Om, ) 35(2)
j=0 7=0

forg=1,...,npanda=1,...,L '

To find the Gevrey order of U5 = 372 vap;(2)t? with respect to ¢,
observe that by [14, Lemma 2] and by Lemma [2] there exists r > 0 such
that

Sup [Vag; (2)] = ma(0)
z|I<r

( j )supz|<r|Aiﬁ<am2,z)waﬁ<z>|
B—1 my (j)

=~ T (ssisren)(F) .
< AR Aalsmsts ) ) o Apip o (
-~ Fsl (]) —= qa(s+ 2) 1(-])

for some A, B < oco. It means that Uns € Gs_51/x[[t]]7, (so+s)—s,- Finally,
by Propositionwe conclude that tag = Br__ ,1/xUag € Gs1/x[t]]q, (ssts)—s1

or, equivalently, u,s € C[]t, z%]]qa(sﬁs),shs. O
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7. ANALYTIC SOLUTIONS

In this section we study the analytic continuation properties of the
sum of convergent formal power series solutions of

(aml t A(am27Z))ﬁv =0
(10) 8‘71tv(,z):0 (j=0,...,6-2)
am1 tv< ) ) = )‘B_l(amQ,z)gp(z) S Ol/K(D)7

where A(¢) is a root of the characteristic equation of (6). It means
that A(¢) is an analytic function of the variable & = (/% for [¢| > 7o
and A(¢) ~ AC?. During this section we assume that m; and my are
moment functions of orders 1/ky, 1/ky > 0, respectively.

Repeating the proof of [14, Lemma 4] we get the following represen-
tation of solution v of

Lemma 3. Let v be a solution of (10) and 1/ky > q/ks. Then v belongs
to the space O11/,(D?) and is given by

s ma(0) " < I 1/ Ema (CW)
T 7{ o) [ BN B¢V 2 i,

w|=e 0et?

where § € (—argw — 5=, —argw + 51-) and Mma(u) = ma(u/k).
We generalise [14, Lemma 5] as follows

Lemma 4. Let A({) ~ A be a root of the characteristic equation of
(@) for ¢ = p/v with relatively prime numbers p,v € N, where A(¢)
is an analytic function of the variable & = (Y* for || > ro (for some
ro > 0). Moreover, let 1/ky = q/ky, K > 0 and d € R. We assume

that v 1s a solution of
{ (am1,t - A(@m%z))ﬂv =0
Oy 10(0,2) = @j(2) € O1y4(D) (j=0,...,8-1).
If ; € (’)1/&(5 dtarg A\+2km)/q) fork=0,...,qs—1and j=0,...,—1,
then v € 01,1/5 (Sd X S(dﬁrgsz,r)/q) for k=0,...,qs—1. Moreover, if
additionally o; € O(D) forj=0,...,8—1, thenv € Ofﬂf(gdwm/u X
§(d+arg>\+2k7r)/q) fork=0,...,9s—1 andn=0,...,v—1.

Proof. First, we consider the case ki, ks > 1/2. By the principle of
superp081t10n of solutions of linear equatlons we may assume that v

satisfies with ¢ € OI/H(S(dJFargHQkW /q(5 7)) for k=0,...,qgx — 1

and for some &, 7 > 0. Hence, by Lemma | the function v € O 1/,(D?)
has the 1ntegral representation

B—1 my K
(11) v(t,z) = (Bt_ 1)!@6—1 2/{52) % o(w)k(t, z,w) dw,

w|=¢e
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where € < 7 and

oo(0)
btz 0) = [ B (M) Bt 228 g
roet® Cw
with 0 € (—argw — 51—, —argw + 51-) and ma(u) = ma(u/k). Now we
consider the function
(12) (t,z) — k(t,z,w) for every fixed w € C\ {0}.

Observe that by Definition [2| there exist constants A; and b; (i = 1,2, 3)
such that |Em1(t)\(C))’ < Alebl\t|k1|<|k1q7 |Em2(<1/nzl/n>| < A2€b2|<|k2|z‘k2
and |, (Cw)| < Agebslc™21w1*2 - Hence, there exist a,b > 0 such that
for every fixed w € C\{0} and for every (¢, z) € C? satisfying || < a|w|?
and |z| < blw|, we have

|k$(t, z,w)| < /Oo Aveskz(b1|t|k1+b2|z|k2—b3|w|k2) ds < /Oo Ave—gskzlwwz ds < 0o
70 To

with some positive constants g, b. Hence the function belongs to
the space Oy1/.({(t,2) € C*: |t| < a|lw|?, |z| < blw|}) and the right-
hand side of is a well-defined holomorphic function of the variables
t and ¢ = 2% in a complex _neighbourhood of the origin.

To show that v € O1,1/,(Sq X §(d+arg,\+2kﬂ)/q) for k=1,...,qk — 1,
we deform the k-fold circle |w| = ¢ in the integral representation
of v as in the proof of [I4, Lemma 5|. Namely, we split these circles into
2gk arcs Yo, and yory1 (kK =0,...,qx — 1), where 79, extends between
points of argument (d+arg )\+2k7r)/q:|:g/3 and ;41 extends between
(d+arg \+2kn) /q+06/3 and (d+arg A\+2(k+1)7)/q—4/3 mod 2qkr.
Finally, since ¢ € O1/,(S(dtarg r+2km) /q(g)), we may deform 7y, into a
path 7% along the ray argw = (d + arg A + 2km)/q — 5/3 to a point
with modulus R (which can be chosen arbitrarily large), then along the
circle |w| = R to the ray argw = (d + arg A + 2km)/q 4 0/3 and back
along this ray to the original circle. So, we have

B-1 B—1
P tun(t, 2) + —

U(th) = 85711}2(1&7 Z)?

(8—1)! (6 -1t
where )
qr— 0
vi(t, 2) = g T;L;Sm) /7%+1 e(w)k(t, z,w) dw
and )
ar— 0
vo(t, 2) = kz:% 7721;_5”) /ﬁk e(w)k(t, z,w) dw.

To study the analytic continuation of vy, observe that for argt = d,
argz = (d+arg\+2km)/q (k=0,...,qk — 1), argw # (d + arg A +
2km)/q (k € Z) and for ¢ = ks /k1, we may choose a direction 6 in (12),
which satisfies the following conditions
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argt + 2km + arg A + ¢ € <2k1 27 2;;) for some k € Z

(in this case, by Definition 2] we have | E,,,, (1A(¢))| < C|tA(¢)| ™
as ( — 00, arg( = 0),
[ ]

argz/k +2lr +0/k € (2;5,27r— 2];5) for some [ € Z

(in this case, by Definition [2] we have | Bz, (C1/*21/%)| < C'|¢2|~1/*
as ( — 00, arg( = 0),

T
argw + 2n 96( >f0rsomen€Z
g snmt 2k, 2k,
(in this case, by Definition 2 there exists € > 0 such that
em, (Cw)

Co ‘< —l2 as ¢ o0, arg( =0).

Hencg there exist 0 > 0 and r > 0 such that the function v; €
O1,1/x(Sa(0;7) X Sararg x+2km)/q(057)) for kB = 0,...,qx — 1. More-
over, there exists C' < oo such that |k(¢, z,w)| < C for every (t,z) €
Sa(0;7) X S(dtarg x+2kr)/q(0;7) and for every w € UZ';BI ~Yort1. Hence

o (¢, 2)] < L2 max / lp(w)|C dw| < C < oo
2R k=0,... ar—1 Y2k4+1

and we conclude that v; is bounded as ¢ — oo and z — o0.

Now we are ready to study the analytic continuation of vy, Since the
function belongs to the space Oy 1/,({(t,z) € C*: |t| < alwl|?, |2] <
blwl|}), one can find §,r > 0 such that vy € (9171/,€(§d(5; T) ><§(d+arg A2km)/q(037))
for k=0,...,qk—1 as R tends to infinity. Estimating this integral we
obtain

oa(t,2)] < 5 max / [p(w)|C djw] < ARPR™ < APl +Bal="
..... qr— 7§c
since [t ~ |w|? = R? and |z[ ~ |w].
Hence also v € O lq/K(Sd X S(d+arg,\+2k7r /q) for k=0,... gx—1.

In general case kq, kg > 0, there exists p € N such that ky = pky >
1/2 and ky := pky > 1/2. By [14, Lemma 3], the function w(t, z) =
v(tP, zP) is a solution of

(Oye = MR, ) w =0,

o (0, 2) = pn(2#) € OIT (S(atargrs2km)/pg) for n="0,... 3 —1

8~1tw(02)—0f0rj—1 L Bp—Tlandp fj,

where my(u) := mq(u/p) and ma(u) := me(u/p) are moment functions
of order 1/k; and 1/ks respectively.
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By Theorem [If we conclude that w = wo + - - - + wp_y with w; (j =
0,...,p— 1) satisfying

(B — P PAP(E, )P = 0,
{ O, wi(0,2) = jn(z) € Of;ln (S (d+arg \+2km)/pg) fOr n=10,..., 6 — 1.
Applying the ﬁrst part of the proof to the above equation we see that
wj(t, z) € @1 1/:-: (S(d_;_gjﬂ)/p X S(d+arg>\+2k7r)/pq) for j =1,...,p. It
means that v(t,z) = w(t'/?,2'/7) € O{(l(jK(Sd X §(d+arg,\+2k7r)/q) for
kE=0,...,qx — 1.

To prove the last part of the lemma, observe that if p; € Of /K(S (d+arg A+2kr) /q)
and @; € O( ) then also ¢; € O (S dtarg \+2k)/q) and consequently
p; € O (S (d+2nm /v+arg \+2km) /q) Tor n=0,...,v — 1. Hence, replacing

d by d+ 2n7r/1/ we conclude that v € (91 Ey (Sd+2m/y X S(d+arg)\+2k7r)/q)
form=0,...,.v—1land k=0,...,qx — 1. O

Now we are ready to generalise [14, Theorem 3] as follows

Theorem 2. Let A\(() ~ A(? be a root of the characteristic equation
of (@ for ¢ = p/v with relatively prime numbers u,v € N, where
M) is an analytic function of the variable & = V% for |C| > ro (for
some 1o > 0). Moreover, let us assume that v is a solution of (@),
1/k1 = q/ke, K > 0 and d € R. Then the following conditions are
equivalent:

(a) ¢ € ogﬁ@mwm 1)) fork=0,... g5 —1,

(b) v e@{ﬂ‘;K( Sa X Siarargrs2knyq) Jork=0,... qr —1.
()1}6011/ (S x D),

(d) 8] Ry v(t,0) € OK(Sy) for j =0,...,qx8 — 1.

If addz’tzonally we assume that o € O(D) then the above conditions are
also equivalent to

(e) v e Ofﬁf(é\dwm/y X §(d+arg,\+2kﬂ)/q) forn=0,...,v—1 and
k=0,...,q5 -1,
(f) ve (’)fl/n(SdJrgm/y x D) forn=0,...,v—1,

Proof. The implication (a) = (b) is given immediately by Lemma 4]
The implications (b) = (c¢) and (c¢) = (d) are trivial. To prove the
implication (d) = (a), observe that by [I4, Lemma 3] the function
w(t, z) = v(t?, 2") satisfies

(O ¢ = MO, ) w =0,
where mq(u) := mi(u/qr) and mo(u) := mo(u/k) are moment func-

tions of orders 1/ky := 1/k1qx and 1/ky := 1/ksk. It means that w is
also a solution of the equation

(Ot — 20(05.2))% - (Fin st — Aaw1 (D )P0 = 0,
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where

X (Q) i= e2m/am\Vak(¢R) for j=0,...,q5 — 1.
Since Xj(c ) is an analytic function for sufficiently large || with a pole
order equal to 1 (more precisely \;(¢) ~ e2™/a\Var() and 1/k, =

1/ks, by [14 Lemma 7] and by the condition (d), the function w satisfies
also

8:;2 z ( ) wn< ) € anK(S d+2ﬂ'k)/qn)
forn=0,...,¢gs8 — 1 and k = 0,...,gqxk — 1. Hence, by Theorem [}
w=wy+ -+ W1 with w; ( =0,...,¢gx — 1) satistying
(aﬁm,z - X;1<8ﬁibt>>6wj =0,
O, w;(t,0) = P (t) € O K (S aramk)/gn)
forn=0,...,8—1,k=0,...,gs—1. Since )\;1(7) ~ e~2mifar N1k

by Lemma {| with replaced variables, we conclude that w;(t,z) €
OK(D x Sy, ), where

0 = (d+27k)/qr — arg(e 2™/ \7V/%Y = (d + arg A + 27 (k + §)) /qr

{ (aﬁzg z )\0 (afﬁl t)) * (amz z )\qﬁl 1(87711,0)611) = 07

for k = 0,...,qx — 1. In consequence, also w(t,z) € O"K(D x
S(dirargHgﬂk)/qn) and finally v(t,2) = w(tV/e®, 21/%) ¢ (’)‘1’;;{ 1/H(D X

S(d+arg>\+2ﬂk)/q) In particular p(z) € Ol/H(S dtarg \+2rk)/q) for k =
0,...,q9x — 1, which proves the implication (d) = (a).

If additionally ¢ € O(D) then also ¢ € O (S (d+2n7 /v+arg \+2k7) /)
forn=20,...,v— 1. Hence, replacmg d by d + 2nw /v we conclude by
Lemmathat v E (’)1 1k (Sd+2m/l, X S(d+arg M2kmy/q) forn=0,...,v—1
and kK = 0,...,gk — 1 an the implication (a) = (e) holds. The last
implications (e) = (f) and (f) = (c) are obvious. O

By the above theorem we conclude

Corollary 1. If K’ > 0, d € R, ¢ € OK'(8y) and m is a moment
function of order 0, then also B, . € OK/(Sd/).

Proof. Let v be a solution of
(@, — 0.)v =0, v(0,2) =(z) € O (Sy).

Then v(t, 2) = p(t+2) € OF (Sd/ x D). Since m is a moment function
of order 0, we see that also B, ,v € oK' (Sd/ x D). On the other hand,
by Proposition |§|, B, -v is a solution of

(Or — Orym2) B v =0, B, ,v(0,2) = B, .0(2) € O(D).
Hence, applying Theorem [2| we conclude that B,, .o € OF /(§d/). d
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8. SUMMABLE AND MULTISUMMABLE SOLUTIONS

In this section we characterise summable formal solutions u of @D in
terms of the Cauchy data ¢. Next, we also give a similar characterisa-
tion of multisummable normalised formal solutions of general equation

Applying Theorem [2] we obtain the following impressive character-
isation of summable solutions of simple pseudodifferential equations

@

Theorem 3. Let A\(() ~ A9 be a root of the characteristic equation
of (@ for ¢ = p/v with relatively prime numbers u,v € N, where
M(¢) is an analytic function of the variable & = (Y% for |¢| > ro (for
some ro > 0). We also assume that my, msy are moment functions
of orders si,sy € R respectively, d,s € R, s > —so, ¢ > =2, K =

So+s’

(q(s2+s) — 51)_1 and u is a formal solution of

(am1,t - )‘(amzZ))ﬁa =0

(13) 2,10.2) =0 (j=0,..6-2)
O (0, 2) = AP~ (O, 2)P(2) € C[zx])s.
Then the following conditions are equivalent:

(a) BFS,zl/Ha € Ogﬁ(S(d+arg)\+2kﬂ)/t1) fOT’ k= 07 s R — 1;

(b) Bpl/K,tBF&zl/mﬂ € Ofl/H(Sd X D),

(c) Brl/K,tBrs,zl/nu S Ofﬁf(sdXS(d+argA+2k7r)/q) Jork=0,...,qs—

L,
(d) Bpwq_syzl/n{o\ is K -summable in the directions (d + arg A +
2km)/q for k=0,...,qx — 1,

(e) u(t,z) € Gsay:l[t] is K-summable in the direction d,
Moreover, if additionally s > 0 and qsy > sy then the above conditions
(a)-(e) are also equivalent to

(f) @(t, 2) € C[[t, z+]] is (K, 1/s)-summable in the directions (d, (d+

arg A\ + 2km)/q) fork=0,...,qx — 1,
() U(t,z) € Cl[t,z~]] is (K,1/s)-summable in the directions
Od,(d+arg)\+2k7r)/q fO’)” k= 07 s qR — 17
Remark 8. If we assume additionally that ¢ € O(D) then we may

replace the direction d by d + 2nw/v (n = 0,...,v — 1). Hence the
conditions (a)—(e) are also equivalent to

(h) Br,,iBr, a1ell € OK (Sionmsy x D) forn=0,....v—1,
(1) Bf‘l/K,tBFs,zl/"u € Ofﬁf(sd—l-?’rwr/y X S(d+arg)\+2k7r)/q) for n =
0,...,v—1land k=0,...,gx — 1,
(j) u(t, z) € Gsayx[[t]] is K-summable in the directions d + 2n7 /v
forn=0,...,v—1,
and the conditions (f)—(g) are equivalent to
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(k) (t, z) € C[[t,z=]] is (K, 1/s)-summable in the directions (d +
2nm /v, (d + arg A + 2km)/q) for k = 0,...,gx — 1 and n =

0,...,v—1.
() 4(t,z) € C[[t,z=]] is (K,1/s)-summable in the directions
Odronr /v, (darg \2kr) jq for k= 0,... ,gs—landn =0,...,v—1.

Proof of Theorem[3. First, observe that by Propositions [7] and [§ the
function v := Br, y .tBr, 21/xu satisfies the equation

(aml:t o )‘(6%272))6/0 =0
8]”11(0 2)=0 (j=0,...,6—2)

aml tv( )Z )‘Bil(amz Z)BF zl/” ( ) S Ol/n( )
where m; := myl';/k is a moment function of order 1/k1 = s1 +

1/K = q(s2 +s) > 0 and My := mol'y is a moment function of order
1/ky := s5 + 5 > 0. Since 1/k; = q/k,, applying Theorem [2] to v we
conclude that the properties (a)—(c) are equivalent.

Moreover, by Remark [5| we obtain the equivalence (b) < (e).

To show the equivalence between (a) and (d), observe that Br, . . = e
is ¢ K-summable in directions (d + arg A + 2k:7r)/q for k=0,...,qx—1
if and only if By, aic 2/ Br e @ € Of 1/K(S (d+arg A+2kr)/q) fOr K =
0,...,qgc—1. By Proposmon [3land Corollary [1] it is equivalent to (a).

Now we assume additionally that s > 0 and ¢ss > s;. To find
the equivalence between (f) and the previous conditions (a)—(e), it
is sufficient to show implications (¢) = (f) and (f) = (b). To this

end observe that ¢K < 1/s. Hence if Br, i 4Br, su € O 1'§K(Sd X

S(d+arg )\+2k7r)/q) then also BFI/K’tBFS’Zl/nu S Ofil/{:(sd X S(d+arg)\+2k’ﬂ)/q)
(for K = 0,...,gx — 1) and consequently by Definition [10] we con-
clude (f). In the opposite side, if u satisfies (f) then Br, , Br .i/xu €

K1/s, & 5 . -~
0171/{:(811 X S(d+arg)\+2k7r)/q>‘ In partlcular, BFl/K,tBFS,zl/“U c OK(Sd X

D), which gives (b).

Next we show the equivalence (c) < (g). By Proposition [ a(t, z) =
Z;,On:o Wi t! 2"/* is (K, 1/s) summable in the direction Od,(d+arg \+2k7) /q
if and only if

oo

U ~
o(t, 2) = I th2"% e O (8% Sl targ ar2im) fq)-
o(t, z) j;()F(1+j/K+sn//f) 11/n (40X S(drarg A+2km)/q)

So, it is sufficient to show

KK 1/s a
v E Ol 13,{ (Sd X S(d-‘rargA-ﬁ-?k‘w)/q) &S UE (91 1/{i (Sd X S(d+arg)\+2k:7r)/q)-

By Lemmawe get the following connection between V (¢, 2) := 0 (t, 2*)
and V (t,z) := v(t, z)

1
Vi(t,z)=(1+ it&g + iz@z)/ Vit 2(1 — €)*/%) de.
K K 0
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By the above formula and by the assumption Kq < 1/s we con-

clude that if v € Off%sd X Sd+arg,\+2kﬁ)/q) then v € (’)f(ll/{:(gd X

S(d+arg )\+2k71')/q) .
To show the implication in the opposite side, we use the connection

between the boundary conditions for v and v. Namely, since

on, (1, 0) = 2 5 ( . tj

m2(0) = (14 j/K + sn/k)
and
ma(n) - U ;
O AV = t,
21/ U (0 0 ]ZF (1+j/K)T(1+ sn/k)
we get
8%2’Z1/Nv(t, O) = Bm ta:m Zl/ﬁ’ﬁ(t, 0),

I'(14u/K+sn/k)
I'(1+u/K)T'(14sn/k)

n=0,...,q58 — 1. So, since I, v(t,0) € OK(Sd) by Corollaryl
we see that also 07, .v(t,0) € OK(Sd) forn=0,...,gx8—1. Hence,

by Theorem [2| we conclude that v € (’)f 1%(561 X S(d+arg A2k7)/q)- O

where m/,(u) = is a moment function of order 0 for

Now we return to the general equation @ For convenience we
assume that

PG = PO T TN = A=,

a=1 =1

where Aog(C) ~ A,p¢% are the roots of the characteristic equation

P(), ¢) = 0 with pole orders g, € Q and leading terms A\,3 € C\ {0}
for 6=1,...,lpand a=1,...,n.

We also assume that s, s, so E R, 51 >0, s+s2 > 0 and @, € C[[2]],
forj=0,..,n—1. Wlthout loss of generahty we may assume that there
exist exactly N pole orders of the roots of the characteristic equation,
which are greater than 82‘18, say o < qn < - < gy < o0 and let
K, > 0 be defined by K, := (¢a(s2 +5) —s1) ' fora=1,... N.

By Theorem , the normalised formal solution u of @ is given by

(14) = Z Z Zuam

with 4,4, satisfying
(amht - )‘aﬂ(ama,z))vaaﬂ’)’ =0
aﬁnifﬁam(()?z) =0 for j=0,...,7v—2
Oy oy = Aap(Omy =) Papy (2),
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where Gasy (2) = Y720 dapyi(Oms2)P(2) € Cllz7]]s and dagy;(C) are
holomorphic functions of the variable ¢ = (/* of polynomial growth at
infinity.

Since ¢ < % for @ = N+ 1,...,7, by Theorem , Uap~ 1S conver-
gent fory=1,... ., ny3, B=1,...,lpanda=N+1,...,n.

Under the above conditions, immediately by Theorem |3| we get (see
also [I4, Theorem 5])

Theorem 4. Let (dy,...,dy) € RN be an admissible multidirection
with respect to (Ky,...,Ky) and let qo = pia/Ve with relatively prime
numbers po, Vo € N fora=1,... . N. We assume that

BFS,z@j (Z) S OqQKQ (S(du—i—arg )xa5+2na7r)/qa>

for every j = 0,....n—1, ny, = 0,...,0,—1, 8 = 1,...,1l, and
a=1,...,N. Then the normalised formal solution U € G1x[[t]] of
(@) is (Ki,..., Ky)-multisummable in the multidirection (di, ..., dy).

In general, the sufficient condition for the multisummability of u
given in Theorem {4 is not necessary, since the multisummability of w
satisfying does not imply the summability of Uag, (see [14, Ex-
ample 2]). For this reason, following [14], we define a kind of multi-
summability for which that implication holds.

Definition 16. Let (dy,...,dx) be an admissible multidirection with
respect to (K71, ..., Kxn). Wesay that u is (K7, ..., Ky)-multisummable

in the multidirection (dy,...,dyN) with respect to the decomposition
if Uop, is K,-summable in the direction d, (for « = 1,...,N)
and is convergent (for « = N + 1,...,n), where § = 1,...,l, and
v=1,..., N4

Repeating the proof of [I4, Theorem 6] with [14, Theorem 4] replaced
by Theorem [3| we conclude

Theorem 5. Let (dy,...,dy) € RY be an admissible multidirection
with respect to (Ky,...,Ky) and let qo = pia/Ve with relatively prime
numbers i, Vo € N for a = 1,...,N. We assume that u is the nor-

malised formal solution of

P_(am1,ta amg,z)a =0
&, i(0,2) =0 (j=0,....n—2)
Oy 100, 2) = B(2) € C[[2]ls.

m

Then u € Ggax[[t] is (K, ..., Kn)-multisummable in the multidirec-
tion (dy, ...,dy) with respect to the decomposition if and only if

>y a Ko a
BFS,Z(;O € Oq (S(da“!‘arg)‘aﬁ‘f'znaﬂ')/%x)

for everyng, =0,... uo—1, 8=1,...lo anda=1,..., N.
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Remark 9. Analogously, one can also consider the multisummability in
two variables using the approaches given by Sanz or Balser. By Theo-
rem [3l we obtain the same characterisation of multisummable solutions
in two variables as in Theorems @ and [

9. AN EXAMPLE

In this section we give a simple example illustrating the developed
theory. For fixed ¢ € N and s € R we discuss the solution of the
equation

(15) (0, = 00)u =0, u(0,2) = &(2) € C[[]l.

Observe that u satisfies equation (Op, + — MOy 2))u = 0 with the mo-
ment functions m; = my = 'y and A(¢) = (7. We have

Corollary 2. Let s € R, g € N and u be a formal power series solution
of . Then the following conditions are equivalent:

1) u(0, z) € C[[z]]s.
2) u(t,0) € Cl[t]]q(1+)-1-
3) u(t, Z) S C[[t, Z“q(H—S)—l,s-
Proof. The implications 3) = 2) and 3) = 1) are obvious. The impli-

cation 1) = 3) follows from Theorem[l] So, it is sufficient to show the
implication 2) = 3). To this end, observe that u satisfies the equation

(0~ (D) (0~ A(00)T =0, (1,0 € Cllgrn 1
where \,(¢) = e?"/a(Ye forn = 1,...,q.

Hence, by Theorem [1| with replaced variables ¢ and z, we get u =
U + - -+ + Uy, where u, satisfies the equation (0, — A\, (0;))u, = 0
and @, € C[[t, 2]]q14s)-1,s for n = 1,...,¢. It means that also u €
Cllt, 2llg4+s)-1.5- .

Assuming s = 0 (resp. s < 0) in Corollary [2| replacing @ and @ in
by their sums u and ¢, and applying Remark , we obtain
Corollary 3. The solution u of s t-analytic in a complex neigh-
bourhood of the origin if and only if ¢ € O(D) (for ¢ = 1) and
¢ € Ov1(C) (for ¢ = 2,3,...). Furthermore, the solution u of
is t-entire of exponential growth of order k > 0 if and only if
o € OFE1¥1 (C).

By Theorem [3| we obtain immediately

Proposition 10. Let d € R, u be a formal power series solution of
and q(1+s) — 1> 0. Then the following conditions are equivalent:
1. u € Gs1[[t] is (q(1 + s) — 1)~ -summable in the direction d.
2. Br, .3 € OTF9 (S(ayopmyq) (for k=0,...,q—1).
3. Br,,, -9 is m-summable in the directions (d+2km)/q for
k=0,...,q—1.
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If additionally s > 0 then the conditions 1.-3. are equivalent to

[1]
2]

8]

[4]

[5]

[9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]

4. u € Cl[t, 2]] is ((q(1+s) —1)71, s71)-summable in the directions
(d,(d+2km)/q)) for k=0,...,q— 1.

5. u € Cl[t,2]] is ((¢(1+s)—1)71, s71)-summable in the directions
Od,(d+2k7r)/q fO’f’ k= 07 s q = 1.
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