SUMMABILITY AND FRACTIONAL LINEAR PARTIAL
DIFFERENTIAL EQUATIONS

SLAWOMIR MICHALIK

ABSTRACT. We consider the Cauchy problem for Kowalevskaya type fractional
linear partial differential equations with constant coefficients in two complex
variables. We show that the solutions can be analytically continued into certain
sectors, and have at most exponential growth there, if and only if the Cauchy
data have a corresponding property. Applying this result to the study of formal
power series solutions of non-Kowalevskian linear partial differential equations,
we obtain a characterisation of Borel summable solutions in terms of analytic
continuation property and growth estimations of the Cauchy data. We also
obtain a similar result in the case of non-Kowalevskian fractional equations.

1. INTRODUCTION

We study the initial value problem for Kowalevskaya type fractional linear partial
differential equations with constant coeflicients
(@7)mo(t,2) = 27 (0T (0 )t 2) = 0

o (82/}7)"1}(0,2) =pn(z) forn=0,...m—1

)

where m,p € N, P;(£) are polynomials with complex coefficients of degree
deg P;(&) < j, deg P, (§) = m and the initial data ¢, (z) are 1/p-analytic in some
complex neighbourhood of the origin (i.e. the functions z — ¢, (2P) are analytic
near the origin). By the fractional 1/p-derivative we mean the linear operator on
the space of z'/P-power series defined by

/ L w,2P B o Un+12"/p
% p(ﬂZ_O I‘(1—|—n/p)> '_ngof(l—kn/p)'

Using the ideas of W. Balser and M. Miyake [3] we find an integral representation
of the solution of (1). Next we obtain a sufficient condition for analytic continuation
with a growth estimate of the solution v(¢,2z) of (1) in terms of the Cauchy data
©n(2). Moreover, by a symmetry of (1) with respect to ¢ and z, we also prove the
necessity of the condition. Roughly speaking, we have (see Theorem 1 in Section 6
for a precise formulation)

Theorem. Let {\1,...,\;} be the set of the characteristic roots of
m
™ meips = ) j = lim P; 7.
A Z/\ pj =0 with p; gggo i(6)/€

j=1
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Then the solution v(t,z) of (1) can be analytically continued into a sector in a
direction d and has the exponential growth of order at most s > 1 ast — oo if
and only if the Cauchy data ¢,(z) are analytically continued into some sectors in
directions d + parg \; and have the same exponential growth at infinity.

Next we apply the above theorem to the study of summability properties of
the formal solutions to non-Kowalevskian linear PDEs with constant coefficients.
Namely, we consider the Cauchy problem

@) Fu(t,z) =30 0PI Py yp(0:)ult, 2)
Ou(0,2) = @n(2) forn=0,...,p—1

where p,q € N, p < q, Pjq/p(§) are polynomials of degree not greater than jq/p
(4 =1,...,p), Py(§) is a polynomial of degree ¢ and ¢,(2) (n =0,...,p — 1) are
analytic in some complex neighbourhood of the origin.

In a similar way to [8], we use the operator BY1+1/* with k = p/(q — p), which
after appropriate change of variables is equal to the modified k-Borel transform
Bk, Applying BY1+1/F to the formal solution (t, z) of (2), we conclude that the
associated function v(t, z) := BV TV/kq(t, 2) satisfies (1) for certain Kowalevskaya
type fractional equation. So, the problem of summability of solution to (2) is
reduced to the analytic continuation property of solution of (1). This idea is a
generalisation of the one given in [7], where the question about the summability of
formal solutions to the heat equation is reduced to the investigation of the wave
equation.

So, roughly speaking, we obtain (see Theorem 2 in Section 7 for a precise for-
mulation)

Theorem. The formal power series solution G(t, z) of the initial value problem (2)
is p/(q — p)-summable in a direction d if and only if the Cauchy data po(z), ...,
wp—1(2) can be analytically continued into some sectors in directions (d + arg o +
2km)p/q (j = 1,..,1, k =0,...,q — 1) and have the exponential growth of order at
most q/(q — p) there, where a,...,cq are the roots of the characteristic equation
P
a? = PP =0 with ;= lm Py, (£) /697,
j=1 o

The above theorem extends the earlier results on the characterisation of Borel
summable formal solutions of some special non-Kowalevskian linear PDEs obtained
by: D.A. Lutz, M. Miyake and R. Schéfke [6] in the case of the heat equation,
M. Miyake [9] in the case of the equation OYu — d9u = 0 with p < ¢, K. Ichinobe [4]
in the case of the quasi-homogeneous equations and by S. Michalik [8] in the case
of certain linear partial differential equations.

The sufficient condition for the Borel summability of formal solutions was also
found by W. Balser and M. Miyake [3] (for certain linear PDEs with constant coeffi-
cients) and by W. Balser [2] (for general linear PDEs with constant coefficients). In
the last paper W. Balser conjectured that this sufficient condition is also necessary.
Theorem 2 gives the positive answer to the conjecture in the case of equations in a
normal form.

Finally, using Theorem 1 we also show a similar characterisation of Borel summa-
bility of formal power series solutions to the Cauchy problem for the non-Kowalevs-
kian fractional linear partial differential equations (see Propositions 8-10 in Sec-
tion 8).
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2. NOTATION

The complex (resp. real) disc in C™ (resp. R™) with a centre at the origin and a
radius r > 0 is denoted by D"(r) := {2 € C": |z| < r} (resp. B"(r) :={z € R":
|z| < r}). We write D(r) for n = 1.

A sector S(d,e) of opening ¢ > 0 and in a direction d € R in the universal
covering space C of C\ {0} is defined by

S(de):={z€C: z=re", d—c/2<0 <d+¢/2, r>0}.

By O(D) we denote the space of analytic functions on a domain D C C". The
Banach space of analytic functions on D(r), continuous on its closure and equipped

with the norm |||, := Imlix |p(2)] is denoted by E(r).

The space of formal power series
a(t,z) = Zuj(z)tj with  u;(z) € E(r)
j=0

is denoted by E(r)[[t]]. Moreover, we set E[[t]] := | E(r)[[¢]].
r>0
P,,(04,0.,) is the principal part of the differential operator P(0;,d,) of order m.

In other words, if P(9;,d.) = Y. ajx0.0* then P, (0;,0,) = 3 a;,0]0".
J+k<m Jj+k=m

3. GEVREY FORMAL POWER SERIES AND BOREL SUMMABILITY

In this section we recall some fundamental facts about the Gevrey formal power
series and the Borel summability. For more details we refer the reader to [1].

Definition 1. A function u(t,z) € O(S(d,e) x D(r)) is of exponential growth of
order at most s > 0 as t — oo in S(d,¢) if and only if for any m € (0,7) and any
1 € (0,¢) there exist A, B < oo such that

max |u(t, z)| < AePI" for every t e S(d,e1).
1

|z]<

Analogously, a function ¢(z) € O(S(d,¢€)) is of exponential growth of order at
most s > 0 as z — oo in S(d,e) if and only if for any €; € (0,¢) there exist
A, B < oo such that

Blz|®

lo(2)] < Ae for every z € S(d,e1).

Definition 2. Let k£ > 0. A formal power series
(3) a(t, z) := Zuj(z)tj with wu;(z) € E(r)
§=0

is 1/k-Gevrey formal power series in t if its coefficients satisfy

‘m‘%x luj(2)] < ABT(1+3j/k) for j=0,1,...
with some positive constants A and B.
The set of 1/k-Gevrey formal power series in ¢ over E(r) is denoted by E(r)[[t]]1 /-

We also set E[[t]],/, := TLJOE(T)[[t]]l/k.
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Definition 3. Let £ > 0 and d € R. A formal series u(t, z) € E[[t]], /), defined by
(3) is called k-summable in a direction d if and only if its k-Borel transform

Zuj 1—|—]/k)

is analytic in S(d, ) x D(r) (for some € > 0 and r > 0) and is of exponential growth
of order at most k as ¢t — oo in S(d, ). The k-sum of (¢, z) in the direction d is
represented by the Laplace transform of 9(¢, 2)

1 [oo) R
ul(t,z) = tk/ e~ /05 (s, 2) ds®,
where the integration is taken over any ray eR, := {re? : r > 0} with 6 €
(d—e/2,d+¢/2).

For every k > 0 and d € R, according to the general theory of moment summa-
bility (see Section 6.5 in [1]), a formal series (3) is k-summable in a direction d if
and only if the same holds for the series

> JT(+4/k)
]Z::O“j(z)r(l TR

Consequently, we obtain a characterisation of k-summability (analogous to Defini-
tion 3), if we replace the k-Borel transform by the modified k-Borel transform

gt
o(t, z) == = Z“J (1 +5(1+1/k))

and the Laplace transform by the Ecalle accelemtzon operator

oo ()
W(t.2) = 0 [T s )0 (5 0) s/
0
with 6 € (d — ¢,d + ). Here integration is taken over the ray e’’R, and Ci41/1(C)
is defined by

Cra/k(C) = 1 u 1/ (k1) gu—Cut/ B gy,
2mi J,
with a path of integration v as in the Hankel integral for the inverse Gamma
function (from oo along argu = —7 to some ug < 0, then on the circle |u| = |ug| to

argu = m, and back to oo along this ray).
Hence the k-summability can be characterised as follows

Proposition 1. Let k > 0 and d € R. A formal series u(t,z) given by (8) is
k-summable in a direction d if and only if its modified k-Borel transform

ltj

2:: 1+](1+1/k))

satisfies the following conditions:
a) BFi(t,z) € O(D(ry) x D(r2)) (for some ry >0 and ro > 0), i.e. u(t,z) €
E(r)[[t]]1/x-
b) BFi(t,z) can be analytically continued to S(d,e) x D(r) (for some & > 0
andr>0).
c) B¥a(t, z) is of exponential growth of order at most k ast — oo in S(d,€).
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4. a-ANALYTIC FUNCTIONS AND -DERIVATIVES

In this section we introduce some kind of fractional derivatives 0% of the formal
power series in C[[2%]]. These operators are a natural generalisation of the derivative
0, defined into the space C[[z]]. Namely, we have

Definition 4. Let a > 0. The linear operator on the space of formal power series
97 : C[[z"]] — C[[="]]
given by

a un+1 Lon
4) 8(ZI‘1+an ) I‘1+an

is called an «-derivative.

Definition 5. We say that a function u(z) is a-analytic on D C C (or, generally,
on D C C") if and only if the function z — u(z'/®) is analytic for every z'/* € D.
The space of a-analytic functions will be denoted by O, (D).

If the formal power series @(z) € C[[z?]] is convergent in some complex neigh-
bourhood of the origin, then its sum u(z) is a-analytic near the origin. For such
functions we have well defined a-derivative given by (4), which coincides with the
Caputo fractional derivative (see [5]).

We also define the a-Taylor series of u(z) € O (D) by

_ - 09)"u(0) an
(5) u(z)—;mz .

In the case of a-analytic functions, the role of the exponential function e* is
played by

ea(z) := Eqf(2%) = L,
(%) T;)F(l+an)

where F,(z) denotes the Mittag-Leffler function. By the definition of e, (z) and by
the results on the Mittag-Leffler function (see [10]), we have

Proposition 2. The function e, (2) satisfies the following properties:
e ¢ (2) € O4(C) and there exists C < oo such that |eq(2)| < Cel?l for every
z € C,
o for every a € C we have 0%eq(az) = a%eq(az) (in particular 0%eq(z) =

ea(?))s

o ifa<2andargz € (1/2,2r/a — 7/2) then en(z) — 0 as z — oo.

Let us assume that @ € Q. Since every g¢/p-analytic function is also 1/p-
analytic, without loss of generality we may take o = 1/p, where p € N. Observe
that 1/p-analytic function is in fact an analytic function defined on the Riemann
surface of ¥/z. Hence we find the integral representation

Lemma 1. Let ¢(z) € Oy/,(D(r)). Then for every |z| < e <r and k € N we have
oL/p\k 1 : <@ k/p —w¢
O o) = s ow) [ ey e dcd

for@ € (—argw—7/2, —argw+m/2), where flfv
around the positively oriented circle of radius €.

denotes the integration p times
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Moreover, there exist o > 0 and A, B < oo such that
sup |(8/P)*p(2)| < AB*PT(1 + k/p) for k=0,1,...

[z|<e

Proof. By the Cauchy integral formula on the Riemann surface of ¢z we have

L[ pw)
0) = - dw
2(0) 7{

2pmi Jipj=e W

and more generally for every n € N

(8P p(0) = Wfpl o(w)

2pri wlme W/PTL

Lt [T g
= . w € w
2pmi J| \:580 0 ‘

w

with 0 € (—argw — 7/2, —argw + 7/2).
Hence, by (5)

"= ;mz p_2pm‘7{w| . / Zf‘l-i-n/p dc

1 D o< ()
= j{ go(w)/o el/p(zC)e_wC dcg.

2pmi Jyw|=e

The first part of the proof is finished by the observation that (6;/ PYeerp(2¢) =

Ck/pel/p(ZC)'
To show the second part, note that by Proposition 2

oo(0) [e’e} %)
‘/ Ck/pel/p(zg)ewa dC’ < C’/ CR/Pellzl=Iwhe ge < C/ CkIPe=eC/2 q¢
0 0 0
B CF(l +k/p)
NGOG
for |z| < e/2, |lw| =¢ and § = —argw. It means that for ¢ := &/2 we have

: c oqr T(1+ k/p) :
sw 07 p(a)] < 5 7{“ (o) a7t dw < ABYPT(1 + /o)

with some positive constants A, B < oo. |

5. OPERATORS B8

In this section we introduce the operators B*# with a,3 > 0, which are re-
lated to the modified k-Borel operators B*. Using the operators B*# we reduce
the question about summability to the study of the solution of the appropriate
Kowalevskaya type equation.

Definition 6. Let «,3 > 0. We define a linear operator on the space of formal
power series

B*7: E[[t°]] — E[[t”]
by the formula

(6) Rt BM(;)FHM ) ZrHﬁn
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Observe that for any formal series 4(t, z) € E[[t]] and k& > 0 holds
B*a(t, z) = BV a(tY/*,z) with s=1+1/k.
In particular, taking s = ¢/p and using the operator BL4/P: E[[t]] — E[[t4/?]]

given by
Bl,q/p< ) tra/p,
Z Z (1 + nq/p

j=0
one can reformulate Proposition 1 as follows

Proposition 3. Let p,q € N, p < g and d € R. Then the formal series u(t,z) €
E[[t]] is p/(q — p)-summable in a direction d if and only if the function v(t,z) :=
BY“4/Pq(t, 2) satisfies the following conditions
a) z +— v(t, z) is analytic in some complex neighbourhood of the origin,
b) t+— wv(t, 2) is q¢/p-analytic in some complex neighbourhood of the origin,
c) t — v(t,z) can be q/p-analytically continued to some sectors in directions
(d+ 2km)p/q (k =0,...,q — 1) and has at most the exponential growth of
order q/(q — p) there.

The following properties of the operators B®? play crucial role in our study of
summability.

Proposition 4. Let o, > 0 and i(t,z) € E[[t*]]. Then operators B*P and
derivatives satisfy the commutation formulas:

a) BYPori(t, z) = 8P B¥Pa(t, 2);
b) B*P3.a(t, z) = 0, B¥Pu(t, z);
¢) B@PP(82,0,)a(t,z) = P(0P,0,)B*Pa(t,z) for any polynomial P(7,() :=

n .
> S autict with constant coefficients aj; € C.
j=1i=1
Proof. From (6) we see that

BPora(t, z) = Baﬁ( Un+1(2’))tom) - Mtﬂn - 8?3%/3@(757 z)

— I'(1+on — I'(1+ fn)
and
N — 0.y (2) N
a,3 _ Bn _ a,B
BYP0,4(t, z) = 2 T(1 + fn) 0. BYPu(t, z).
Consequently
B P07, 0.)i(t, 2) = B (D03 an(0p) okt 2) )
j=11=1
= ZZCWB ﬁ( (00)7 0L at, ) ZZaﬂ(ﬁtﬂ)jGiBa’ﬁﬁ(t,z)
j=11=1 j=11=1

= P(dP,0,)B*Pa(t, z).

By Proposition 4 we have
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Proposition 5. A formal series u(t, z) is a solution of the Cauchy problem (2) for
the non-Kowalevskian linear partial differential equation with constant coefficients if
and only if the formal series 0(t, z) := BY“9/P4(t, z) satisfies the following fractional
equation of Kowalevskaya type

(7) @Yo (t,2) =3 (071D Py, ((OP)P)u(t, 2),

j=1
(82/p)jv(0,z) = pn(2) for j =ng,
(9/Y0(0,2) = 0 for j #ng, j < qp, n="0,....p— 1.

6. THE SOLUTION OF FRACTIONAL EQUATION
In this section we consider the initial value problem for fractional equation
(8) P(9;'",01/7)o(t,2) = 0,
(9) (8151/17)"1)(0,2') = n(2) € O1/p(D(r)) forsomer >0 (n=0,..,m—1),

where
m

P(atl/P781/p) :: 1/17 Z 1/17 m— ]P al/p)
Jj=1
with deg P;(§) < j and deg P, (§) = m. We would like to find the relation between
the Cauchy data and solution. For this purpose we will use an integral represen-
tation of the solution of (8) with the initial data ¢,(z) given by the recurrence
relations

(10) @o(2) == 0(2), n(2) = X5y P01 o) form=1,...m—1,

where p(2) € Oy,,(D(r)). The construction of this integral representation is based
upon the results of W. Balser and M. Miyake [3]. This method is also similar to
that used in our previous paper [8], where the case of differential equations (i.e. for
p = 1) was considered.

We start with the version of the Cauchy-Kowalevskaya theorem

Lemma 2. The formal power series solution
tn/p

(1) Z”“ T+ n/p)

of (8) with the initial data (9) is convergent in some neighbourhood of the origin.

Proof. By the principle of superposition of solutions of linear equations, we may
assume that the initial data satisfy (10). Note that coefficients v, (z) satisfy the
recurrence relation

m

(2 ZP Pyo,_j(z) for n=1,2,..

with v_pm41(2) = ... =v_1(2) = 0 and vy(2) = ¢(z). It means that
(12) U (2) = @u(0YP)p(z) for n=1,2,..,
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where ¢,,(§) is a solution of the difference equation
(13) ZP )qn—j( for n=1,2,...

with the initial conditions

(14) 0() =1 and q_1(§) = ... = ¢-m+1(§) = 0.

Observe that g,(£) is a polynomial of degree less than or equal to n, so ¢,(§) =
ZZ:O gne€* with some constant coefficients gy,y.

Put Q, (&) :=>"1_, |gnk|€F. Since Q,, (&) is a polynomial of degree n, there exists
K > 0 such that

(15) 1Qn (&) < (KYPE)™  for every neNand &> 1.
By Lemma 1, there exist o > 0 and A, B < oo such that

sup |on(2)] Z (@il sup [(D2/7) ()] <Y lgnk| ABF/PT (1 + k/p)
lz|<e k=0 |z[<e k=0

AT(1+ n/p)Qu(BY?) < AKB)"PT(1 + n/p).
Therefore, the formal series (11) is convergent for |t| < (KB)~! and |z| < o. O

IN

IN

Lemma 3. Let s > 1, d € R and (t,z) € D*(r) (for some r > 0). Suppose that
v(t, z) is a solution of (8) with the initial data (10) and that {A1,...,\;} is the set
of the roots of the characteristic equation
P\ 1) =X" =) N"Up; =0 with p; = Jim P;(€)/¢°.
= —00

Then v(t, z) = Zé-:l v;(t, 2), where v;(t,z) € O1,,(D?(r)) satisfies the following
property: if p(z) € Oy, (S(d+arg Aj, 5)) (for some 6> 0) is of exponential growth
of order at most s at infinity then v;(t,z) € O1,,(S(d,0) x D(r)) (for some 6 >0

and r > 0) has the same exponential growth as t — oo.

Proof. By Lemma 2, for sufficiently small ¢ and z, the power series (11) is con-
vergent. Hence, using (12) and applying Lemma 1, one can choose € > |z| such
that

oo tn/p n 1 P
16) w(t,z) = n - k(t, w, 2) dw,
10) 00,2 =3 15" SOV o) = 5 f kw2

where the kernel function is deﬁned by

n/p "

k(t,w,z) = ZF T 0/p) Zan/ Ck/pe1/p(zC)e_w< d¢

oo (0)
_ /0 a(t, Qe pp(20)e S dC

with § = —argw and

_ - ¢/ - k/p _ S /e 1/p
=3 a2 T = gy
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By (15) we estimate

tn/p[( n/p
t<|_2" FS P — eyt

Hence, by Proposition 2, ¢(t,() € Ol/p((C ) is of exponential growth of order at
most 1. Moreover, for |z| < |w| and § = — arg w we have

0o (0)
[ Qenue0e e ad <o tor Kl 412 < ol
0

It means that under above conditions on w and z, the function ¢t — k(t,w,z) is
1/p-analytic on the set {t € C: K|t| + |z| < |w|}.
On the other hand, using the characteristic equation

(17) POLE) =" =3 PO =0

one can find the solution of (13). We may assume that for sufficiently large ||,
say €| > |CO/ P]. the characteristic equation (17) has exactly [ distinct holomorphic
solutions A1 (&), ..., A(§) of multiplicity my, ..., my (Z;Zl mj; = m). Since Pp,(§) #
0, we conclude that A;(§) # 0. Moreover, deg P;(¢) < j and deg P,,,(§) = m, which

gives

(18) Jim A,(€)/€ = Ay € C\ {0},

where A; are the roots of the characteristic equation

(19) Pu(M1) = A" =) " pA" 7 =0 with p; = Jim. P;(€)/€7.
j=1

Note that \; are not necessarily the distinct roots of (19). From (18) we can also

assume that for [£| > |(3/ P] the functions \;(£) are invertible, where the inverse
functions )\;1(7) are the roots of the characteristic equation P(7,A~%) = 0.

Using the roots of the characteristic equation (17) one can find m linear inde-
pendent solutions of the difference equation (13)

NHE),nAT(E), .yn™ TIAT(E) for j=1,..,1L

Hence for |¢| > |¢o| and ¢1/P = ¢, the solution of (13) is given by

1 my—1

(20) a4, (CP) = ZZ (CPYRENT (P,

We can calculate the coefficients cjx(¢'/?) using the initial conditions (14) and
solving the system of linear equations. Observe that for sufficiently large ||, say
€| > |Col, the coefficients ¢; (¢1/?) are holomorphic and have the polynomial growth
as |¢| — oo.

Moreover, since

ni™/P — ((83/1))1)75 _ 1)ptn/17 =:r(t, 83/P)tn/p’
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we have

) ktn/pAn(Cl/p) B 00 rk(@@)}/l’ﬁ'ﬂ/p}\}m(gl/p)
Z I'(1+4n/p) _nz:% I'(1+4n/p)

= 15,07 e, (EINL(CHP))

and consequently

7nj—1

q(t,0) = D" (S, 0P )er s, (IND(CHP)) for ] > 1ol

j=1 k=

(e}

Hence

Co
k(t,w,z) = / q(t, C)el/p(,zg“)e_wC d¢
! mj—1

Y / S (CPY (1,01 )er 1y (AR (CYP)) ey (2C)e S dC.

j=1 k=0

Fix w, z € C such that |z| is small relative to |w| = €. It means that |w|—|z| &~ |w|
and arg(w — z) ~ argw. To show analytic continuation of k(t,w, z) with respect to
t, we consider the functions

oo (0)
(21)  a;(t, z,w) ::/ el/p(tA?(Cl/p))el/p(zC)e*“’CdC for j=1,..,1
¢o

To estimate a;(t,w,z) for j = 1,...,1, observe that by (15), (18) and (20) we
have |\;] < K'/P and consequently the function ¢  a;(t,w,z) is analytic on
{teC: |t| < |w|/K} for j =1,...,]. Moreover, by (18), for sufficiently large ¢ we
have arg A?(Cl/f’) ~ arg ( + parg\;. Now we want to replace a direction 6 in (21)
by 6; satisfying:

e argt+parg\;+0; € (5,2pm — ) modulo 2pr (in this case by Proposition
2 we have el/p(tAp(Cl/p)) — 0 as ¢ — oo, arg( = 6,),
e argw + 0; € (—%, %) modulo 27 (in this case there exists € > 0 such that
le1/p(2¢)e™¢| < e7el¢has ¢ — oo, arg¢ = 6;).
Observe that these requirements may be together satisfied under the condition that
argt + parg \; # arg z modulo 2pm. Therefore the function ¢ — a; (¢, w, z) can be
1/p-analytically continued to {t € C: argt # arg w—parg A; modulo 2pr} and has
the exponential growth of order at most 1 there. It means that also the function

t kj(tw, z) == Z / e (CPYE (0,77 er 1 (ENE(CV/P))er 1 (2C) e dC

can be 1/p-analytically continued to the same sector and has the exponential growth
of order at most 1 there.
By the Cauchy integral theorem

1
2pmi

P Co
j{ go(w)/ q(t, C)el/p(ZC)e_wC d¢ dw = 0.
| 0

w|=¢
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Hence, by (16), for ¢ and z close to the origin, |2| < ¢ and for sufficiently small
e > 0, the solution of (8) with the initial conditions (10) satisfies

1 p 'L D
v(t,z) = Sy ﬁwl:a o(w)k(t,w, z) dw —; Spmi j|{w=s o(w)k;(t,w, z) dw
!
= Zvj(tv Z)v
j=1
where
1 P
wt) = g f e
Ml poo(65)
(22) x Z/{ C (G (8,017 Yer 1 (END(CHP) e jp (2C)e ™ dC du.
— 0

To estimate v;(t, z), fix z such close to the origin, that arg(w — z) ~ arg w along
a circle |w| = €. Repeating the proof of Theorem 3.1 in [3], we split this circle into
2 arcs v and 7, where v extends between points of argument d +parg \; — ) /3 and
d + parg\; + 6/3. Finally, since ¢(z) € O1/p(S(d + parg Aj, 4)), we may deform
v into a path yr along the ray argw = d + arg A\; — 5/3 to a point with modulus
R (which can be chosen arbitrarily large), then along the circle |w| = R to the ray
argw = d+arg \; + 5/3 and back along this ray to the original circle. So, we have

1 P
vi(t,z) = QPMjI{w_Ego(w)kj(t,w,z)dw
= o p el dot oo f e, d
= opri ’YRLPw g\t W, 2) aw opri :ngw i(t,w, z) dw.

Note that R may be chosen arbitrarily large and the function t — k;(t,w, z) is
analytic on [t| < |w|/K, where |z| is small relative to |w|. Hence, one can find § > 0
such that the first integral on the right-hand side is 1/p-analytically continued to
S(d,0) x D(r). Estimating this integral we see that it is of exponential growth of
order at most s as t — oo.

Moreover, since the function ¢ — k;(t, w,z) is analytically continued into the
region {t € C : argt # argw — parg\; modulo 2pr}, we see that the second
integral on the right-hand side is also 1/p-analytically continued to S(d,d) x D(r)
and satisfies the appropriate growth estimate there as ¢t — co. It means that v;(t, z)
is 1/p-analytically continued to S(d, d) x D(r) and is of exponential growth of order
at most s as t — oo. O

Now, in a similar way to [8], we introduce some kind of pseudodifferential opera-
tors connected with 1/p-derivative. For this purpose, let A(¢ 1/p ) be a non-vanishing
1/p-analytic function for || > |(p| with the polynomial growth at infinity. First,

we define an operator A(@zl/p) acting on ey,,(2(¢) as follows

AN0/P)ersp(2€) = MCYP)er p(2¢) for  [¢] > [Col-
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Moreover, observe that for any ¢(z) € Oy,,(D(7)) (with some 7 > 0) we have

P oo(0)
NOpe) = g o) [ NG e (a0 i

Analogously, if f(¢,t,w) € Oy,,(C x D(r) x D(7)) (with some r > 0 and 7 > 0)
and

P oo (0)
ot ) = ;4 o(w) / F( tyw)er p(20) dC du

2pmi Jyw|=e
is well-defined and 1/p-analytic in some complex neighbourhood of the origin, then
we have

P 0o(6)
28) AR = g e [N e 0)

Remark 1. Let s > 1. Observe that v(t, z) is 1/p-analytic on the the set D(r) x
S(d,)) and is of the exponential growth of order at most s as z — oo if and only

if \(02/P)v(t, z) has the same properties.
Remark 2. Using the pseudodifferential operators we have
P(9,'?,07)u(t, z) = (8,7 — M (91/7)™ (8P — M(DL/P)) ™ u(t, 2) = 0.
We show

Lemma 4. The functions v;(t,z) given by (22) are the solutions of pseudodiffer-
ential equations

(O}7 — X;(8MP)) v, (t,2) =0 for j=1,..,1.
Proof. By (22) and (23) we have
(077 = N (@7 )™y 2)

1 (0;) M~
o [ e e i

2pmi P

where
oo k)\n(cl/p)tn/p

ban(t.C) = (9P _ (¢1/PY)
jw(t Q) = (0,7 = (¢ Z T )
Next, for any fixed k € Ny we define a family of polynomlals
Pio(n) :==n* P.;(n):=Pyj 1(n+1)—Pyj_1(n) forjeN.

Observe that deg Py ;(§) = max{k — j, —1}, where deg Py ;(§) = —1 if and only if

Using these polynomials we have

=, PLo(my (¢

4 _ p _ y (r1/pyymy i J =
bin(t,€) (8, A (CP) 7;0 I'(1+n/p)
Ny Y () DY (e
B Vb y (r1/pyymy—k—1 k,k+1 J =
= (& A (¢CHP)) Z; I'(1+n/p) >
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Lemma 5. Let v(t,z) € Oy/,(D?(r)) with some r > 0. Then v(t,z) satisfies the

pseudodifferential equation
(24) (077 = X (027 o2, 2) = 0
if and only if v(t, z) is a solution of

(25) (a;/p - A;l(aj/p))v(t, 2) =0.

Proof. Since the equations (24) and (25) are symmetric, it is sufficient to show

one-way implication. So, let us assume that v(t, z) is a solution of (24). Then

> \" ai/” z
(26) w(t,z) = Z Mt”/p

n=0

with  ¢(2) :=v(0,2) € Oy /,(D(r)).

Since

(O p(z) = —

P oo (0)
2pm’f S”(“’)/ A (CHP)ersp(20)e ™ dG du,

w|=¢ Co

by (26) we have

1 P oo(0) 22 \n(¢1/P)gn/p e
v(t,z) = 2pm.7{ ‘:EW(U)) /§0 ;mew(zoe d¢ dw

w

1 P 00 (0) ool
= ? /P —w(
sori .20 [ ey O e () dC

Using the substitution 7 := A?(Cl/p) we obtain

1 P
v(t,z) = ]{ p(w) x

2pmi w|=¢e

oo(é) —pr(.-1/p
x / el/,,(ﬁ)el/p(zA;P(Tl/P))e*wAj (r*/ >dA;p(71/p)dw

0

with 79 := N ( é/p) and 0 := 0 + parg \;. Hence we have

M/ru(t,z) = — 7{ o(w) x

2p7TZ w|=e

oo(é) _ - 1/p _
% / )\;1(Tl/p)el/p(Tt)el/p(ZAj P(TI/P))e—w)\j P(rt/P) d)‘j p(Tl/p) dw

0

= 2710")(t, 2).

Lemma 6. Let v(t,z) € Oy/,(D?(r)) with some r > 0. Then for every n € N,

v(t, z) satisfies the pseudodifferential equation
(atl/l’ - Aj(a;/f’)) (t,2) =0
if and only if v(t, 2) is a solution of

(a7 - A;l(ag/f’))"v(t, 2) = 0.



SUMMABILITY AND FRACTIONAL LINEAR PARTIAL DIFFERENTIAL EQUATIONS 15

Proof. The proof is by induction on n. By Lemma 5, the statement holds for n = 1.
So, we may assume that assertion holds for n = k. We have

2 (0} P+ (L, 2) = 0 <=

(07 = X\ (0X/P))i(t, 2) = 0 with §(t, 2) :== (8;/% — A\ (A7) *u(t, 2)
IS (e AN 97))i(tz) = 0 =

(077 — xj(81/7)) v( ,2) = 0 with (t, 2) := (9% — X71(9,/P))w(t, z)
by the induigve}assumption (azl/p B )\j_l(atl/p))k@(t, Z) — 0 e

(D27 = X1 (9,) ot ) = 0.

(6, 1/p

Now, we are ready to prove the main result

Theorem 1. Let s > 1 and d € R. Suppose that v(t, 2) is a solution of (8) with the
initial data (9). Moreover, suppose that {\1,...,\/} is the set of the characteristic
roots of

P(A1) = A" — Z)\m Ip; =0 with pj:= hm Pj(&)/¢€.

J=1
Then v(t, z) € Oy17,(S(d,8) x D(r)) (for some § > 0 and r > 0) is of exponential
growth of order at most s as t — oo if and only if for every j = 1,...;1 and

n = 0,...,m — 1, the Cauchy data v,(z) € Oy,,(S(d —I—parg)\j,g)) (with some
6> 0) has the same exponential growth of order at most s at infinity.

Proof. (<=) Without loss of generality we may assume that the initial data satisfy
(10) for ¢(z) € Oy /,(S(d +parg Aj, 5)), which has the exponential growth of order
at most s as z — oo. By Lemma 3, v(t,z) = 25‘:1 vi(t,z), where v;(t, z) €
01/,(S(d,d) x D(r)) have the exponential growth of order at most s as ¢t — oo. It
means that also v(t,z) € Oy,,(S(d,0) x D(r)) satisfies the same condition of the
growth.

(=) Ifu(t,z) € O1/,(S(d,d) x D(r)) is a solution of (8) and is of exponential
growth of order s, then w(t,z) also satisfies the following Cauchy problem in z-
direction

P(Z?tl/p,(?;/p)v(t,z) =0, (ag/p)"v(t,O) =¢n(t) forn=0,..,m—1,
where 9, (t) € O1/,(S(d,d)) are of exponential growth of order at most s and

m

P(atl/Pvai/;D) _ 1/17 Z 1/2? m— ]P al/p)
j=1
= 51/1’ Z 31/p m— JP 1/10))
j=1

with some polynomials f’j (€) satisfying deg P; i(€) < j and deg P,,,(&) = m.

As in a previous case, we may put

Yo(t) 1= $(t), Unlt) = L) B0 ) y(t) (n=1,.;m—1)
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for some ¢ (t) € O1,(S(d,d)), which has the exponential growth of order at most
sast— o0.

Interchanging the roles of coordinates (t,z) and repeating the proof of Lemma 3
we obtain

1
(27) v(t, z) = Zﬂj(t,z),

where

1 j{p )
v;(t,z) = - P(s) X
(=g
oo(éj)mj_l
></ Z éjk(Tl/p)rk(z,8;/1’)61/1,(z)\;p(Tl/p))el/p(tT)e_ST dr ds.
7o k=0

Moreover, since

d—arg(lim A\;P(7'/P)/7) = d —arg \;? = d + parg \;,

we conclude that v;(t, z) € Oy,(D(7) x S(d+parg;, 8)) is of exponential growth
of order at most s as z — oo.
By Lemmas 4 and 6, 9;(¢, z) satisfies the formula

(28) 0} = X;(OMP) i (t,z) =0 for j=1,...,1.

In a similar way to [4] we define for j =1, ...,1
!
Bi(0,7.017) = (0}" = @yt T @7 = a@i/mym
k=1, k#j
and
T,(t,2) == P;(8,/7,0/7)u(t, 2).
Observe that by (27) and (28)

T;(t,2) = P;(9,/7,01/7)5;(t, )

and, in consequence, U;(t,z) € Oy/,(D(7) x S(d + parg )\j,S)) is of exponential
growth of order s as z — oo.
Without loss of generality we may assume that

(3)51/17)"11(0, z)=0forn <m—1, (f)tl/p)mflv((), z) = p(2).
Hence 7;(0, z) = ¢(z) and we conclude that ¢(z) € Oy ,(S(d+parg \;, 5)) has also
the exponential growth of order at most s for j =1, ..., 1. O
7. SUMMABILITY OF SOLUTIONS TO LINEAR PDEs

In this section we apply Theorem 1 to show the Borel summability properties
for formal solutions of linear PDEs with constant coefficients given by (2).
By Theorem 1 we have

Proposition 6. Let v(t, z) be a solution of the initial value problem (7) and let
s =q/(qg—p). Thenv(t,z) satisfies the properties a)—c) in Proposition 3 if and only
if the Cauchy data @, (2) are analytically continued to S((d + arg o; + 2km)p/q, 6)
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(for some 6> 0) and are of exponential growth of order at most s forn =0, ...,p—1,
ji=1..,0,k=0,..,qg—1, where {aq,...,a;} is the set of the characteristic roots of

P
(29) af =Y aPTp; =0 with p; = Jim P p(Q)/ ¢,

j:l — 00
Proof. (=) Observe that v(t,z) € O1,,(S((d + 2km)p/q,d) x D(r)) (for some
d,r > 0) is of exponential growth of order at most s as t — 00. According to
Theorem 1, ¢, (z) are 1/p-analytic on S((d + 2km)p/q + pargA;,0)) (for some 6)
and are of exponential growth of order at most s forn=0,....,p—1, k=0, ...,q—1

and j = 1,...,1, where {1, ..., A;} is the set of the roots of the characteristic equation

p
(30) AP Z )\(pfj)qp}_ —0.

j=1
Note that A is the root of (30) if and only if @ = A? satisfies (29). It means that
on(z) € O1/p(S((d + arga; + 21k)p/q,0)) is of exponential growth of order at
most s there. Moreover, since ¢, (z) € O(D(F)) (for some 7 > 0), we have also
on(z) € O(S((d + arg oy + 21k)p/q,d)) forn = 0,...p—1, k = 0,....,¢ — 1 and
j=1,..1.

(=) If pn(2) € O1/p(S((d + 27k + arg o)p/q, 6)) are of exponential growth of
order at most s then also ¢, (2) € Oy, (S((d+27k)p/q+parg A;, 8) (n=0,...,p—1,
k=0,.,g—1,j=1,..., Z), where {1, ..., A;} is the set of the characteristic roots
of (30). Therefore, by Theorem 1, v(t,2) € Oy,(S((d + 27k)p/q,d) x D(r)) is of
exponential growth of order s as ¢ — oco. Finally, since ¢,(z) € O(D(7)) and the
Cauchy data in (7) are non-vanishing only for multiplicity of (Btl /p )?-derivative of
v(0, ), and since the linear operator P(atl/p,ai/”) in (7) depends only on (83/”)‘1
and (8;/ P)P_ we obtain the desired conclusion. O

Combining Propositions 3, 5 and 6 we obtain

Theorem 2. Let i(t, z) be a formal power series solution of the initial value prob-
lem

p
hu(t, z) = Z@fﬁjqu/p(az)u(t, z), 07u(0,2) = pn(z) formn=0,..,p—1,
j=1

where t,z € C, p,q € N, p < q, deg Pjq/,(§) < ja/p (j =1,...,p). deg Py(§) = ¢
and p,(z) are analytic in a complex neighbourhood of the origin.

Then the formal series u(t,z) is p/(q — p)-summable in a direction d if and
only if the Cauchy data @, (z) are analytically continued to the set S((d + arga; +
omk)p/q,0) (with some & > 0) for k = 0,...,q — 1, j = 1,...,1 and this analytic
continuation is of exponential growth of order q/(q—p) as z — oo, where {ay, ..., a;}
is the set of the roots satisfying the characteristic equation (29).

8. SUMMABILITY OF SOLUTION TO FRACTIONAL LINEAR PDES

In this section we consider the non-Kowalevskian fractional linear PDEs in two
complex variables with constant coefficients. As in the previous section, we apply
Theorem 1 to the study of the summability property for formal solutions of these
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equations. First, we extend the definition of summability to a wider class of formal
power series.

Definition 7. Let v > 0. The Banach space of vy-analytic functions on D(r),
continuous on its closure and equipped with the norm |||, := Im‘gx |o(2)| is denoted
z|<r

by E,(r).
The space of formal power series

2)=> uj(2)t/ with w;(z) € Ey(r)
j=0

is denoted by E. (7)[[t]]. Moreover, we set E,[[t]] := | E,(r)[[t]].

>0
Definition 8. Let o,y > 0, k > 0 and d € R. We say that 4(t,z) € E,[[t%]] is
k-summable in directions d + 2jm/a (j € Z) if and only if the formal power series
W(t, z) := w(t'/*, z) is k/a-summable with respect to ¢ in a direction ad.

Let us suppose that a(t, z) = 377 F(I‘ljii?j)taj. Then w(t, z) = 3272, rﬁj_s(_i)j)tj~

Using k/a-Borel transform of (t, z) we obtain the series 377, W((Zl)ﬂw/k) .
By the theory of moment summability, we may replace this transform by the fol-

lowing a-modified k/a-Borel transform of w(t, z), which is defined by

J

k/ozA
Baol(t, 2) ZFl+]a1+1/k))t

Observe that this modified transform is connected with the operator B®*(1+1/k)
by the formula
Bg/o‘u}(t,z) B ,a(141/k) » (tk/(a(k+1)) )

It means that we have the following characterisation of k-summability

Proposition 7. The formal series (t,z) € E[[t*]] is k-summable in directions
d+2jm/a (j € Z) if and only if the function v(t,z) := B**UH/R4(t, 2) satisfies
the following conditions:

a) z — v(t, z) is y-analytic in some complex neighbourhood of the origin in C,
b) t — v(t,z) is a(l + 1/k)-analytic in some complex neighbourhood of the
origin in C and can be a(1+ 1/k)-analytically continued to some sectors in
directions d?ﬁ%a (7 € Z) and has the exponential growth of order at most

k + 1 there.

Now, we prove

Proposition 8. Let o € (0,1), m € N and 4(t, z) be a formal power series solution

of the Cauchy problem

@) ™ult,z) = > _(0)" T Py(0:)ult,2),  (95)"u(0,2) = pu(z) n=0,..,m—1,
j=1

where deg Pj(§) < j, degPp(§) = m and ¢,(z) are analytic in some complex

neighbourhood of the origin. Then 4(t, z) is a/(1 — a)-summable in directions d +

2jm/a (5 € Z) if and only if p,(2) can be analytically continued to some sectors in
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directions ad+arg A and are of exponential growth of order at most 1/(1 — ) there
for every X satisfying the characteristic equation
(31) AT =N TIp; =0 with p; = Jim P;(£) /€.
=1 >
Proof. By Proposition 7, 4(t,z) € E[[t*]] is «/(1 — «)-summable in directions
d + 2jm/a if and only if the function v(t,2) := B*(t, z) is analytic on the set
S(ad, ) x D(r) (for some § > 0 and r > 0) and is of exponential growth of order
at most 1/(1 — a) as t — oco. By Proposition 4, v(t, z) is a solution of the Cauchy
problem
o (t,z) = Z@anij(az)v(t,z), Orv(0,2) = pn(z) n=0,..,m—1
j=1
By Theorem 1, v(t,2z) € O(S(ad,d) x D(r)) (for some 6 > 0 and r > 0) is of
exponential growth of order at most 1/(1 — «) as t — oo if and only if ¢, (2) €
O(S(ad + arg A;,0)) (with some 6 > 0) for every n =0,....,m—1and j =1,...,1,
where {\1,...,\;} is the set of the characteristic roots of (31) and ¢, (z) are of
exponential growth of order at most 1/(1 — ). O

Corollary 1. Let 8 € (0,2). The formal solution u(t,z) of the fractional wave-
diffusion equation

Olult,z) = u(t,z), u(0,z) = p(z) € OD(r)) with somer >0
is B/(2 — B)-summable in directions d + 2j7/B (j € Z) if and only if ¢(z) €
O(S(Bd/2,6) U S(Bd/2 + 7,8)) (for some § > 0) is of exponential growth of order
at most 2/(2 — 3) there.
Proof. Tt is sufficient to apply Proposition 8 with @ = /2, m = 2, P;(§) = 0,

Py(&) = €2, o(2) = p(2) and p1(2) = 0. Observe that \; = 1 and Ay = —1 are the
roots of the characteristic equation. ([

Moreover, in a similar way to [7] one can generalise the above result to the
n-dimensional diffusion-wave equation (n > 1) as follows

Corollary 2. Let 3 € (0,2) and A, := 92 + ...+ 02 . The formal solution (t, z)
of the fractional wave-diffusion equation

Ou(t, z) = Au(t,z), u(0,2) = p(z) € O(D™(r)) with somer > 0
is B/(2 — B)-summable in directions d + 2jw /3 (j € Z) if and only if the function

{ Jopny ez +t2)dS(x) if nis odd
P, (t, Z) = p(z+tx) dx . .

an(l) V=R if  n s even
is analytically continued to infinity in some sectors in directions $d/2 and Bd/2+w
(with respect to t) and to some ball with a centre at the origin (with respect to z)
and this continuation is of exponential growth of order at most 2/(2— ) as t — oo.

Proof. By Proposition 7, i(t, z) € E[[t’]] is 8/(2 — 3)-summable in directions d +
2j7/B3 (j € Z) if and only if the function v(t, z) := B%2u(t, z) can be analytically
continued to (S(8d/2,) U S(Bd/2 + 7, 6)) x D™(7)) (for some 6,7 > 0) and is of
exponential growth of order at most 2/(2 — 3) as t — oo.
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On the other hand, v(t, z) is a solution of the wave equation
D2u(t,z) = ALu(t, 2), ©v(0,2) = p(2), ©:(0,2) =0.

The assertion follows by the generalisation of the Kirchhoff and Poisson formula for
the solution of the wave equation. O

We also apply the similar methods to the fractional equations with respect to z.
Namely, we have

Proposition 9. Let m,p,q € N, p > q and u(t, z) be a formal power series solution
of the Cauchy problem

@ P)mut,z) = ff /7)™ Py (90X TYu(t, 2),

7j=1
@) u(0,2) = palz) for n=0,..m—1,

where deg P;(€) < j, deg P, (€) = m and ¢, (2) are 1/g-analytic in some complex
neighbourhood of the origin. Then u(t, z) is q/(p — q)-summable in a direction d
if and only if p,(z) can be 1/q-analytically continued to some sectors in directions
q(d/p + arg \) and are of exponential growth of order at most p/(p — q) there for
every A satisfying the characteristic equation (31).

Proof. We repeat the proof of Proposition 8 with v(t, z) :== BY/P1/a4(t, 2). O

Proposition 10. Let m,q € N, a € (0,1/q) and 4(t, z) be a formal power series
solution of the Cauchy problem

(09) ™ u(t, 2) Z o)™ Py (0 Yu(t, 2),

(07)"u(0,2) = <Pn( ) for n=0,..,m—1,
where deg P; (&) < j, deg Pr(§) = m and ¢y (2) are l/q—analytic in some complex
neighbourhood of the origin. Then 4(t,z) is qa/(1 — qa)-summable in directions
d+2jn/a (5 € Z) if and only if v,(2) can be 1/q-analytically continued to some
sectors in directions q(ad + arg \) and are of exponential growth of order at most
1/(1 — qov) there for every A satisfying the characteristic equation (31).

Proof. As in a previous case, we repeat the proof of Proposition 8 with v(¢,z) :=
Beaq(t, 2). O
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