ANALYTIC SOLUTIONS OF MOMENT PARTIAL
DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

SLAWOMIR MICHALIK

ABSTRACT. We consider the Cauchy problem for linear moment
partial differential equations with constant coefficients in two com-
plex variables. We construct an integral representation of the so-
lution of this problem and study its analyticity. As a result we
derive a characterisation of multisummable formal solutions of the
Cauchy problem.

1. INTRODUCTION

We study the initial value problem for a general linear moment par-
tial differential equation with constant coefficients in two complex vari-
ables t, z

(1) PO s Omy,2)ult, 2) = 0, 5, u(0, 2) = 9;(2) (j=0,...,n—1),
where P(, () is a polynomial in variables (A, ¢) of degree n with respect
to A, Om, + and O,,, . denote the formal moment differentiations, and the
Cauchy data ¢;(z) are analytic functions in a complex neighbourhood
of the origin.

The formal m-moment differentiation 9,, . was introduced recently
by Balser and Yoshino [8] as the linear operator on the space of power
series defined by

> U‘Zj U5 Zj
2 : J . 2 : Jj+1
am,z( . ) = N )

= mi)) i m()

where m(u) is a moment function (see Definitions 5 and 6).

This concept generalises the usual and fractional differentiation. In-
deed, for m(u) = I'(1 + u) the operator 0y, . coincides with the usual
differentiation 0,. Hence for my(u) = ma(u) = I'(1 + u), (1) is the
initial value problem for a linear partial differential equation with con-
stant coefficients. Moreover, for p € N and m(u) = I'(1 + u/p) the

operator Oy, , is closely related to the 1/p-fractional differentiation o'P
(see Remark 3).
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Such a general approach to PDEs is especially useful in the theory of

k-summability, since the formal power series @, z) = S °° 2547 gat-

J=0 m1(j)

isfies (1) if and only if its k-Borel transform v(s, 2) = 372 m
satisfies the same equation with the m;-moment differentiation 0,,, ; re-
placed by the mi-moment differentiation 0, s, where 1y (u) = my (u)I'(14
u/k). In that way the question about summability of formal solution
of (1) is reduced to the question about analytic continuation properties
of solution of the same equation with m;(u) replaced by 7 (u). For
that reason we are concerned with the study of analytic continuation
properties of solutions to general moment partial differential equations.

In the paper we construct a formal solution @ of (1) and study its
Gevrey asymptotic properties. In the case when the formal solution # is
convergent, its sum u is an analytic solution of (1) defined in a complex
neighbourhood of the origin. The main result establishes the relation
between analytic continuation properties of u and the Cauchy data ¢;
(j=0,...,n—1). As a corollary we characterise the multisummable
formal solution of (1) in terms of analytic continuation properties and
growth estimates of the Cauchy data.

We proceed as follows. We represent P(A, () in the form

P(X, Q) = Po(Q)(A = A(€)™ -+ (A = A(Q)™,

where Py(¢) is a polynomial and A;((),..., \({) are the roots of the
characteristic equation P(X, () = 0 of (1) with multiplicities nq, ..., n
(ny + -+ -+ n; = n) respectively. However a formal solution of (1) may
be not uniquely defined. To avoid this inconvenience, we choose the
normalised formal solution %, which satisfies also

(amht -\ (87"2,2))”1 e (aml,t - )\l(amz,z))nlﬁ = 07

where A1 (Omy.2)s - - - Ai(Omy ) are the moment pseudodifferential oper-
ators (see Definition 8).

Next we show that @ = Zla:l > 5y Uap With U,p being the formal
solution of

(2) (am1,t - /\a(ammz))ﬂaaﬁ =0.

We prove that the Gevrey order of .3 depends on the order g, of
the pole of A\,(¢) at infinity and depends on the orders 1/k;, 1/ky of
moment functions my, mq respectively.

In the case when 1/k; = ¢u/k2, the formal solution U,z of (2) is
convergent. Hence its sum u,g is an analytic solution of (2) defined in a
complex neighbourhood of the origin. Using an integral representation
of solution u,g we find the connection between analytic continuation
properties of u,p and the Cauchy data.

In the case when 1/k; < qo/ko, we characterise (go/ko — 1/k1)7!-
summable solutions of (2) in terms of analytic continuation properties
of the Cauchy data.

g7
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Finally, returning to the formal solution @ of (1), we describe mul-
tisummable solutions of (1) in terms of ¢; (j = 0,...,n —1). We
also give the necessary corrections of our previous papers [15, 16, 17]
concerning summability of formal solutions of linear (fractional) PDEs.

In the last section the above results are extended to the inhomoge-
neous moment equations

(3) P(ammh amz,Z)a = fv o

m

(0, 2) = pj(z) forj=0,...,n—1,

where the inhomogeneity f(t, z) is a formal power series with respect
to t.

In general, a formal solution of (3) may also be not unique, but
it is uniquely determined by every formal power series g satisfying
Po(Omy.2)§ = [, since there is exactly one formal solution of (3) satis-
fying also the moment pseudodifferential equation

(amht - /\l(am2,Z))m T (amht - Al(amz,z))ma =g.
We find the formal solution u of (3) determined by §. As in the homo-
geneous case we show that 4 = Zile > ey Uap, Where U, satisfies

(am1,t - )‘a<8m2,2))ﬁaaﬁ = gaﬂ

for some formal series g,s connected with §g. Expressing the formal
solution 44 in terms of g, we calculate the Gevrey order of 4,5 and we
get the characterisation of analytic continuation properties and summa-
bility of .4 in terms of g.

The present paper is a generalisation of [15, 17], where the characteri-
sation of multisummable solutions of homogeneous and inhomogeneous
linear PDEs with constant coefficients was given. The inspiration for
our study was the paper of Balser and Yoshino [8], where the notion of
moment differentiation was introduced and the Gevrey order of formal
solutions of general inhomogeneous linear moment PDEs with constant
coefficients was determined. Finally, let us point out that the summa-
bility of formal solutions of homogeneous linear PDEs with constant
coefficients was studied by Balser [1, 3], Balser and Miyake [7], Ichinobe
9], Lutz, Miyake and Schéfke [10], Malek [12], Michalik [13, 15, 16] and
Miyake [19]. The inhomogeneous case was investigated by Balser [4],
Balser and Loday-Richaud [6], Balser, Duval and Malek [5] and Micha-
lik [14, 17]. Moreover, Lysik [11] used the results of Lutz et al. [10] to
characterise summable solutions of the Burgers equation.

2. NOTATION, GEVREY FORMAL POWER SERIES AND
k-SUMMABILITY

We use the following notation. The complex disc in C" with centre
at the origin and radius r > 0 is denoted by D! := {2 € C": |z| < r}.
To simplify notation, we write D, instead of D!. If the radius r is not
essential, then we denote it briefly by D™ (resp. D).
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A sector in a_direction d € R with an opening € > 0 in the universal
covering space C of C\ {0} is defined by

Sa(e) :={z € C:z=ré’ d—e/2<0<d+¢c/2, r > 0}.
Moreover, if the value of opening fmngle € is not essential, then we denote
it briefly by S;. We denote by Sy (resp. Sy(g)) the set Sy U D (resp.
Sd(E) U D)

By O(G) we understand the space of analytic functions on a domain

G C C". The Banach space of analytic functions on D,., continuous on
its closure and equipped with the norm ||¢||, := r\n&x lo(2)] is denoted

by E(r).
The space of formal power series

a(t,z) = Zuj(z)tj with u;(2) € E(r)

is denoted by E(7)[[t]]. Moreover, we set El[[t]] := [J E(r)[[t]]-
r>0
In this section we also recall some definitions and fundamental facts

about the Gevrey formal power series and k-summability. For more
details we refer the reader to [2].

Definition 1. A function u € O(Sy(e) x D,) (resp. u € O(S4(¢) x D))
is of exponential growth of order at most K > 0 ast — oo in Sy(e)
(resp. in Sy(e)) if for any ;€ (0,7) and any &, € (0,&) there exist
A, B < oo such that

max |u(t, z)| < AeP* for every t € Sy(e1) (vesp. t € Sy(e1)).

|z]<r1

The space of such functions is denoted by O (Sy()x D,) (resp. OF(S,(¢)x
D,)).

Analogously, a function ¢ € O(Sy(e)) (resp. @ € O(S4(e))) is of
exponential growth of order at most K > 0 as z — oo in Sy(e) (resp.
in S4(e)) if for any e; € (0,¢) there exist A, B < oo such that

lp(2)] < AP for every z € Sy(er) (resp. t € Syler)).
The space of such functions is denoted by O (S,(¢)) (resp. OK(Sy(e))).

Definition 2. Let s > 0. A formal power series
(4) a(t,z) ==Y u(2)t/ with u;(z) € E(r)
=0

is called a Gevrey formal power series in t of order s if its coefficients
satisfy

max |u;(z)| < AB'T'(1+ sj) for j=0,1,...

|z|<r

with some positive constants A and B.
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The set of Gevrey formal power series in ¢ of order s over E(r) is
denoted by E(r)[[t]]s. We also set E[[t]]s := | E(r)[[t]]s.
r>0

Definition 3. Let £ > 0 and d € R. A formal series @ € E[[t]]1/x
defined by (4) is called k-summable in a direction d if its k-Borel trans-
form v satisfies

Zuj 3 +j//<;) € O%(S,(e) x D)

for some ¢ > 0.
The k-sum of u(t, z) in the direction d is represented by the Laplace
transform of v

tk

1 [ ‘
u’(t, z) = —/ e~ (s, 2) ds,
0

where the integration is taken over any ray R, := {re? : r > 0}
with 6 € (d —¢/2,d+¢/2).

We are now ready to define multisummability in some multidirection.

Definition 4. Let ky > --- > k, > 0. We say that a real vec-
tor (di,...,d,) € R"™ is an admissible multidirection with respect to

(kv, ..., k) if
|dj —dj_1| S 7((1/]{3] - 1/k]_1)/2 for ]: 2,...,7’1,

Let k = (ki,...,k,) € R} and let d = (dy,...,d,) € R" be an
admissible multidirection. We say that a formal power series 4 is k-
summable in the multidirection d if & = 4, + --- + 4, where 4, is
kj-summable in the direction d; for j =1,... n.

3. MOMENT METHODS

In this section we recall the notion of moment summability methods
introduced by Balser [2].

Definition 5 (see [2, Section 5.5]). A pair of functions e,,(z) and
E,.(z) is said to be kernel functions of order k (k > 1/2) if they have
the following properties:

1. en(2) € O(So(7/k)), em(2)/z is integrable at the origin, e, (x) €
R, for z € R, and e,/(z) is exponentially flat of order k in
So(m/k) (i-e. Veso3apso such that |e,(z)] < Ae” (=1/B)* for
z € So(m/k —¢)).

2. E,(2) € OFC) and E,,(1/z)/z is integrable at the origin in
Sx(2m — 7w /k).
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3. The connection between e,,(z) and E,,(z) is given by the cor-
responding moment function m(u) of order 1/k as follows. The
function m(u) is defined in terms of e,,(z) by

(5) m(u) = / 2" e, (z)dr for Reu >0
0
and the kernel function E,,(z) has the power series expansion
(6) E.(z) = ~ for z € C.
JZ; m(j)

Observe that in case k < 1/2 the set S, (27 — 7/k) is not defined,
so the second property in Definition 5 can not be satisfied. It means
that we must define the kernel functions of order k& < 1/2 and the
corresponding moment functions in another way.

Definition 6 (see [2, Section 5.6]). A function e,,(z) is called a kernel
function of order k > 0 if we can find a pair of kernel functions e (2)
and Ey(2) of order pk > 1/2 (for some p € N) so that

em(2) = en(21P)/p for z € Sy(n/k).

For a given kernel function e,,(z) of order & > 0 we define the cor-
responding moment function m(u) of order 1/k by (5) and the kernel
function E,,(z) of order k by (6).

Remark 1. Observe that by Definitions 5 and 6 we have

— m) = mlip)

m(u) = m(pu) and FE,(z) =

Remark 2 (see [2, Section 5.5]). If m(u) is a moment function of order
1/k then the moments m(j) are of the same order as I'(1 + j/k). It
means that there exist constants ¢, C' > 0 such that

AT(1+j/k) <m(j) < CIT(1+4/k) for j€N.

The most important examples of kernel functions of order k£ > 0 with
corresponding moment functions are given by
o ep(2) = k2Fe
o m(u) =T'(1+u/k)
o En(2) = 2202 /T(1 +j/k) = Ey(z), where Eyj is the
Mittag-Leffler function of index 1/k.

The next proposition provides a method for the construction of new
moment functions.

Proposition 1 (see [2, Theorem 31}). Let two kernel functions ey, (2)
of orders k; with corresponding moment functions m;(u) (j = 1,2)
be given. Then there is a unique kernel function e, (z) of order k =
(1/k141/ky) ™" with corresponding moment function m(u) = my(u)mo(u).
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By Remark 2 and by the general theory of moment summability (see
2, Section 6.5 and Theorem 38]) we may characterise the Gevrey order
and the k-summability of formal power series as follows

Proposition 2. Let m(u) be a moment function of order 1/k, u(t, z)
Yoo o Un(2)t" be a formal power series with coefficients u,(z) € O(D
and v(s,z) ==y 7:7:((;)) s™. Then
e i is a Geuvrey series of order 1/k if and only if v € O(D?).
e U is k-summable in a direction d (d € R) if and only if v €
O%(Sy x D).

= |

4. MOMENT OPERATORS

In this section we recall the notion of moment differential operators
constructed recently by Balser and Yoshino [8]. We also introduce the
concept of moment pseudodifferential operators, which generalise the
pseudodifferential operators defined in [15, 16].

Definition 7. For every moment function m(u) the linear operator
Om.: E[[z]] = E[[z]] defined by

> u > u
o L
8m,x< > —~ xj) =Y )
j

— m(j) = m(j)

is called the moment differential operator Oy, ;.
Moreover, the right-inversion operator ', : E[[z]] — E[[z]] given by

> u > u
1 j 1 i—1 4
am,x( E J. IJ> = E J — 1’
J J

— m(j) — m(j)

is called the moment integration operator 8,;7133.

Remark 3. Observe that

e For m(j) =I'(1+), the operator 0,,, coincides with the usual
differentiation 0,.
e For m(j) =I'(1+j/k) (k > 0), the operator 0, , satisfies

(Omu) (%) = 0,/* (u(2'%)),

where 8,/* is the Caputo fractional derivative of order 1/k (see
also [17, Definition 5 and Remark 1]) defined by

al/k( Uj xj/k) — Ujrt /e
! ;F(l—Fj/k) ;F(1+j/k)
By the end of this section we assume that e,,(z) and E,,(z) are kernel
functions of order k£ > 0 with a corresponding moment function m(u).
The moment differential operator 0, . is well-defined for every ¢ €
O(D). In addition, we have the following integral representation of
Oy, -
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Proposition 3. Let p € O(D,). Then for every |z| < e <r andn € N
we have

n o) = O g (e Em(0)
D T =g f o) [ B0

2me
where 0 € (—argw — 25, —argw + 2-).

Proof. Since ¢ € O(D,), we see that

EAV)) . 0
©(0) ; 2 (0)
= prm— _ f .
) 7 m(O)g ) 2/ for |z| <r

Hence, by the Cauchy integral formula

O, 0(0) = jj’;(gg)@m(o) = % ]{wm ngf dw for e<r.

By the definition of moment functions we have

. 00 oo ()
M:/ yjlem.—(wdyyéw/ Cjem(Cw) d¢ with 6 =—argw.
0 0

witl witl C
Moreover, since e,,(z) is exponentially flat of order & for arg z € (—5, 57),
we may replace the direction § = — argw by any direction § € (— argw—

25 —AIBW + 3p).
It means that

J _ 1 () jem@w)
.pl0) = 5 7|{w|-f<“’) | ot aca

and consequently for \z] < & we have
> | 20 ¢, (Cw) o= (727
_ m,z P = m dC d
o) = O3 TS =gt [ S S dcd

oo(6)
_ L gp(w)/o Em(gz)#dgdw.

21

|w|=e
Since
2\ (T 2L (Itngd
8 oy En(Cz) =0 . ~ = — = ("FE,(¢2),
(8) O Em(C2) ,;m@ ;mm (" E(C2)
we finally obtain (7). O

The formula (7) motivates the introduction of moment pseudodiffer-
ential operators on the space of analytic functions. To this end, let A\(()
be an analytic function for |(| > 7 (for some rq > 0) of polynomial
growth at infinity. By (8) we may define

A(Om,2) Em(C2) == () Em(C2) for [C] > ro.

Hence we have
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Definition 8. A moment pseudodifferential operator A(Op, ») is defined
by

oo(0) w
9) MO ple) =5 b olw) [ AOE(C) C“ ) d¢ du

271 |w|=¢ oet?

for every ¢ € O(D,) and |z| < e < r, where § € (—argw—q., —argw-+

or). Here the integration in the inner integral is taken over a ray

{re?: r>ryl.

Since A(¢) is an analytic function for |(| > 7o and is of polynomial
growth at infinity, the left-hand side of (9) is a well-defined analytic
function in a complex neighbourhood of the origin.

We show that the definition is independent of the choice of the num-
ber o such that A(¢) is analytic for |(| > ro. To this end we take
r1 < 7o such that A(C) is analytic for |(| > r;. Observe that for every
fixed z € D, the function

rzew

w » /\(C)Em(gz)#

is analytic for w € D, and 0 € (—argw — 5, —argw + 5;). Hence, by
the Cauchy integral formula

d¢

267;9

' e (Cw)
§ oo [ MQBC L ddu

Therefore the right-hand side of (9) is independent of the choice of ry.
Hence, in particular the definition of moment pseudodifferential op-
erator A(Op,, ), where A(¢) = (", coincides with the formula (7) on the

moment differential operator dy, ..

Definition 9. We define a pole order ¢ € Q and a leading term )\ €
C\ {0} of A(¢) as the numbers satisfying the formula

Q)
Cll)IEo Ca =

which is denoted by A(¢) ~ ACY.

We have the following estimation

Lemma 1. Let ¢ € O(D) and A\(Op, ) be a moment pseudodifferential
operator with A(¢) ~ A9 and ¢ > 0. Then there exist 1 > 0 and
A, B < oo such that

sup |V (O ) (2)| < NFABYT(L+ jq/k) for j=0,1,...

|z|<r
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Proof. Since A(¢) ~ A9, we may assume that [A(()| < 2|A|[¢|? for
|| > ro. Hence, by the definition of kernel functions we have

00(0 §= * el
} / ‘ )€m<<w) d¢ <|C| / 2j|)\’j<<>’quleb1|Z|kskM ds
roet? C B To 8|w‘
< % / gia-Le(ilel=baluwlF)st g
|w| 0

Uzsk M /OO O—jQ/kfle(bl\Z|k*bQ|w|k)a do < ’)\’j;léjq F(l + ]Q/k) ' .
o kwl o - |w|(ba|wl[* — by|z[F)7a/*
We choose r > 0 such that bye® — byr¥ > bye¥ /2. Then for z € D, we
have

R ey ML R el e e

e D1+ jg/k) 1 7{ - |
< I NABJe 22— _JE T 7 d < I\ ABMT(1 i),
< e(back/2)1/% 21 [, lp(w)| dlw| < [Al (14 jq/k)

g

5. FORMAL SOLUTIONS

In this section we study formal solutions of the initial value problem
for a general linear moment partial differential equation with constant
coefficients
(10) { POy 5 Oy 2)u = 0

Oy (0, 2) = p;(2) € O(D) for j=0,...,n—1,

where
P\ () = ZP YA

is a general polynomial of two variables, Wthh is of order n with respect
to A.

If Py(¢) # const. then a formal solution of (10) is not uniquely de-
termined. To avoid this inconvenience we shall choose some special
solution which is called the normalised formal solution (see also Balser
[3] and Michalik [15]). To this end we factorise the moment differential
operator P (O, +, Om,.») as follows

P(am1,t> amz,Z) = P0(8m2,2)<8m1,t - Al(amz,Z))m T (amm - Al(amz,Z))nl
= Po(amz,Z)P(aml,taam2,2)

where A\1(C), ..., \(C) are the roots of the characteristic equation P(\, () =
0 of (10) with multiplicities ny,...,n; (ny + - - + 1y = n) respectively.
Since A;(¢) is an algebraic function, A\;(() ~ A\;C¥ (¢; = p;/v; for
some relatively prime numbers p; € Z and v; € N) and, moreover,
A;(¢) is a holomorphic function of the variable & = (/% for |¢| > 7y
(for some x € N such that v;|x and for sufficiently large 7). Since
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POy b, Omy,)u = 0 if and only if P(Op, ¢, 0, .)v = 0 with v(t,2) =
u(t, 27) and ma(u) = mo(u/kK) (see Lemma 3), without loss of generality
we assume in the paper that x = 1 and A;(() is a holomorphic function
for |¢| > ro. Hence the moment pseudodifferential operator \; (O, )
is well-defined.

Now we are ready to define the uniquely determined normalised so-
lution of (10).

Definition 10. A formal solution @ of (10) is called the normalised
formal solution if 4 is also a solution of the pseudodifferential equation

POy ty Oy )t = 0.

Our aim is to study the normalised formal solution of (10). We begin
by describing the formal solution of simple moment pseudodifferential
equation

(am1 £t /\(amz,Z))Bu =0
(11) 8r]n1tu(0 2)=0 (j=0,...,8-2)

aml tu( 9 ) - )\5_1(87712,2)80(2) S O<D)
We show that

Lemma 2. The formal power series

R - ' )\j(am2 2)e(2)
(12) u(t, z) = mq(0) J — T
. (5 )

£ -1 my(J)

is a formal solution of (11).
Proof. 1f 4 is the formal power series given by (12), then
n - J )‘j(amz,Z)90<Z) j—n
O, 2) = 0) j:; <6 = 1) mG—n)

forn =0,1,...,3—1. Hence @ satisfies the initial conditions d};, ,a(0, 2) =
0forn=0,...,6—2and 97" tu(O 2) = N1 (0,2 )p(2).

To show that @ satisfies the equation (11), we observe that

Oyt — MOms.2)) Z M(?nmj—’(‘?;'@tj = 0.
Moreover, if n > 1 then we have
O = Mo )3 (1) 22 250
o (TN Om)e(2) 5 e (NN (O 2)e(2)
- Z( e Z(n) mG)
> O\ N Oy 2)e(2)
= o) 3 (1) e

Jj=n—1
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since
J+1 J J
1 - = .
5 () -()= G2
Hence
< ' N (Oms 2)(2)
O = N0 )Pm(0) 3 (7)o
O = M0 Pmi(0) 3 (75555
00 ] .
= (3m1,t—)\(3m2,z))5_1m1(0) oz ) < >Mt1
5 ()
= o= Oyt — MOmy.2)) 1 O,z Z m’“ >t] =0,
=0
which shows that @ given by (12) is a solutlon of (11). 0

Next, we have

Proposition 4. If u is a formal solution of
P(@ml ts 8m2 Z)?l — 0

(14) &, ,1(0,2) =0 (j=
Oy 100, 2) = p(2) € ( ),

then 4 = Z;Zl 2,3:1 Uap With Uapg being a formal solution of
(am1,t ~ Xa(Oms.2)) ltag = 0

(15) 3?,1115@&5(0 2)=0 (j=0,...,6—-2)
afm%tuaﬂ(o z) = )\g_l(am27z)gpa5(z),

where po(2) = dap(Om, ) p(2) € O(D) and dag(C) is some holomor-
phic function of polynomial growth.

,n—2)

Proof. Observe that the formal solution u of (14) is given by

+
(16) qu ma,z) )

ml(])

where ¢;(¢) are the solutions of the difference equation
Q)= PulQgj«(¢) for j>n
k=1

with the initial conditions ¢o(¢) = @1(¢) = -+ = ¢n—2(¢) = 0 and
¢n—1(¢) = 1. Since the solutions ¢;(¢) are rational functions, it follows
that the moment pseudodifferential operators g;(0y,,,.) are well-defined.
Moreover, according to the theory of difference equations, we have

! min{j+1,na}

) — ) iy
(17) 69 =2 52;: o O G ()



ANALYTIC SOLUTIONS OF MOMENT PDES 13

where ¢,5(C) is a holomorphic function of polynomial growth for suf-
ficiently large [(] (say, for |(| > ro) and A, () is the root of the char-
acteristic equation with multiplicity n,. Combining (16) and (17) we
obtain

I na o0 . ' 4
wwmm;;mmﬂgﬂﬂ MO ) )
It means that & = >\ _, > 521 Uag, where
X - 4! . 4
tap(t, z) = m1(0)cap(Om,,z) j:zg:1 mké(ﬁmz,z)sﬁ(z)ml(j)-
By Lemma 2, the formal power series w,g is a solution of (15) with
dos(C) = (6 = 1)!cap(C)- m

We generalise the above result as follows

Theorem 1. If 4 is the normalised formal solution of (10) then 4 =
fo:l Zgil Uap with e being a formal solution of

(am1,t - /\a(amg,z))ﬁﬁaﬁ =0
arjnhfﬁaﬂ(oa Z) = O (] = 07 cee 75 - 2)
O i1ap(0,2) = N7 (O, ) as(2),

where @a5(z) = Z;:g dagj(Om,.2)pi(2) € O(D) for some holomorphic
functions dag;(C) of polynomial growth.

Proof. Applying the principle of superposition of solutions of linear
equation in the same way as in [15, Remark 2] and repeating the proof
of Proposition 4, we obtain the assertion. Il

The next lemma allows us to change the order of equation. It is

especially useful in the case when the moment function m(u) is of
order 1/k > 2.

Lemma 3. Let my(u) and ma(u) be moment functions of orders 1/ky >
0 and 1/ky > 0 respectively and p1,v € N. Then mq(u) := my(u/p) and
ma(u) = ma(u/v) are moment functions of order 1/uk; and 1/vks
respectively. Moreover, 4 = u(t, z) is a formal solution of

{ P(&m ts am2 Z)ﬁ - 0

(18) 5’k1tu(0 2)=pr(z), k=0,...,n—1.

if and only if 0(t,z) := a(t", 2¥) is a formal solution of

P % Yo =0,

mi,t) Y ma,z
(09) § P40 ) fors = b =0, 1.
05, 00,2) =0 forj=1,...,nu—1 and p | j.

m
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Proof. By Definition 6 and Remark 1, we see that mj(u) = mq(u/p)
and ma(u) = ma(u/v) are moment functions of order 1/uk; and 1/vk,
respectively.

To prove the second part of the lemma, we assume that a(t,z) =

my(0) 322 2ty Then

n= Om(n

o0

(O, @) (1, 2") = ma(0) Z Mtun = 1 (0) Z U?H (Zu)tlm

my(n) = 1 (pn)
= O, .(a(t", 2"))
and analogously

(O ) (14, 2) = B, (1%, ).

Hence

POy 4, Oy )it = 0 if and only if P(9% ,,0% )0 = 0.

mi,t) “ma,z

Moreover @ satisfies the initial conditions in (18) if and only if ¥ satisfies
the initial conditions in (19), which proves the assertion. U

6. GEVREY ESTIMATES

In this section we study the Gevrey order of formal solution @ of (10),
which depends on the orders 1/k;, 1/ko of moment functions m;(u),
ma(u) respectively, and depends on the pole orders g, of the roots
Aa(C) (o = 1,...,1) of the characteristic equation. First, we consider
the simple moment pseudodifferential equation (11). We have

Proposition 5. We assume that @ is a formal solution of (11) and
q > 0 is a pole order of \(¢). Then we have

(i) If 1/ky < q/kq then 4 is a Gevrey series of order q/ks — 1/k;

with respect to t.
(ii) If 1/ky = q/ky then u € O(D?).
ki1k

(iii) If 1/ky > q/ko then u € Ot (Cx D).
Proof. We estimate the coefficients of the formal solution u(t,z) =
> 2o uj(2)t7 of (11). By Lemmas 1 and 2 we have

- ] ’)‘ ( ma, z)@o(2>| jr(1+jQ/k2)
lu;(2)] = mq(0) (5 - 1) () < AB T T j/k) for ze D.
Hence @ is a Gevrey series of order q/ko — 1/ky for 1/ky < q/ka, a
convergent series in a complex neighbourhood of the origin for 1/k; =
q/ke and an entire function for 1/k; > q/ke. In the last case, by the
properties of the Mittag-Leffler function (see [2, p. 234]), we have

il +da/ka) i N 4 il
[u(t, 2)] < ZA T+ k) S;AB LA+ (/R —a/ks))

k1ko

< AEl/kl Q/kz(B|tD S Bl *2 qk1’
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where Eq /i, _q/k, is the Mittag-Leffler function of index 1/k; —q/k,. O

Combining Theorem 1 and Proposition 5 we obtain

Theorem 2. Let @ be the normalised formal solution of (10) with the
decomposition U = Zlazl Zg‘;l Uap constructed in Theorem 1 and let

do > 0 be a pole order of \o(C). Then a formal series Uqp is charac-
terised as follows:

o [f1/ky < qo/ks then tag is a Gevrey series of order ¢ /ka—1/k;
with respect to t.
o If 1/ky = qo/ka then u,p € O(D?).

k1ko
o [f1/ky > qu/ka then uys € OF27aki (C x D).

7. ANALYTIC SOLUTIONS

In this section we study the convergent solutions u of (11). Therefore
by Proposition 5 we assume that 1/ky > q/ko, where 1/k;, 1/ky are
orders of moment functions m;(u), mo(u) respectively, and ¢ = pu is
a pole order of \(¢) for u € N. Moreover, we assume that A(¢) is
a holomorphic function for || > 7o (for some 79 > 0). We find a
characterisation of analytic continuation property of u in terms of the
Cauchy data .

First, we introduce the following integral representation of solution.

Lemma 4. Let u be a solution of (11) and 1/ky > q/ks. Then u is
analytic in some complex neighbourhood of the origin and is given by

(20)
u(t,z) =

51 5 1my(0) 50 (0) e (C0)
B-1" % 2mi 7|{U|_ p(w) /roeie Eml(tA(C»Emz(CZ)g—w d¢ dw

with 0 € (—argw — 51—, —argw + 5-).

Proof. Since 1/k; > q/kq, by Proposition 5 the solution u is analytic
in some complex neighbourhood of the origin. To show that the in-
ner integral on the right-hand side of (20) is convergent, observe that
by Definitions 5 and 6 there exist constants A; and b; (i = 1,2,3)
such that |E,,, (tA(Q))] < Ayt R (C2)| < Apetld™IE™ and
e, (Cw)| < Age~sl<2 "2 Hence, for fixed w € C \ {0} such that ||
is small relative to |w| and for |t| < a|w|? with some fixed a > 0, we
have

0 .
)/ By (EA(C)) By (C2) —— mal dC’ / Ae b2 g < o,

etf

It means that the right-hand side of (20) is a well-defined holomorphic
function in some complex neighbourhood of the origin. To show (20),
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observe that by Lemma 2 and by (9) we have

ult,z) =mi(0) Y (ﬁil) N O, 2)9(2) 5

i m1(j)

0P SN D)),
R Z m)

o t/B—l 51 0 t m1<0) oo(0) ; em2(§w)
K ;W : j{wla w(w)/r N (O By (C2) = = dldw

(B—1" 2mi

0eif

B -1 5—1m1(0) olf) & /N (C) emy (CW)
S § et [T e el

B-1)"  2mi

oew ]:O ml (])
g

In the next crucial lemma we use the integral representation (20) of
solution w to find its analytic continuation.

Lemma 5. Let A\({) ~ M7 for ¢ = p with p € N, where A\(() 1is
an analytic function for || > ro (for some rq¢ > 0). Moreover, let
1/k1 = q/ka, K >0 and d € R. We assume that u is a solution of

(Ot )‘(&ng,z»Bu =0
21) {8”1tu< ) = pi(2) €OD) (j=0,....3—1).

If p; € O (Sdﬂrg,\ﬂkﬂ/q)fork:—() opu—1landj=0,...,0—1,
then u € OX(S; x D).

Proof. First, we consider case k; > 1/2. By the principle of superpo-
sition of solutions of linear equations we may assume that u satisfies
(11) with ¢ € OQK(S (d-+arg A+2kr) /q(é)) for k=0,...,u—1 and for some
6 > 0. So, by Lemma 4, u is given by (20). Next, observe that the
function

oo(8) e (U)
@)t [ B M) B

TOe’LG Cw
which is holomorphic on {t € C: |t| < a|w|?} for every fixed w €
C\ {0}, can be also analytically continued to the set

dg,

(23) {t e C: (argt+2km+arg \)/p # argw+2n7 for every k,n € Z}.
Indeed, we may replace a direction € in (22) by 0 satisfying the following
conditions

argt+2kz7r+arg)\+q0€< 7T)forsomekeZ

2k1 2k
(in this case, by Definition 5, we have | E,,, (tA(C))] < CJtA(C)| !
as ( — 00, arg( = 0),

d¢ dw.



ANALYTIC SOLUTIONS OF MOMENT PDES 17

argw—i—er—i—éE( T 7T)forsomenEZ

ko’ 2k
(in this case, by Definitions 5 and 6, there exists ¢ > 0 such
that

mz (CZ)€m2 Cw ’ <e —e|¢ k2
Cw

Since ¢ = ko/k; = p, these requirements may be together satisfied

under the condition that (argt + 2kmw + arg\)/u # argw + 2n7 for

every k,n € Z. Therefore the function (22) is analytically continued to

the sectors (23) and is bounded as t — oc.

To estimate u, fix z such close to the origin, that arg(w — z) ~ arg w
along a circle |w| = . Repeating the proof of Theorem 3.1 in [7], we
split this circle into 2u arcs Yo and yory1 (K =0,..., 1 — 1), where g
extends between points of argument (d+arg A+2km)/ q%0/3 and Yop41
extends between (d+arg A\+2k)/q+0/3 and (d+arg A\+2(k+1)7)/q—
5/3 mod 27. Flnally, since ¢ € O(S(a+arg H%ﬂ)/q((s)) we may deform

as ( — oo, arg( é)

Yor into a path 2% along the ray argw = (d + arg A + 2k7)/q — 0/3 to
a point with modulus R (which can be chosen arbitrarily large), then
along the circle |w| = R to the ray argw = (d + arg A\ + 2kn)/q +0/3
and back along this ray to the original circle. So, we have

u(t, z) = wtﬁ__ll)!(?tﬁlul(t, z) + wtﬁ__ll)!aflug(t, z),
where
(6= O ) [ Bt 22 i
—~ 2mi Jom roei® Cw
and

i my oo (6) ems, (Cw
w2 =D o) [ BN B 22 ac

=0 0et? Cw

Note that R may be chosen arbitrarily large and the function (22) is
analytic on {t € C: |t| < aJw|?} (we assume that |z| is small relative to
|w|). Hence, one can find § > 0 such that u; is analytically continued
to Sq(0) x D. Estimating this integral we have
(24)
max |uy (t, z)] < 2 max j{ lp(w)|C djw| < ARePE™ < AePH™
zeD 27 k=0,...,u—1 ’Yfk
since [t| ~ |w|? = R

Moreover, since the function (22) is analytically continued into the
region (23), we see that us is also analytically continued to Sy(d) x D.
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Estimating in a similar way to (24), we conclude that us is bounded as
t — o0.

Hence also u is analytically continued to Sq(0) x D and is of expo-
nential growth of order at most K as t — oo.

In case k; < 1/2 there exists p € N such that ky = pky > 1/2. By
Lemma 3, v(t, z) := u(t*, 2P) is a solution of

(a’gzl t )\<8an z))ﬂv = 07

anl tv< ) Spn(zp) S OPQK(S (d+arg \2km) /pq) for n = O s 76 —1
8]1tv( z)=0forj=1,...,6p—1and p [,

where mq(u) = my(u/p) and my(u) = mo(u/p) are moment functions
of orders 1/k; and 1/pks.

By Theorem 1 we have v = vg+- - -+v,_1, where v; ( =0,...,p—1)
satisfy

{ (Ot — ei2j7r/p)\1/p(a£m )P =0,
% 0;(0,2) = Pjn(z) € OPIK (S (d+arg AL2km) /pg) for n=0,...,6 —1.
Applying the first part of the proof to the above equation we obtain

v(t,2) € OPK(g(d+2j7r)/p x D) for j =1,...,p. It means that u(t, z) =
v(t/?, 2M/P) € OK(Sy x D). O

To show that the sufficient condition for analytic continuation of
given in Lemma 5 is also necessary, we need the following auxiliary
lemmas.

Lemma 6. We assume that g =1 and 1/k; = 1/ky. Then u € O(D?)
satisfies the equation

(25) (Omyt = MOmy,2))u =0
if and only if u is a solution of the equation

(26) (Omye — A Oy t))u = 0.

Proof. Since the equations (25) and (26) are symmetric, we only need to
prove the implication one way. To this end, we assume that u satisfies
(25). It means, by Lemma 4, that

u(t, 2 :ml(O) w OO(6)]5] AQ))E z Md dw
© =5 p o) [ B Q) B ¢

2mi veif Cw
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for some ¢ € O(D). Hence, by the definition of the pseudodifferential
operator A~ (9, +) we have

A Oy 1)u(t, 2)

_ ml0) e s (C0)
= T e [N B (A Eaal¢2)

~ ma(0) > €my (Cw)

= B e [ BB i

= Omyoul(t, 2).

So u satisfies also (26). O

Repeating the proof of Lemma 6 in [16], we generalise the last result
as follows

Lemma 7. We assume that ¢ =1 and 1/k; = 1/ky. Then u € O(D?)
satisfies the equation

(Ot — )\(amw))ﬁu =0
if and only if u satisfies the equation
(Omy.z — )x_l(amht))ﬂu = 0.
Now we can state the main result of the paper

Theorem 3. Let A\(() be a root of the characteristic equation of (10)
and N(¢) ~ A(? for ¢ = p with u € N. Moreover, let us assume that
u s a solution of (11), 1/ky = q/ko, K > 0 and d € R. Then the
following conditions are equivalent:

(i) u € OK(S; x D),

(11) Y e OqK<S(d+arg)\+2k7r)/q) fO?” k= 0,... y b= 1,

Proof. To prove the implication (i) = (ii), observe that by Lemma 3,
the function v(¢, z) := u(t*, z) satisfies

(67/;11,t - )‘(amg,Z))ﬁU =0,
where mq(u) := mq(u/p). It means that v is also a solution of the

equation
(Ot = A0(Oma))® -+ Oy — At (O )0 = 0,
where
A;(€) i= ePmmN\YR(C) for j=0,...,p— 1.

Since \;(¢) ~ 2™/m\V/i¢ by Lemma 7 and by the condition (i), v
satisfies also

{ Omare = A (0n))? -+ Onge — A1 (B )P0 = 0,

~

or  wv(t,0) = zﬁn(t) € 0" (Sasonkyu) forn=0,...,u8 -1, k=0,...

mo,z

d¢ dw

,,U—l
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Hence, by Theorem 1, v = vy + -+ 4+ v,_1 with v; (j =0,...,p — 1)
satisfying

{ (am2,2 - 5‘]‘71(8fn1,t))ﬁvj - O

or 'U](t,()):@/;jn()EO‘u (Sd+27rk/u)f0rn—0 L, B—=1, k=0,...

mo,z

Since )\; (1) ~ e ®2m/m\=Vkr by Lemma 5 with replaced variables,
we conclude that v;(t, z) € O*5(D x S’g,k), where

01, := (d+ 27k)/pu — arg(e” /A1) = (d 4 arg A + 27 (k + 7))/

for k =0,...,u—1. In consequence, also v(t, z) € O“K(ng(dJrarg A2k /1)
and finally u(t,z) = v(t'/*,2) € OqK(D X SdJrargHgﬂk)/q) for k =
0,...,u — 1. In particular p(z) € O (S dtarg \+2rk)/q), Which proves
the implication (i) = (ii).

The implication (i) = (i) is given immediately by Lemma 5. O

8. SUMMABLE AND MULTISUMMABLE SOLUTIONS

In this section we characterise the summable formal solutions @ of
(11) in terms of the Cauchy data ¢. Next, we also give a similar char-
acterisation of multisummable normalised formal solutions of general
equation (10).

Theorem 4. Let us assume that @ is a formal solution of (11), A(C) is
a root of the characteristic equation of (10), N({) ~ A9, 1/k1 < q/ks,
q=p with p € N, K = (q/ko —1/k;)™! and d € R. Then the following

conditions are equivalent:

(i) @ is K-summable in the direction d,
(ii) ¢ € O (S (d+arg A+2km)/q) for k=0,...,u—1,

Proof. First, observe that by Lemma 2 and Proposition 2, u is K-
summable in the direction d if and only if

o(t. ) = m m G J )‘j(amzz)SO(z) j K&
(t,2) == my(0) (())j:%:1 (ﬁ_l)—ml( () ! € O%(S; x D)

with some moment function m(u) of order K.

Moreover, by Proposition 1, we see that m(u) := my(u)m(u) is a
moment function of order 1/ky := (1/ky + 1/K) = q/k,. It means, by
Lemma 2, that v is a solution of

(aﬁlht - A(aﬂm,Z))ﬂU =0
Gjltv(O 2)=0 (j=0,...,6—2)

m

O 0(0,2) = N7 Oy, ) 0(2) € O(D).

m

Hence, applying Theorem 3 to v, we obtain the assertion. Il

7#_1
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Now we return to the general equation (10). For convenience we
assume that

27) P\ = PP, HHA Aap(C))"?,

a=1 g=1

where A\ag(¢) ~ A% is the root of the characteristic equation with
o € Z and \op € C\ {0} fora=1,...,nand f=1,...,l,. Without
loss of generality we may assume that there exist exactly N pole orders
of the roots of the characteristic equation, which are greater than ks /ky,
say ko/k1 < ¢ < -+ < qv < oo and let K, > 0 be defined by
Ko = (qa/ky —1/ky) fora=1,...,N.
By Theorem 1, the normalised formal solution @ of (10) is given by
lo Mop
25) =S
a=1 =1 v=1
with @,g., satisfying

(aml,t - )‘aﬁ<am2,z))’yaaﬁ’7 =0
8%21151}@57(0 z)=0 for j=0,...,7—2
am1 tUapy = )‘aﬁ (amz,z)gooéﬁw(z)’
where pap,(2) = Z?:(} Aapryj(Omy 2)0i(2) € O(D) and dap,;(¢) are
holomorphic functions of polynomial growth at infinity.
Under the above conditions, immediately by Theorem 4 we have

Theorem 5. Let (dy,...,dy) € RY be an admissible multidirection with
respect to (K, ..., Ky) and let qo = o with py, € N fora=1,... N,
We assume that

(29) Py € Oana(S(da+arg)\a5+2na7r)/qa)

forevery j=0,....n—1,na=0,...,0a—1, 8=1,...,1l, and a =
1,...,N. Then the normalised formal solution @ of (10) is (K1, ..., Kn)-
summable in the multidirection (dy, ..., dy).

In general, the sufficient condition for the multisummability of
given in Theorem 5 is not necessary, since the multisummability of @
satisfying (28) does not imply the summability of ., (see Example 2
in the next section). For this reason we define a kind of multisumma-
bility for which that implication holds.

Definition 11. Let (dy,...,dy) be an admissible multidirection with
respect to (K7,..., Ky). We say that @ is (K7, ..., Ky)-summable in
the multidirection (dy,...,dy) with respect to the decomposition (28)
if Uapy is Ky-summable in the direction d, (for = 1,...,N) and
is convergent (for « = N + 1,...,n), where § = 1,...,l, and v =
1, - N

Now we are ready to prove
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Theorem 6. Let (dy,...,dy) € RY be an admissible multidirection
with respect to (Kq,...,Ky) and let g, = po with p, € N for a =
1,..., N. We assume that @ is the normalised formal solution of

P(&ml’t, 3m27z)11 — 0
O, 0(0,2) =0 (j=0,...,n—2)
o (0, 2) = ¢(z) € O(D).

Then 4 is (Ky,..., Ky)-summable in the multidirection (dy,...,dy)
with respect to the decomposition (28) if and only if

80 E Oana<S(da+arg Aaﬁ‘f‘znoﬂr)/‘hm)
foreveryn, =0,...,0o—1,=1,...,lp anda=1,... N.
Proof. The ”if part“ of the theorem is given immediately by Theorem
4. To prove the "only if“ part, we fix a € {1,..., N}, 5 € {1,...,l,}

and we define tap := Pag(Om, .t Om, ), Where

Pag(X, ) = P(A, Q)/ (A = Xas(C))

Since
Nag
Uap = Pop(Omy b, Oms 2)tt = Pag(Omy t, Oy ) ( Z ﬂaﬁy)
y=1
and 1ap, is K,-summable in the direction d, for v = 1,...,n,3, we

conclude that i,s is also K,-summable in the direction d,. On the
other hand, since

(aml,t - )‘aﬁ(ammz))paﬂ(ann,tv 8m2,z) = P(&m,t? ammZ)
and G45(0, 2) = 0 (0, 2) = ¢(z), we see that .4 satisfies the equa-
tion
{ §8m17t - )‘Cvﬁ(ammZ))ﬁ’aﬁ =0
UQB(O,Z) = SO(Z) < O(‘D)

Hence by Theorem 4, ¢ € Oana(S(da+arg Aap+2nam)/qa) fOT EVETY N =
0,..., e — 1, which proves the ”only if* part of the theorem. O

9. CORRECTIONS OF THE AUTHORS PREVIOUS PAPERS
CONCERNING SUMMABILITY OF FORMAL SOLUTIONS OF PDESs

In [15] the author has claimed that the sufficient condition (29) given
in Theorem 5 is also necessary for the summability of formal solutions
of linear fractional PDEs (see [15, Theorem 4]). This claim is false in a
such general statement, as will be seen from the examples below. The
correct necessary conditions are given by Theorem 6.

First, we show that the sufficient condition (29) is not necessary
without some additional assumptions on the initial data.
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Ezxample 1. Let u be a formal solution of

u(0,2) = 1(2) = 225 + —7e
6

ut(07 Z) = 902(2) = (3_21)3 T (z—ein/6)d-

Then u = 1, + U9, where 1, Uy are the formal solutions of

1
1
(8t - a?)UQ — O ’UQ(O, Z) —_ @12(2) — o eiﬂ/ﬁ’

respectively. Since 1 € Oz(gﬂ/ﬁugﬂ/gﬂ) and @19 € 03/2<§0 US'QW/?) U
§4ﬂ /3), by Theorem 4 we conclude that 4, is 1-summable in the direc-
tion 7/3 and 4y is 1/2-summable in the direction 0. Hence @ is (1,1/2)-
summable in the multidirection (7/3,0). But ¢; ¢ (’)2(§,,/6 U S'ﬂ/6+,r)
and p; & O32(5yU SQW/g U S47r/3) for 7 = 1,2. It means that the condi-
tion (29) is not satisfied. For this reason, in Theorem 6 we additionally
assume that the initial data in (10) satisfy condition

(30) j(2) =0for j=0,...,n—2 and ¢,_1(2) = p(2) € O(D).

The mistake was made in the proof of [15, Theorem 2 (p. 566)],
where the principle of superposition of solutions of linear equations
was ill used. This principle may be used only to find the sufficient
condition for the analytic continuation (resp. summability) of solutions
in terms of the Cauchy data, but can not be used to find the necessary
one. For this reason the proof of [15, Theorem 2] is correct only under
the additional assumption, that the initial data given by [15, formula
(9)] satisfy condition (30), as in Theorem 6. Consequently we have to
also add the same assumption on the initial data in [15, Proposition 9,
Theorems 3-4 and Corollary 1] and [16, Theorems 1-2 and Propositions
6, 8-10].

Next, we show that the sufficient condition (29) is not necessary
without additional assumptions on the nature of multisummable formal
solution.

Ezxample 2. Let u be a formal solution of

(0 = 02)(0r — 92)u =0

u(0,2) =0
where ¢(z) = l%z + 7. Then @ = @y + s, where @y and 4y are the

formal solutions of
(0 — 2)ur =0 ui(0,2) = —p(2), (8 — 0)us =0 (0, 2) = p(2).

We will show that @ is (1,1/3)-summable in a multidirection (dy,ds),
where dy,ds € (0,7). Since ¢ € O*(Sq, /2 U Sy 24x), by Theorem 4 we
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conclude that 4, is 1-summable in the direction d;. Moreover, we have
Uy = Usgq + Usgy, Where U9 and g satisfy

1
(at 92 )U21 0, U21(0, Z) = @21(2) = 11—
(@ (9 )ng = 0 u22(0 Z) = g022<2) = 6Z2

Since ¢91(2) € OY (S (dat2nmy/a) for n = 0,1,2,3, by Theorem 4 we
conclude that @g; is 1/3-summable in the direction dy. Moreover, since
S anz" = pa(z) = ¢ € O*(C) and 7 a,I(1 + n/2)z" =
oo 2 = 4(S(dr2nm) ) for n = 0,1,2,3, by [18, Proposition
10] tgg is 1- summable in the direction d;. Hence u is (1,1/3)-summable
in the multidirection (dy, ds), but ¢ & (’)4/3(Sd2/4US d2+27r)/4US do-+4r) /aU
S(d2+67r) /4). It means that the condition (29) is not satisfied. For this
reason, in Theorem 6 we additionally assume that @ is multisummable
with respect to the decomposition (28).

For the same reason, we have to replace in [15, Theorem 4 and Corol-
lary 1] and [17, Corollary 2 and Example] the multisummability of @
by the multisummability of u with respect to the decomposition given
by the equation. Moreover, by Example 2, also [17, Remark 6] is false
and should be removed.

10. INHOMOGENEOUS EQUATIONS

In the last section we generalise the above results to the inhomo-
geneous case, where the right-hand side of (10) is replaced by the in-
homogeneity f(t,z) € E[[t]. Following [17], without loss of generality
we may assume that the Cauchy data ¢; vanish. So, we consider the
following Cauchy problem for general inhomogeneous linear moment
partial differential equation with constant coefficients

(31) P‘(amhta amz,Z)u = f
Oy 1u(0,2) =0 for 7=0,...,n—1.

As in the homogeneous case,
PLQ) = B(OX = 3D BOXN = B(Q (A = 3 PON).
j=1 j=1

where Py(C), ..., P.(¢) are polynomials and P;(¢) := P;(¢)/Po(¢) (j =
1,...,n) are rational functions.
Using the pseudodifferential operators defined by (9) we have

P(amhtaamz,z) = (0 ma,z < mi,t ZP m2,z aiﬂt)

= Po(@mmz)p(aml,ta amz,z)'
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Observe that, if Py(Op,..) # const. then the Cauchy problem (31) does
not have a unique formal solution. In the homogeneous case this incon-
venience was avoiding by the choice of the normalised formal solution.
In the inhomogeneous case the formal solution is determined by the for-
mal power series §(t,z) € E[[t]] (see also [8] and [17]), which satisfies
the equation

Po(amg,z>§ - f
For a given g there is exactly one formal solution @ of the Cauchy
problem

(32) { P(aml,tuamz,z)u =4

Oy 40(0,2) =0 for 7=0,...,n—1,

which is also a solution of (31) and is called the formal solution of (31)
determined by g.
In the next proposition we find this formal solution .

Proposition 6. The formal solution @ of (31) determined by § is given

by
(33) i(t,2) = (O )V ¢5(Om, 2)(1, 2),
j=0

where q;(C) is the solution of the difference equation

G(C) =>_ Pu(Q)gj—k(¢) for j=n

with the initial conditions qo(¢) = -+ = gn—2(¢) = 0 and ¢,—1(¢) = 1

Proof. Since ¢;(() is a rational function, the pseudodifferential operator
¢ (Om,.») 1s well-defined.

To finish the proof, it is sufficient to show that the formal series given
by (33) is a solution of (32). To this end observe that 9, ,4(0,2) =0
for j=0,...,n—1and

p<a7n1,taam272>ﬁ(t> z) = p(8m17t78m272)( Z (8;1,t)j+1qj'(am2,2)§(t> Z))

j=n—1
= D Ot VGOm0 2) = DY (Ot )T PO )45 (O )4, 2)
Jj=n—1 k=1 j=n—1
= Z (an—&’t)j—n—&-lqj (am2,z)g(ta Z) - Z (a;zi,t)j_n—’—lﬁk(amz,z)Qj—k(an’LQ,z)g(ta Z)
Jj=n—1 Jj=n k=1
= Y Ot )" (Omy )3t 2) =Y (Ot )" (O )31 2)

1
= anl(ammz)g(ta Z) = g<t7 Z)'
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g

Now we consider the simple inhomogeneous moment pseudodifferen-
tial equation

(34) {@%M—A@m»WMtdzg@@

&, u(0,2) =0, j=0,...,8—1
We show that
Lemma 8. The formal solution @ of (34) is given by

az:oo J 1 VB9 Va(t o).
@) =3 (57 )@t 000002

Proof. Let 1 be given by (35). Then
nooon - j — j+1—n\j— ~
i) = Y ()1 @A @, 00 ),
j=6-1

It means that 9y, ,1(0,2) =0forn=0,...,8— 1.
Observe that

Omrt = AOmaz)) D (Ot VTN (O, ) (L, 2)

=0
= D (O PN Oy )it 2) = D> (Ot )TN (O, )3, 2) = G(t, 2).
=0 =0

Moreover, if n > 1 then by (13) we have

O = N0 ) S (1) 010N 0

Jj=n

n

= 2 (TN ey v ) - 3 (D) @,

j=n—1 j=n
00 j - . -
iy (n_l)@miww (Oma.2)
j=n—1
Consequently
nd j o .
CIRESICHRIED S (R (LB e e
j=p-1

e O MO )Y ( J )m},»j“Aﬂ‘—ﬂ“(am,z)g(t,z)

and the proof is complete. Il
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Next, using Proposition 6 and the factorisation of operator P (Omy ts Omig.z)s
we obtain the following decomposition of solution of (31) determined

by g .
Theorem 7. Let @ be the formal solution of (31) determined by g and
p(aml,t7 amz,Z) = (aml,t - )‘l(amz,z»m T (amht - )‘l(amz,Z))m'

Then 1 = Zla:l > 5y Uap, where yg is a formal solution of

(36) { (Ot — Aa(Omg.2)) P ias(t, 2) = Gas(t, 2)

agll,taaﬁ(07z> =0forj=0,...,6-1
and Gogs(t, z) = dag(Om,.2)g(t, 2) for some holomorphic function dus(Q)
of polynomial growth.

Proof. By Proposition 6 the formal solution of (31) determined by g is
given by

o0

it 2) =Y (Ot ) 05(Omy )4 (L, 2),
=0
where
! min{j+1,n.} j' ‘
. — » —)\J 7

cap(C) is a holomorphic function of polynomial growth for sufficiently
large |¢| (see Section 5 in [15] for more details) and A,(¢) is the root
of characteristic equation with multiplicity n,.

It means that @ = Y\ _, > 52 Uap, Where

oo

_— 7! —1 \jH+1yi ;
e j;l (] +1-— B)' (aml,t) )‘a(amz,Z)Caﬁ(am%Z)g(t’ Z)

By Lemma 8, 4,4 is a formal solution of (36) with

Gap(t, 2) = dag(Om,y 2)9(t, 2) and  dag(C) = (B = 1)lcap()A0(C)-
U

Now we are ready to study the Gevrey order of formal solution to
inhomogeneous equation. First we consider the simple equation (34).
We have

Proposition 7. Let @ be the formal solution of (34) determined by a
Gevrey series g € E[[t]]s of order s > 0 and let ¢ > 0 be a pole order of
MC). Then @ is a Gevrey series of order max{%=*2 s\ with respect

k1ko
tot.

Proof. Since

g(t,z) = Z 5;((2)) t" with g,(z) € E(r)
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is a Gevrey series of order s > 0, there exist A, B > 0 such that

(37) 1|rn‘ax|gn( 2)| <AB"I'(1+ (s+ 1/ky)n) for n=0,1,...

By Lemma 8 we have

at,z) = (5‘7 1) o TINTI(D,, )4t 2)
Jj=B-1
- J ,8+1 - ntj+l
_ N O j
PO O D W e
. - ) t k—1 j
=ntj+ B+1
- N am z
;mla{;) £ (5_ 1) ( 2 )gk J 1(2)
= j=B-1
B f: ug(2)tF

k
Now, by Lemma 1 and by (37), we obtain the estimate

()] < (57 )W @m0

< ApB* (1 +5g/k)T(1 + (k—j = 1)(s +1/k1))
j=B-1
for z € D,. Hence there exist C, D < oo such that
sup |ug(2)] < CDET(1 4+ k(5 +1/ky)) for k=0,1,...,

|z|<r

where § = max{%, s}. O

By Theorem 7 and Proposition 7, we obtain the Gevrey estimates
for solutions of (31), which improve the result of Balser and Yoshino
[8]. Namely we have

Theorem 8. Let 4 be a formal solution of (31) determined by a Geuvrey
series § € E[[t]s of order s > 0, & = S\ _ > 5% Uap be the decom-
position of solution constructed in Theorem 7 and let q, > 0 be a pole
order of M\o(C) Then U, is a Gevrey series of order max{u, s}
with respect to t.

One can also generalise Theorem 3 and Theorem 4 to the inhomo-
geneous equation (34). Unfortunately, in the inhomogeneous case we
have to replace the integral representation (20) of solution by the power
series representation given by (35). Using this last representation we
immediately obtain the characterisation of the analytic continuation
properties (in case 1/k; = ¢/ks) and summability (in case 1/k; < q/k2)
of solution of (34) in terms of inhomogeneity g.
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