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Abstract

The Cauchy problem for certain non-Kowalevskian complex homogeneous linear partial differential equations
with constant coefficients is considered. The necessary and sufficient conditions for the Borel summability
is given in terms of analytic continuation with an appropriate growth condition of the Cauchy data.
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1. Introduction and notation

In recent years, the theory of summability of formal power series solutions to differential equations has
been developed. In particular, it was proved that every formal solution of meromorphic ordinary differential
equation is multisummable (see B.L.J. Braaksma [6]).

The first result in that direction for partial differential equations was obtained by Lutz, Miyake and
Schiéfke [8]. They showed that the formal solution to the Cauchy problem for the 1-dimensional homogeneous
complex heat equation is 1-summable in a direction d if and only if the Cauchy data ¢(z) can be analytically
continued to infinity in some sectors in directions d/2 and d/2 4+ 7 and the continuation is of exponential
growth of order at most 2. Analogous result for more general initial data was given by W. Balser [1].
Similarly, the multidimensional case was investigated by Balser and Malek [4] and by S. Michalik [10].

This characterisation of Borel summability of formal solutions was generalised to the equation 8Y u—00%u =
0 (with p < ¢) by M. Miyake [11] and to the quasi-homogeneous equations by K. Ichinobe [7].

On the other hand, the sufficient condition for the Borel summability of formal solutions was found by
Balser and Miyake [5] (for certain linear PDE with constant coefficients) and by W. Balser [3] (for general
linear PDE with constant coefficients).

In the paper we show that this sufficient condition is also necessary in the case of equations of the form
(1). In this way, we also extend the results of M. Miyake [11] and K. Ichinobe [7] to more general equations.

Precisely speaking, we consider the Cauchy problem for the non-Kowalevskian linear partial differential
equation in two complex variables t, z € C with constant coefficients

alnpu(t’z) = Zat(m_j)pqu(az)u(tvz)v u(0,2) = ¢(2), Owu(0,2) = .. = aznpflu((lz) =0, (1)
j=1
where p,q,m € N, p < ¢ are coprime, P;4(¢) are polynomials of degree less than or equal to jg (j = 1,...,m),

P.4(€) is a polynomial of degree mq and ¢(z) is analytic in some complex neighbourhood of the origin.
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The characterisation of Borel summability can be formulate as follows (for the precise formulation see
Theorem 2)

Main theorem The formal power series solution a(t, z) of the initial problem (1) is p/(q — p)-summable in
a direction d if and only if the Cauchy data ¢(2) is analytically continued in directions (pd+arg a; +2mn)/q
G=1,...,1, n=0,..,q — 1) with exponential growth of order q/(q — p), where {1, ...,a;} is the set of the
roots of the characteristic equation
m
a™ =" a"Ip;=0 with §j; = lim P;y(¢)/¢
i=1 e

The paper is organised as follows. In Section 2 we recall the notion of summability. Following W. Balser
(see [3]) we shall use the modified k-Borel transform of (¢, z) instead of its Borel transform of order k. This
modified transform is more suitable for a study of formal solutions of PDE.

In the next section we introduce the operators B®, which after appropriate change of variables are equal
to the modified k-Borel transforms (with s = 1+1/k). Applying B* to the formal solution 4(¢, z), we obtain
the associated function v(t,z) satisfying the initial value problem for certain Kowalevskaya type equation
related to (1). In other words, we can reduce the problem of summability to the study of this new equation.
This concept is a generalisation of the idea given in [10], where the question about the summability of the
formal solution to the heat equation is reduced to the investigation of the wave equation.

In Section 4 we consider this Kowalevskaya type equation with constant coefficients. In this section we
use the integral representation of the solution, which is based on the construction of Balser and Miyake
[5]. Since this equation is in some sense symmetric with respect to both variables ¢ and z, we obtain the
equivalence between the analytic continuation with appropriate growth condition of the Cauchy data with
respect to z and of the solution with respect to ¢ (see Theorem 1 below for more details).

In Section 5 we apply the properties of operators B® and Theorem 1 to the proof of the main theorem.

In the final section we consider the quasi-homogeneous equation as the special case of (1). For this
type of equation we show the direct proof of characterisation of summability (without using the integral
representation).

In the paper we use the following notation. The complex disc with a centre at origin and a radius r > 0
is denoted by D(r) := {z € C: |z|] <r}. A sector in the universal covering space C of C\ {0} is denoted by

S(d,e,R):={2€C: z=re", d—e/2<0<d+¢e/2, 0<r < R}

forde R, e >0and 0 < R < +4o0. In the case of R = +00, we denote it briefly by S(d,e). A sector S’ is
called a proper subsector of S(d,e, R) if its closure in C is contained in S(d,e, R).

By O(D) we denote the space of analytic functions on a domain D C C™. The Banach space of analytic
functions on D(r), continuous on its closure and equipped with the norm ||¢||, := max |o(z)| is denoted by

|2|
E(r).
The space of formal power series

a(t,z) = Zuj(z)tj with  wu;(z) € E(r)
=0

is denoted by E(r)[[t]]. Moreover, we set E[[t]] := | E(r)[[¢]].
r>0
We denote by P, (0, 0.) the principal part of the differential operator P(0¢,0.) of order m. In other
words, if P(9;,0,) = . a;x0{0% then P, (0;,0,) = > a;0{0".

j+k<m Jjt+k=m

2. Gevrey formal power series and Borel summability

In this section we recall some fundamental facts about the Gevrey formal power series and the Borel
summability. For more details we refer the reader to [2].
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Definitionl. We say that a function u(t, z) € O(S(d,e) x D(r)) is of exponential growth of order at most
s>0 ast— oo in S(d,e) if and only if for any 1 € (0,r) and any €1 € (0,¢) there exist positive constants
C and B such that

max |u(t, z)| < CePIt’

e for every t € S(d,eq).
ry

The space of such functions will be denoted by OF (S(d,e) x D(r)).
Analogously, we say that a function ¢(z) € O(S(d,¢)) is of exponential growth of order at most s > 0 as
z — 00 in S(d,e) if and only if for any ¢; € (0,¢) there exist positive constants C' and B such that

lp(2)| < CeBIF" for every z € S(d, ).
The space of such functions will be denoted by O*(S(d,¢)).

Definition2. Let k > 0. We say that a formal power series
z) = Zuj(z)tj with  wu;(z) € E(r) (2)
=0

is 1/k-Gevrey formal power series with respect to t if its coefficients satisfy

max |u;(2)| < ABT(1+j/k) for j=0,1,

|z|<r

with some positive constants A and B.
The set of 1/k-Gevrey formal power series in ¢ over E(r) is denoted by E(r)[[t]]1 /. We also set E[[t]], /5 :=
U E()[[e]]/k-

r>0

Definition3. Let £ > 0 and d € R. We say that a formal series 4(t,z) € E[[t]];/, defined by (2) is
k-summable in a direction d if and only if its k-Borel transform

Zu] 1+j/k)

is analytic in S(d,e) x D(r) (for some € > 0 and r > 0) and is of exponential growth of order at most k as
t — oo in S(d,¢). The k-sum of G(t,z) in the direction d is represented by the Laplace transform of 9(t, z)

ul(t,z) = t—k/ e~/ 5(s, 2) ds*,
0

where the integration is taken over any ray Ry := {re?® : r > 0} with 0 € (d —¢/2,d +£/2).

For every k > 0 and d € R, according to the general theory of moment summability (see Section 6.5 in [2]),
a formal series (2) is k-summable in the direction d if and only if the same holds for the series

i GIT(1+5/k) "
= D(1+47(1+1/k))
Consequently, we obtain a characterisation of k-summability (analogous to Definition 3), if we replace the
k-Borel transform by the modified k-Borel transform

Jits

v(t,z) =B = Zu] A+ 1/8)




and the Laplace transform by the Ecalle acceleration operator

0o (0)
u’(t,z) = M/ / v(s,2)Cryaye((s/t)F/ TR dsk/ R
0

with 6 € (d —,d + ¢). Here integration is taken over the ray R, and Cj1/4(¢) is defined by

1 _ w—Cuk/ (1)
Cryn(C) = o | ¢ 1/ (k+1) gu—¢ du
2

with a path of integration v as in the Hankel integral for the inverse Gamma function (from co along
argu = —m to some ug < 0, then on the circle |u] = |ug| to argu = 7, and back to co along this ray).
Hence the k-summability can be characterised as follows

Proposition 1. Let k > 0 and d € R. A formal series u(t,z) given by (2) is k-summable in a direction d
if and only if its modified k-Borel transform

oo

B*u(t, z) = Zuj(z)r

=0

gl
(1+j(1+1/k))

satisfies conditions:

1. B*a(t, z) is analytic in D(ry) x D(ra) (for some r1 >0 and r2 > 0), i.e. the formal series i(t,z) is of
Gevrey order 1/k with respect to t.

2. B*u(t, z) is analytic in S(d,e) x D(r) (for some e >0 and r > 0)

3. Bka(t,z) is of exponential growth of order at most k as t — oo in S(d, ).

3. Operators B® and reduction to the Kowalevskaya type equation

In this section we introduce the operators B*, which are related to the modified k-Borel operators B*.
Using the operators B® we can reduce the question about summability to the study of the solution of the
appropriate Kowalevskaya type equation.

Definitiond4. Let s > 0. We define a linear operator on the space of formal power series
B E[[t] — E[[¢]]

by the formula

ad . 2 wi(2)§!
B*(a(t,z)) = BS(Zuj(z)t]) = Z I‘(Jl(—i—)ij)tsj'
=0 ;

=0

<

In particular, for any p, ¢ € N the operator BY/?: E[[tP]] — E[[t9]] is given by

Bq/p(i ) ) f: 0 (2) oy 3)

(pj)! = (45)!

Such operators were considered by S. Malek [9] in the case of ¢ = 1.
Observe that for any formal series 4(t, z) and any k& > 0 holds

Bru(t,z) = B5a(tY/*,z) with s=141/k.

Hence, using the operators BY/P one can reformulate Proposition 1 as follows
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Proposition 2. Let p,q € N, p < ¢ be coprime. Then the formal series u(t,z) € E[[t?]] is p/(q — p)-
summable in a direction d if and only if BYPu(t, z) is analytic in some complex neighbourhood of origin
in C? and the function t — BY/Pu(t,z) is analytically continued to infinity in directions (pd + 27j)/q for
j=0,...,q — 1 with exponential growth of order q/(q — p).

Since the formal series (t, z) € E[[tP]] is invariant under the change of coordinates ¢ — te>™/P as a corollary
we have

Corollary 1. The formal series u(t, z) € E[[t?]] is p/(q — p)-summable in a direction d if and only if u(t, z)
is p/(q — p)-summable in directions d + 2mj/p for j =0,...,p — 1.

The following properties of the operators B4/ play crucial role in our study of summability.

Proposition 3. Let p,q € N and a(t,z) € E[[t?]]. Then operators BY/? and derivatives satisfies the com-
mutation formulas:

1. BY/PdP4 = 9 BY/Pi;

2. BP9, 4 = 0,BYPu;

3. BY/PP(dP,0.)u = P(dY,0.)BYP4 for any polynomial P(t,() = Z a aTICE with complex coefficients

HM:

a1 € C.

PRrOOF. By (3) we obtain

B‘I/P(afa(t, z)) = BY/P (af i Uj (‘Z') tm’) = Bq/p(i Uj+ tm) i ujy1(z

= (1) = (P]) = (qy.
0 (N~ 402 0\ _ e pare (N U2 b a3a/p
= Gt(j_z_:o(qj)!t )_atB/(;)(pj)!t ) =0t/ (at, 2))
and
. = W(2) LN = u5(2) — 1;(2) X
/P9 0t » _ q/p J pi) — J aj _ J qaj a/p(i(t. 2)).
Bz = B ) = X gt = (™) = B2
Consequently

BY/P(P(3F,0.)ilt,z)) = Bq/p(i aﬂafjaiﬂ(t,z)):iiaﬂBq/”<8§’jﬁiﬂ(t,z))

By Proposition 3 we have

Proposition 4. A formal series u(t,z) is a solution of the Cauchy problem (1) for the non-Kowalev-
skian linear partial differential equation with constant coefficients if and only if the function v(t,z) =
BYP(u(t, 2)) satisfies the Kowalevskaya type equation

Ny ( Za“" Dap (0 (t,z), v(0,2) =p(z), w(0,2)=..=0""" v(0,2) =0.  (4)

Remarkl. Observe, that by the Cauchy-Kowalevskaya theorem, the function wv(t,z) is analytic in some
complex neighbourhood of origin in C2. It means that the formal solution (¢, 2) is of Gevrey order (q—p)/p.
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4. Integral representation of solutions to the Kowalevskaya type equation

In this section we consider the equation

P(04,0,)v(t,z) =0, where P(0,0,) := 0" — Zc’){nijj(ﬁz), deg Pj(¢) < j, deg P(¢) =m  (5)

j=1
with the initial data
07v(0,2) = pn(2) (n=0,...,m — 1) holomorphic in some complex nieghbourhood of the origin. (6)

We would like to find the relation between the Cauchy data and the solution of (5). For this purpose we
will use an integral representation of the solution of (5) with the initial data ¢, (z) given by the reccurence
relations

wo(2) = 0(2), ©n(z):= Z?Zl P;i(0.)pn—j(z) forn=1,..,m—1, (7)

where ¢(z) is holomorphic in some complex neighbourhood of origin. The construction of this integral
representation is based upon the results of Balser and Miyake [5].
Let us start from the formal solution of (5) given by

A ot
(t, z) = Z Un(z)ﬁ (8)
n=0
Observe that coefficients ¥, (z) satisfy the recurrence equation
in(2) =Y Pj(0:)in—j(z) for n=12, ..
j=1
with the initial conditions
00(2) = @(2) and ¥_1(2) = ... = D_ps1(2) =0.
The solution of this equation is given by
0n(2) = ¢u(0:)p(z) for n=1,2,..,

where ¢,,(¢) satisfies the difference equation

4 (Q) = Y Pi(Q)dn—5(¢) (9)
j=1
with the initial conditions
q0(¢)=1 and ¢-1(¢) = ... = ¢-m4+1(¢) = 0. (10)

Observe that ¢,(¢) is a polynomial of degree less than or equal to n, so one can assume that ¢,({) =
ZZ:O gneC® with some constant coefficients gy,y.
Put Q,(C) ==Y 1o |gni|CF. Since @, (¢) is a polynomial of degree n, there exists K > 0 such that

|Qn(O)| < (K()™ for every m € Nand ¢ > 1. (11)
Hence, using the Cauchy inequality, there exist ¢ > 0 and A, B < oo satisfying
sup [0n (2)| < D lgui] sup [¢M)(2)] < Y lans| AB*K! < AnlQn(B) < A(KB)"nl.
0

[z|<e k=0 lz|< k=0
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Therefore, the formal series (8) is convergent for |t| < (KB)~! and |z| < ¢. Furthermore, for such ¢,z and
sufficiently small € > 0 we have

00 R n o] 1 n 1
v(t, z) = Z Un(z)ﬁ = Z o anw(k)(Z) =5 f | o(w)k(t,w — z) dw, (12)
n=0 T n=0 """ k=0 w—zl=e

where the kernel function is defined by

N 7 k!
k(t, z) := Z ol ankﬁ' (13)
n=0 " k=0

On the other hand, one can find the solution of the difference equation (9) using the characteristic
equation

AT = ZPj(C))\m_j, or equivalently P(X, () =0. (14)

j=1

We may assume that for sufficiently large |(], say || > |(ol, the characteristic equation (14) has exactly !
distinct holomorphic solutions A1(¢), ..., \;(¢) of multiplicity my, ..., my (23:1 mj = m). Since P, ({) # 0,
we conclude that A;(¢) # 0. Moreover, deg P;(¢) < j and deg P,,,({) = m, which gives

Jim A(0)/¢ = A € €\ {0, (15)
where A; are the roots of the characteristic equation

Prn(X\1) =0, or equivalently ™ = 377" | p; A"/ with p; := Clim P;(¢)/¢7. (16)

Note that \; are not necessarily the distinct roots of (16). We admit the confluence of the roots
A= Jim A(Q)/C = lim A(Q)/6 = Ay and A(Q) # Ay(¢) for 6] > [Gul:

From (15) we can also assume that for |¢| > |(o| the functions A;(¢) are invertible, where the inverse functions
)\]71(7) are the roots of the characteristic equation P(r,A~1) = 0.

Using the roots of the characteristic equation (14) one can find m linear independent solutions of the
difference equation (9)

n!

j :

Hence for |¢| > |{o]|, the solution of (9) is given by

1 min{m;,n+1}
n'

n(C) :Z)\?(C) Z Cjk(C)m~ (17)

=1 k=1

We can calculate the coefficients c;,({) using the initial conditions (10) and solving the system of linear
equations. Observe that for sufficiently large ||, say |¢| > |o|, the coefficients ¢;1(() are holomorphic with
polynomial growth as |¢| — co.

Now we describe the kernel function (13) by the following lemma, similar in spirit to Theorem 2.1 in [5].

Lemma 1. For a fized value of z € C\ {0}, the kernel function k(t,z) defined by (13) is analytic with
respect to t on the set {t € C: |t| < |z|/K}. Moreover, this function is analytically continued into the
region
G, ={teC: argt #argz —arg); forj=1,..,10}
7



and is of exponential growth of order 1 ast — oo.
Strictly speaking,

l
k(t,z) = k(t,z) + Y kj(t, 2),

where k(t,z) € O}(C?) and

oo ()
k;(t, z) ::Z/ (OO e ©te=2Cd¢ with 0 € (—n/2 — argz,m/2 — arg 2)

is analytic with respect to t on the set {t € C: |t| < |z|/K}. Moreover, kj(t,z) is analytically continued
into the region
G(\j), ={teC: argt+#argz—arg;}

and is of exponential growth of order 1 ast — oo.

PROOF. Let

oo n

Q(t7<) ::Zt'Qn —ZtnzanC

n=0 =i

By (11) we can estimate this function as follows
¢[n t(K|C
t<I<Z” Qu(ld)) < Z" KD _ pxae, (18)

It means that ¢(t, ¢) is an entire function of exponential growth in both variables. Now we fix z € C\ {0}.
Taking § = — arg z and applying (18) we see that integral

oo (6)
/0 a(t, Qe d¢

is convergent for K|t| < |z|.
On the other hand, for any 6 € (—7/2 — arg z,m/2 — arg z) we have

oo(0)

50 (6)
/0 a(t, Qe d¢ = Z Z‘Jnk/ (e d¢ = Z ank k+1 = k(t, 2).

nO nO

Hence for any fixed z € C, z # 0, the function ¢ — k(t, z) is holomorphic on the set {t € C: [t| < |z|/K}.
Using the solution (17), we have for |(| large enough

(%) m I my %)
O:Zq”( =D (@ Y nfk+1 ZZ% £)F e O,
n=0 =1 k=1 n=k— 1 =1 k=1
Thus
oo (0)
b = [ et e - / e+ / (OGO 1M Ot g

j=1k=1
l

= k(t,2)+ ) ki(t.2)

j=1
By (18) we have

k(t z)/co (t,()e™*¢ d¢ € OF(C?
) 0 q\v, € CE t( )
8



To estimate k;(t, z) for j = 1,...,1, observe that by (11), (15) and (17) we have |\;| < K and consequently
the function t — k;(¢,2) is analytic on {t € C : [t| < |z|/K} for j = 1,...,I. Moreover, by (15), for
sufficiently large ( we have arg A\;({) ~ arg( + arg ;. To show analytic continuation of k;(¢,z), observe
that we may replace a direction arg ¢ = 0 by arg( = 0; satisfying:
L. argt+arg; +6; € (Z,3F) (in this case there exists A < oo such that [e*(9f| < 4 as ( — o),
2. argz +0; € (—Z, %) (in this case there exists € > 0 such that [e7*¢| < e~“I¢l as ( — o0),
under the condition argt + arg \; # arg z, or equivalently, ¢ € G();),. Therefore the function
M3 poo(6;)
Eeky(t2) =S / e OGO 1eMOte=5¢ g
k=1"¢o
is analytically continued to G()\;). with exponential growth of order 1.
Finally, since G, = [\ G(\;)., we see that t — k(t,z) € OY(G,).

j=1,...,1

Using the kernel function k(t, z) and Lemma 1, we show
Lemma 2. For t,z close to origin and sufficiently small € > 0, the solution of (5) with initial conditions
(7) is given by the formula

l
o(t.2) = Y uy(t.2)

where

so(6;) ™3

vi(t,2) = i, o(w) / D ein(Q A Q)N ©Otem (=2 e du. (19)
2m0 Jjw—z|=e =

Moreover, if j € {1,..,1}, s > 1 and @(z) € O%(S(d + arg\;,8)) (with some 6 > 0), then v;(t,z) €

0;(S(d,d) x D(r)) (with some § >0 andr >0)

PROOF. By (12) and Lemma 1, for ¢,z close to origin and sufficiently small € > 0 the solution of (5) with
the initial conditions (7) satisfies

1
v(t,z) = 5 ‘w%‘zggo(w)k(t,wfz)dw
1 . L
= — p(w)k(t,w — z) dw + —% p(w)k;(t,w — z) dw. 20
=3 SRRLCLCERE LR Wy S LT (20)

Since the function w — @(w)k(t,w — z) is holomorphic for |w — z| < e, by the Cauchy integral theorem
the first summand on the right hand side of (20) vanishes. Hence v(¢, z) = 22:1
given by (19).

To estimate v;(t, z), fix z sufficiently close to the origin. In particular, we may assume that |z| < e.
Repeating the proof of Theorem 3.1 in [5], we replace in (19) a path of integration |w — z| = € by a
circle |w| = e. If we take |z| sufficiently small then arg(w — z) &~ argw along this new contour. Next we
split this circle into 2 arcs v and 7, where 7 extends between points of argument d 4 arg\; — ) /3 and
d+arg \; + 6/3. Finally, since ¢(z) € O(S(d 4 arg )\j75)), we may deform + into a path g along the ray
argw = d + arg \; — 6/3 to a point with modulus R (which can be chosen arbitrarily large), then along the
circle lw| = R to the ray argw = d+arg \; + 5/3 and back along this ray to the original circle. So, we have

v;(t, z), where v;(t, z) are

1 1
4 = omi j(tw — = — ki(t,w—
v;(t, 2) GXIH) R e(w)k;(t,w— z) dw 2 fuye. o(w)k;j(t,w — z) dw
1 1
= % - @(w)kj(tﬂw — Z) dw + % d @(w)kj(t, w — z) dw.
9



Since R may be chosen arbitrarily large and the function t — k;(t,z) is analytic on [t| < [z|/K (see
Lemma 1), we can find § > 0 such that the first integral on the right-hand side is analytically continued to
S(d,§) x D(r). Estimating this integral we see that it is of exponential growth of order at most s as t — oo.

Moreover, since by Lemma 1 k;(t, z) is analytically continued into the region G(J;)., we see that the
second integral on the right-hand side is also analytically continued to S(d,d) x D(r) with appropriate
estimation as ¢ — oo.

O

Let us introduce the idea of some kind of the pseudodifferential operators. To this end, let A(¢) be
a holomorphic function for |(| > |{p| with a polynomial growth in infinity. Moreover, we assume that
p(w) € O(D(7)) (with some 7 > 0), f(¢,t,w) € O(C x D(r) x D()) (with some r > 0 and 7 > 0) and a
function

1 oo (0) ”
v =g d et [ e dcdw

is well-defined and analytic in some complex neighbourhood of origin. Then we can define a pseudodifferential
operator A\(0,) acting on v(t, z) as follows

1 oo (0)
A@:)u(t,2) = = () / Q) F(C. 1 w)e™ de du. (21)

20 Sy o

Remark2. Let s > 1. Observe that v(t,z) € O5(D(r) x S(d,0)) if and only if A(9,)v(t,z) € O(D(r) x
S(d, 9)).
Remark3. Using the pseudodifferential operators we can write

P(0r,0:)v(t, 2) = (Or — A1(92))™..(8y — Ai(02))™ vt 2) = 0.

We show
Lemma 3. The functions v;(t, z) given by (19) satisfy pseudodifferential equations
(0r — Xj(02))™v;(t,2z) =0 and (0. — A;l((?t))"ijj(t,z) =0 for j=1,..,1L

PROOF. By (19) and (21) we have

(01 = Aj(8:))™v;(t, 2) =

1 oo (0s) _ L2 ()
(0r = A;(0:))™ 1%]{ ‘ <,o(w)/C D (k= Deju(QONTHQ) 2N Ote e d duw = ..
w—z|=¢ 0 k=2

00(91)
— (9 = Ay (0.)) = 7{ p(w) / (m; = Dlejm, (OAY Qe Otem e d¢ dw = 0.,
|lw—z|=¢e

% Co

To show the second formula we use the substitution 7 := \;(¢) and the (k — 1)-fold integration by parts

SSI(2D) m;
v;(t,z) = ! ]{_ _ <p(w)/ D eir(Q A (ke e (=2 a du

T 2mi

Co k=1
— i @('w) /OO(éj) itk_leTtC‘k()\-ﬁl(T))Tk_le_(w_z))\-;l(T)()\-71(T))/dT dw = ...
2mi |w—z|=¢ Aj(Co) =1 ! ! !

1 2ol , di 1 E—1_ —(w—2)A7 (7) (y—1/ _\\/
= — go(w)/ e —— (A (7)) e TR (AT () ) dr dw
27 lw—z|=¢ Aj(Co) ; drk-t ( ! ! !



with éj = 6;+arg \;. We will denote by f,, (7, w) (n =0, ..., k—1) the holomorphic functions with polynomial
growth satisfying

n_—wA7 (1) 2AT (1) _ dFt = k=1, (=227 () (=1 (7))
an(T,U))Z € 7 e J _di,1 C]k( ¥ (T))T € 7 (] (T)) .

Hence we have

(@2 = A7H(8e) ™ vs(t, 2)

1 ) 1 00(9 ) m] k—1 .
= (0, — S (at))%%%w z|—s / Zan (t,w)z =AM Tt g

(G0) k=1n=0
(a 1(8)) 1 1 W(e)ikz:lf ( )A_l( ) Tt
= (0, — \7 tmj—f]{ / (T, w)n ity We™ dr dw
’ 270 oy — z|—6 X(Go) o
1 DO(QJ) (z—w))\fl(T) Tt
=.=(0,— (8,5))2 j{ Lp(w)/ Jm;—1(T,w)(m; —1)le i e dr dw = 0.
i lw—z|=e Aj(Co)

Now we are ready to prove

Theorem 1. Let s > 1 and d € R. Moreover, we assume that v(t,z) satisfies the equation (5) of
Kowalevskaya type with the initial data (6) and {A1,...,\;} is the set of the characteristic roots satisfy-
mng equation

Pu(A1) =N =} Ny =0 with p; = lim Pi(Q)/¢/.

j=1

Then v(t,z) € OF(S(d,0) x D(r)) (with some 6 > 0 and r > 0) if and only if for every j = 1,...,1 and
n=0,...m—1, ¢,(2) € O°(S(d+ argA;,d)) (with some § >0)

PROOF. (<) By the principle of superposition of solutions of linear equations, we can assume that
0o(2) = p(2) € O(S(d+arg);,0)) for j=1,..,1

and

By Lemma 2
l
z) = Zvj(t,z),
j=1
where v;(t,2) € Of(S(d,d) x D(r)) for any j = 1,...,1. It means that also v(t, z) € OF(S(d,d) x D(r)).

(=) fu(t,z) € OF(S(d,0) x D(r)) is a solution of (5) then v(t, z) also satisfies the following Cauchy
problem in z-direction

P(0,0.)v(t,z) =0 (22)

AMu(t,0) = Pn(t) € O(S(d, ) for n = 0,...;m — 1,
11



where

P(0y,0. Z A" P;(d,) = (o™ — Z Om=IP;(8;)) with some polynomials P;(7).
j=1

Observe that deg P;(1) < j and deg P,,,(1) = m.
As in a previous case, we may clearly assume that

Yolt) = () € O°(S(d.5)), Wult) = X0y Py(0)thny(t) forn=1,.,m—1.

Interchanging the roles of coordinates (¢, z) and applying Lemma 2 we obtain

!
v(t, z) = Zf}j(t,z), (23)

i=1
where
~ 1 2o(03) & ~ -1 k=1 A7 1)z —(s—t)T
0i(t, z) = o - P(s) chk(T)()\j (T)z)" et e dr ds.
s—t|=¢ To k=1

Moreover, since

d — arg( lim )\j_l(r)/r) =d— atrg)\j_1 =d+ arg )\,

we conclude that ©;(t, z) € O (D(F) x S(d + arg A}, 9)).
By Lemma 3, 9;(¢, z) satisfies the formula
(00— (00" 55(t, 2) = 0.
We show that
myj 0 )\n e
( Ztk 1 Z ) n
k=1

with some functions @, (%). To this end observe that

(9 = A(8:))™05(t,2) = (B — Xy mJ*Z t“Z — .. =0

and
(0 — Xj(9))*19;(0,2) = (k — D)!@;r(2) for k=1,..,m;.

It means that ¢;1,(2) € O°(S(d+arg \;,0)). By (23) and (24) we have the system of m linear pseudodiffer-
ential equations

0(0.2) = po(z) = oy 611 (2)
6,511(0, Z) _ 4,01(2) _ Z] . me{? ,mj} )\2 k(ﬁz)@jk(z) (25)

01 0(0,2) = pmo1(2) = oy Tpy AT TR (0:) 25k (2).

Since the equation (22) is linear, without loss of generality we may assume that g(z) = ¢(2) and ¢1(z) =
.. = @m-1(z) = 0. Hence, solving (25) with respect to @;x(z) with k =1,...,m —1and j = 1,...,1, we see
that

Qi (0:)¢5x(2) = Qi (92) (=)
for some pseudodifferential operators Q;x(8.) and Q;x(.).
Since @ x(z) € O°(S(d + arg Aj,0)), by Remark 2 we conclude that ¢(z) € O°(S(d + arg A;,0)) for
j=1,..1
12



O
Since A; depends only on the principal part P, (0, 0.) of P(0;,0.), immediately by Theorem 1 we have

Corollary 2. Let P(0;,0.) = 07" = >_1L, 9" P;(d.) with deg Pj(y) < j, deg P (y) = m. Moreover, let
v(t, z) and w(t,z) satisfy the Cauchy problems

P(0:,0.)v =0, 0v(0,z) =pn(z) forn=0,...,m-—1,
Pr(0:,0.)w =0, 0fw(0,2) = pn(z) forn=0,..,m—1,

where @, (2) are analytic in some complex neighbourhood of origin.
Then for every d € R and s > 1 the function v(t,z) € OF(S(d,d) x D(r)) (with some § > 0 and r > 0)

if and only if w(t, z) € OF(S(d,d) x D(7)) (with some 6 >0 and 7> 0).

5. Conclusions

As the corollary to Theorem 1 we have

Proposition 5. Let v(t, z) satisfies the initial value problem (4) and let s = q/(q — p). Then v(t,z) €
O; (S((pd+2mn)/q,6) x D(r)) (with some 6 >0 andr >0) forn = 0,...,q—1 if and only if the Cauchy data
w(z) € O°(S((pd + argav; + 27n) /q, d)) (with some 6 >0) forn=0,....,q—1, j =1,...,1, where {1, ..., 1}
is the set of the characteristic roots satisfying

a™ =Y o™ Up; =0 with p; = Jim P,;(¢)/¢c¥. (26)
=1 >
PROOF. (=) According to Theorem 1, if v(t, 2) € OF (S((pd +27n)/q,5) x D(r)) then p(z) € O°*(S((pd +
2mn)/q + arg A;,0)) for n = 0,...,¢ — 1 and j = 1,...,1, where {A1,...,\;} is the set of the roots of the
characteristic equation

A= N A= =, (27)
j=1

Observe that A is the root of (27) if and only if a = A? is the root of (26). It means that ¢(z) € O°(S((pd +
2mn +arga;)/q,0)) forn=0,...,g—1,j=1,..,1L

(=) If p(2) € O°(S((pd+2mn+arg ;) /q,0)) (n =0,...,q—1, j = 1,...,1) then also p(z) € O(S((pd +
27n)/q + arg )\j,g)) (n=0,.,q—1,5=1, ...,i), where {1, ..., A\;} is the set of the characteristic roots of
(27). Therefore by Theorem 1 we have v(t,z) € OF (S(pd + 2wn)/q,0) x D(r)) for n =0, ...,q¢ — 1.

O
Combining Propositions 2, 4, 5 and Remark 1 we obtain

Theorem 2 (Main theorem). Let i(t, z) be a formal power series solution of the initial value problem
0" u(t,z) = Z8t(m*j)ijq(é)z)u(t,z)7 w(0,2) = @(2), u(0,z) = ... = " 'u(0, 2) = 0,
j=1

where t,z € C, p,q,m € N, p < q are coprime, Pj,(z) are polynomials of degree less than or equal to jq
(G=1,...,m), Pyny(2) is a polynomial of degree mq and ¢(z) is analytic in a complex neighbourhood of the
origin.

Then a formal series a(t, z) is p/(q — p)-summable in a direction d if and only if the Cauchy data p(z) is
analytically continued to the set S((pd+ arg o +27mn)/q, g) (with some 6> 0) forn=0,....q—1,5=1,...,1
and this analytic continuation is of exponential growth of order q/(q — p) as z — oo, where {ay,...,aq} is
the set of the roots satisfying the characteristic equation (26).
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6. The special case: quasi-homogeneous equations

Now, we consider the quasi-homogeneous type equation

0;"Pu = Zajafm‘””agqu, u(0,2) = (2), u(0,z) = ... = ™ u(0, 2) = 0, (28)

j=1
where m,p,q € N, p < q, a; € C, a, # 0 and ¢(z) is analytic in some neighbourhood of origin.

Moreover, we assume that «y, (k = 1, ...,1) are the distinct roots (with mg-multiplicity, where 22:1 my =
m) of the characteristic equation
a™ — Zajamfj =0.

j=1
K. Ichinobe [7] has showed that the formal solution @ of (28) is p/(¢ — p)-summable in a direction d if
and only if ¢(z) is analytically continued to some sectors in directions (pd + arg oy, + 27n)/q (kK = 1,...,1,
n=0,..,¢— 1) and is of exponential growth of order ¢/(q — p).

This achievement one can treat as the special case of Theorem 2. On the other hand one can give a
simpler proof of this result replacing general Theorem 1 by the following proposition:

Proposition 6. Let v(t, z) satisfies the initial problem
(0 — M0,)™ (O — NO.)™Mv =0, 0fv(0,2) = pn(z) forn=0,..,m—1, (29)

where m = my + ... + my and @, (2) are analytic in some complex neighbourhood of origin. Then for every
s > 1 the function v(t,z) € OF(S(d,d) x D(r)) (with some § > 0 and v > 0) if and only if v,(z) €
O*(S(d+ arg);,9)) (with some § >0) forn=0,...m—1,7=1,...,1

PROOF. (<) Since (29) is a linear equation, without loss of generality we may assume that
0o(2) = o(z) € O(S(d+arg \;,8)) for j=1,..,1
and
on(z)=0 for n=1,..,m—1
The solution of this equation is given by the formula
1 m;j—1 1 m;—1 O\ t)"+k<p("+k)( )

Z):ZZ Jn)\tn(7L)Z+)\t:ZZ 1 (30)

with some constants C,, satisfying the system of m linear equations

l

Zj:leOb = 1

Zpma Xty " G = 0
min{2,m;—1

ZJ 12— { ! }(22'71)‘CJ’”)\2 = 0

Zl ..... ZmJ_l(ml ..... O)\m X 7 0

j=14un=0 (m—1—n)!7IJn -

Since ¢(2) € O*(S(d + arg \;,0)), by (30) we conclude that v(t,z) € O5(S(d,d) x D(r)) with some § > 0
and r > 0.

(=) Ifw(t,z) € O;(S(d, ) x D(r)) is a solution of (29) then v(t, z) satisfies also the initial value problem
with respect to z

(32 — )\Ilat)ml...(az — )\l_lat)ml’U = O,
lv(t,0) = ;(t) for j =0,..,m — 1,
14



where 1;(t) € 0O%(S(d,0)). As in a previous case, we can assume that vy(t) = (t) and 9;(t) = 0 for
j=1,...,m—1. Hence there are costants D, such that

!
u(t, z) = Z

where vj(t, z) := Zgial Djn()\]ﬂz)"w(") (t+ A;lz) € O(D(r) x S(d+ arg \;,0)).
Repeating the rest of the proof of Theorem 1 with 0;(t, z) := v;(t,2) and X;(0.) := A;0., we conclude
that p(z) € O°(S(d+argA;,0)) for j =1,..., 1

mjfl

1
Djn()\j_lz)"w(") (t+ /\j_lz) = Z v;(t, 2),
0 j=1

n=

O

References

[1] Balser, W., 1999. Divergent solutions of the heat equation: on an article of Lutz, Miyake and Schéfke. Pacific J. of Math.
188, 53-63.
[2] Balser, W., 2000. Formal power series and linear systems of meromorphic ordinary differential equations. Springer-Verlag,
New York.
[3] Balser, W., 2004. Summability of formal power-series solutions of partial differential equations with constant coefficients.
Journal of Mathematical Sciences 124 (4), 5085-5097.
[4] Balser, W., Malek, S., 2004. Formal solutions of the complex heat equation in higher spatial dimensions. In: Global and
asymptotic analysis of differential equations in the complex domain. Vol. 1367 of Kékyturoku RIMS. pp. 87-94.
[5] Balser, W., Miyake, M., 1999. Summability of formal solutions of certain partial differential equations. Acta Sci. Math.
(Szeged) 65, 543-551.
[6] Braaksma, B., 1992. Multisummability of formal power series solutions of nonlinear meromorphic differential equations.
Ann. Inst. Fourier (Grenoble) 42, 517-540.
[7] Ichinobe, K., 2003. Integral representation for Borel sum of divergent solution to a certain non-Kovalevski type equation.
Publ. RIMS, Kyoto Univ. 39, 657-693.
[8] Lutz, D., Miyake, M., Schafke, R., 1999. On the Borel summability of divergent solutions of the heat equation. Nagoya
Math. J. 154, 1-29.
[9] Malek, S., 2006. On analytic continuation of solutions of linear partial differential equations. J. Dynam. Control Syst.
12 (1), 79-86.
[10] Michalik, S., 2006. Summability of divergent solutions of the n-dimensional heat equation. J. Differential Equations 229,
353-366.
[11] Miyake, M., 1999. Borel summability of divergent solutions of the Cauchy problem to non-Kovaleskian equations. In:
Partial Differential Equations and Their Applications. pp. 225-239.

15



