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Abstract

The Phragmén-Lindel6f theorem on unbounded domains is studied for subsolutions of variable expo-
nent p(-)-Laplace equations of homogeneous and nonhomogeneous types. The discussion is illustrated by
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at infinity. Our approach gives some new results also in the setting of p-Laplacian and harmonic operator.
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1 Introduction

In this paper we study the growth of p(-)-harmonic subsolutions on unbounded domains in R™. Let u be a
local weak subsolution in an unbounded domain €2 of either

div(|VuPO=2Vu) = 0 (1.1)

or
div(|Vu[PO~2Vu) = f(x,u, Vu),

under suitable assumptions on function f. For solutions of such equations we investigate the asymptotic
behavior of u in 2N By, for large radii R, where By denotes the ball of radius R centered at the origin. The
prototype for our studies is the following classical Phragmén-Lindelof theorem in the plane [26].
Let u be a subharmonic in the upper half plane and let im,_,g+ u(z) < 0. Then either u < 0 in the whole
upper plane or it holds that
.. SUP|z|=R u(z)
liminf —————

0.
R—o0 R o

This result was extended to the setting of elliptic equations of second order in [11, 29], has been studied
for elliptic equations in general domains [30], fully nonlinear equations [4, 5], as well as in the context
of Riemmanian manifolds [24], see also [16, 17] for some further generalizations of the Phragmén-Lindel6f
alternative. As for relation to applied sciences let us mention that the Phragmén-Lindel6f principle is
connected to the so-called Saint-Venants Principle in elasticity theory (for more details see e.g. [15]).

One of the most fundamental equations of nonlinear analysis is the p-harmonic equation:

div(|VuP~2Vu) = 0 1<p<oo.

The importance of this equation comes among others from the fact that it is a natural nonlinear generalization
of harmonic functions (p = 2), has variational characterization in terms of p-Dirichlet energy; also appears
in numerous areas of pure and applied mathematics to mention for example differential geometry, viscosity
solutions (especially the case p = o00), relation to quasiregular mappings, nonlinear eigenvalue problems.
One also studies generalizations of p-harmonic functions on metric spaces. As for applied sciences p-Laplace
equation is used as a model equation in nonlinear elasticity theory, glaciology, stellar dynamics, description
of flows through porous medias.
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Sweden



Another recently blooming area in nonlinear analysis is the theory of PDEs with nonstandard growth
(variable exponent analysis) and related energy functionals. Equation (1.1) serves as the model example.
Here p is a measurable function p : Q — [1,00] called variable exponent while solutions naturally belong
to appropriate Musielak-Orlicz space (see Preliminaries). Apart from interesting theoretical considerations
such equations naturally arise, for instance, as a model for thermistor [32], in fluid dynamics [8], in the study
of image processing [6] and electro-rheological fluids [1]; see [13] for a recent survey and further references,
see also the monograph [28], where the role of (non)homogeneous p(-)-Laplace equations in applications
is discussed in more details. Despite the symbolic similarity to the constant exponent equations, various
unexpected phenomena may occur when the exponent is a function, for instance the minimum of the p(:)-
Dirichlet energy may not exist even in the one-dimensional case for smooth functions p; also smooth functions
need not to be dense in the corresponding variable exponent Sobolev spaces.

Several features of equation (1.1) have been studied, for example the regularity theory, potential theory,
Harnack type estimates and boundary regularity to mention just few (see [13] and references therein). Such an
equation has, however, many disadvantages comparing to the p = const case, for instance: lack of scalability
of solutions, nonhomogeneous Harnack inequality with constant depending on solution. These often make the
analysis of nonstandard growth equation difficult and lead to technical and nontrivial estimates (nevertheless,
see [2, 3] and Remark 3.4 below for a variant of equation (1.1) that overcomes some of the described difficulties,
the so-called strong p(-)-harmonic equation).

We would like now to discuss the state of art for the problem in the case of the Phragmén-Lindelof
principle for p-Laplacian and explain some difficulties arising when extending known approaches to the
variable exponent setting. Lindqvist in [21] proved the principle for special domains of type R™ \ HY,
where HY is a ¢-dimensional hyperplane. This approach relies on n-harmonic measures and the comparison
principle. Unfortunately, the same technique cannot be applied in our setting due to the lack of scalability
for p(-)-harmonic equation and lack of similar relations between n-harmonic measures and p(-)-harmonic
operator. Nevertheless, by using our approach, in Corollary 3.5 we retrieve part of Theorem 4.6 in [21] as a
special case of one of our main results, Theorem 3.3. Another interesting approach toward the Phragmén-
Lindel6f principle was taken by Granlund [12] and is based on de Giorgi type estimates and their iterations.
The corresponding estimates for the p(-)-harmonic operator are non-homogeneous and their iterations do
not lead to the desired result as in [12]. Results by Jin and Lancaster discussed in [16], although applicable
to wide class of quasilinear elliptic equations with C? solutions, cannot be directly used in our setting as the
p(-)-harmonic functions are, in general, C1® regular (cf. [9]). As for p-harmonic equations with nontrivial
right-hand side we mention work of Kurta [20], where the Phragmén-Lindelof theorem is proven for |Vu|
together with existence results for nontrivial solutions (see also [22]).

Organization of the paper

In Section 2 we recall basic facts and properties of variable exponent spaces, variational capacities and
p(+)-harmonic functions.

Section 3 is devoted to studying the main result of the paper, namely the Phragmén-Lindel6f theorem
for subsolutions of homogeneous p(-)-harmonic equation. Our approach is based on developing an energy
estimate for the norm of the gradient of p(-)-harmonic subsolution. Such estimate carries information about:
(a) impact of the rate of growth of variable exponent p(-); (b) size of the underlying domain expressed in
terms of capacity; (c) porosity of the domain. Under growth assumptions on the exponent we provide a
general condition implying the assertion of theorem and illustrate discussion by a number of corollaries for
domains typically appearing in the context of the Phragmén-Lindelof alternative: a half space, an angular
sector, a domain narrowing at infinity.

In Section 4 we present the corresponding results for nonhomogeneous p(-)-harmonic equation. Our
approach gives some new results also in the setting of p-Laplacian and harmonic functions, see Corollaries 4.4
and 4.5.

To the best of our knowledge the Phragmén-Lindel6f theorem has not been studied before in the context
of p(-)-harmonic functions. With our work we hope to start the studies of the maximum principles in
unbounded domains for equations with nonstandard growth.

2 Preliminaries

Let ©Q be an unbounded open set in R"™. Denote B, = B(0,7) an open ball in R™ centered at the origin
with radius r > 0. Furthermore, let dz stand for the n-dimensional Lebesgue measure, A,,_1(A) denotes the
(n — 1)-dimensional measure of a set A, while by f4 we denote the integral average of function f over set A,

that is )
= dr = —/ dx.
fa ]g iz = | 1



A measurable function p: Q — [1,00] is called a variable exponent, and we denote

phi=esssup,c 4 p(®), pyi=essinfieap(z), p'i=p, and p” i=pg,

for A C Q. If A= Q or if the underlying domain is fixed, we will often skip the index and set pa = po = p.
For background on variable exponent function spaces we refer to the monograph [7].
In this paper we deal with bounded variable exponent functions, that is we assume that

1<p <px)<ph <o for almost every z € ).

The set of all such exponents in  will be denoted P(2). We define a (semi)modular on the set of measurable
functions by setting

euroen(e) = [ Juta) P de

here we use the convention t> = 00x(1,00)(t) in order to get a left-continuous modular, see [7, Chapter 2]
for details. The variable exponent Lebesgue space LP() () consists of all measurable functions u: Q — R for
which the modular o7»()(q)(u/p) is finite for some > 0. The Luxemburg norm on this space is defined as

el zor ey = inf {1 > 05 ooy (2) 1.

Equipped with this norm, LP(')(Q) is a Banach space. The variable exponent Lebesgue space is a special
case of Musielak-Orlicz space, cf. [19]. For a constant function p it coincides with the standard Lebesgue
space. Often it is assumed that p is bounded, since this condition is known to imply many desirable features
for LP()(Q).

There is no functional relationship between norm and modular, but we do have the following useful
inequality:

1

1 1 1
min {QLPO(Q)(U)V 7QLP<'>(Q)(U) a } < Hu”LP(')(Q) < max {QLP(')(Q) (u)r » 0Lr()(Q) (u)»* } (2.1)

If E is a measurable set of finite measure and p and ¢ are variable exponents satisfying ¢ < p, then LP() (E)

embeds continuously into L¢()(E). In particular, every function u € LP)(Q) also belongs to LP2 (). The
variable exponent Holder inequality takes the form

/Q wvdz < 2 Jull oo @y 101l 1o (2.2)

where p’ is the point-wise conjugate exponent, 1/p(x) +1/p'(z) = 1.
For the sake of completeness of discussion let us also observe that both the pointwise Young inequality
and its parameter variant hold also in the variable exponent setting for a fixed € € (0, 1]:

/Qumv(x) do < /Q S u(z)") do + /Q (@) @) de. (2.3)

A function « defined in a domain €2 is said to be locally log-Hdélder continuous if there is constant ¢; > 0

such that
C1

<
< ogle T 1/le — 4]

for all x,y € Q2. We also assume that « satisfies log-Holder decay condition if there exist constants o, and
co > 0 such that

a(z) — a(y)

C2

log(e + |z|)
for all x € Q. We say that « is globally log-Hdlder continuous if it is both locally log-Ho6lder continuous and
satisfies the decay condition. The maximum max{cy,co} is called the log-Hdlder constant. In what follows
for the sake of simplicity we will omit word globally and use term log-Hdélder continuous instead.

We denote p € P'°8(Q) if 1/p is log-Hélder continuous and the log-Hélder constant is denoted by ciog(p).
By [7, Remark 4.1.5] we know that, since variable exponent p is assumed to be bounded, p € P°8(Q) if and
only if p is log-Hélder continuous.

() = @oo| <

The variable exponent Sobolev space WP (Q) consists of functions u € LP() () whose distributional
gradient Vu belongs to LP()(Q). The variable exponent Sobolev space W'?()(Q) is a Banach space with
the norm

[ull oo () + [Vl Loy @)



In general, smooth functions are not dense in the variable exponent Sobolev space [7, Section 9.2], but the
log-Holder condition suffices to guarantee that they are [7, Section 8.1]. In this case, we define the Sobolev
space with zero boundary values, WOLP(Z)(Q), as the closure of C§°(Q) in W1P0)(Q).

Below we will also use the notion of wvariational capacity (capacity of condenser) of a subset considered
with respect to a surrounding set. We refer to [14, Chapter 2] for a comprehensive discussion of capacity
in the constant exponent case and to [7, Chapter 10] for a corresponding presentation of capacities in the
variable exponent setting.

Suppose that K is a compact subset of €. We denote

W(K,Q):={ueC5(): u>1on K}.

Let p = const. We define

cap, (K, Q) := uewl/r(lg(m/ﬂ|Vu|p dz. (2.4)
Among properties of such a capacity let us mention that it is a monotone and subadditive set function. Also
a set of zero capacity has zero measure. However, the opposite need not to hold and hence capacity provides
us with a finer tool to discuss the measure theoretic properties of Sobolev functions than the Lebesgue
measure. In Section 3 we will use capacity estimates for annuli in R™. For the readers convenience we recall
them now (cf. 2.11 in [14]).

Let 0 < r < R < 0o. Then for zg € R™ it holds that

. [n—pl\p—1|p2=2  2=%1_p
Wp— Rr=1 —pp—1 n
cap, (B(zo,7), B(zo, R)) < i pflR)lin| e
wn—1(log %) p=n.
In particular for R = 2r we have that
Capp(B(Zo,’l"),B(xo,QT)) < Cl(’nﬂp)rnip (25)

for all p > 1.
The main differential operator studied in this paper is the so-called p(-)-Laplacian (p(-)-harmonic oper-
ator) Ay.y.

Definition 2.1. We say that a function u : Q@ — R such that u € VVllo’f(')(Q) is p(-)-harmonic if it satisfies
p(+)-harmonic equation
—Apyu = —div(|[Vu/PY2Vu) =0 inQ

in the weak sense, i.e.

/Q V(@) PO 2(Vu(z), Vo(x)) dz = 0, (2.6)
for all ¢ € C§°(Q).

For a survey of results for p(-)-harmonic equation and for further references see e.g. [13].
In a similar way we define a weak subsolution of p(-)-harmonic equation (called for short p(-)-subsolution)
as satisfying

/Q \Vau(z)[P®=2(Vu(z), Vé(z)) de < 0, (2.7)

for all ¢ € C§°(€2) such that ¢ > 0 in Q.

Throughout the paper by ¢ and C' we denote generic constants, whose values may change between
appearances even within a single line.

3 A Phragmén-Lindel6f theorem for p(-)-harmonic subsolutions

The purpose of this section is to discuss one of the main results of the paper, a Phragmén-Lindel6f type
theorem for p(-)-subsolutions on unbounded domains (see Remark 3.4 for a variant of this result for the strong
p(+)-Laplacian). Upon showing theorem we discuss number of its applications including domains previously
studied in the literature. We also compare our results to these known in the case p = const. Our results
are new in the variable exponent case and generalize these for the constant exponent case. Furthermore, for
some domains discussed previously we partially retrieve assertions known for p = const and obtain results
not known even in that case, see Section 3.3 and Remark 3.8.



3.1 Function 7

The growth of a solution to PDE considered on an unbounded set depends among others on the geometry of
this set. For instance, we expect that there should be a difference in the behavior of solution depending on
how porous a domain €2 is or on the ratio of volume of €2 to the volume of ball By for large radii R. Below
we propose a candidate for a function that captures some density properties. Such a function will be used
in constructing test functions in the proof of Phragmén-Lindel6f theorem for p(-)-harmonic equation.

Fix R > 1 and ¢ > 0. We define

|| ’\nfl(QﬁSt)

rh(al) = RF 5  for 2] > ¢ (3.1)

and set 75 (|z|) := 75(c) for |z| < c¢. In what follows R and c will be often fixed or their values will be clear
from the context of the presentation, and so we will omit them in the definition of 7 and write 75, = 7. Next,
denote

)\nfl(Q n St)
t) = ——m————,
pQ( ) An—l(st)
- ' M1(QNS An—1(2NS,
pa(|z]) = essinfocic |y )\1(1(St)t) and  pf(|z[) := ess SUPo<t<|z| /\1(1(St)t)

One can interpret pg (|2|) and p¢, (|z|) as, respectively, lower and upper density functions of (n—1)-dimensional
cross-cuts of 2 by the sphere of radius t.

In our studies we will be mainly interested in behavior of solutions for large radii. Therefore, without
much loss of generality we may assume that domain 2 satisfies that

pa(c) = pi(e) = palc), (3.2)

which holds if pa(t) is constant for ¢ < ¢ (see Example 3.2).

Since %ﬁgi‘) € [0,1] for all ¢ > 0, it holds that

% <7(z]) <1 forall z e Q. (3.3)

Remark 3.1. The definition of 7 was inspired by a work of Miklyukov, who also proved a variant of the
Phragmén-Lindelof principle for a class of A-harmonic equation, see [23].

Let us illustrate the presentation by computing 7 for some domains.
Example 3.2. Denote x = (x1,...,2,) a point in R™.
(1) Let © be a half-space in R", i.e. @ = {x € R" : x; > 0}. Then

7(|z]) = R~2 for all z € Q and ¢ = 0.

(2) Let © be an angular sector in R” with angle «, then 7(|z|) = R™*.

(3) If Q is a cone in R” with angle 0 < a < 7, then 7(|z|) = Rz(1-¢0s %),

(4) Let Q be an infinitely long strip in R? of width A > 1, Q = {x € R? : 0 < x5 < h}. Then

An—1(02NSy)

Anfl(st) = % fOI' aH t > O Hence

R™%, 0<|z[<h,
Ed] :
R—%m—ﬁ St L arcsin Ldt |J)| > h.

?

r(l2l) = 7(l2]) = {
In the proof of Theorem 3.3 below we will use V7 and an estimate for |V7|. If |z]| > ¢, then

Vr(|z|) = 7(|z[) In R SRRt v eyl (3.4)

1 ][|a: )\n,l(QﬂSt)dt i)\nfl(QmShj) xT
0

||

With the above notation we have that

W < max{p(|2]) = pa(la), pa(l]) - p5<|x|>}lfgf < (pi ) — pg (J2) Tx]f

By (3.3) and (3.5) we have that 7,V7 € Lj5 (Q2). By (3.2) and (3.5) we see that lim, .+ [V7(|2])] = 0.
Note also, that under assumption (3.2) it holds that |V7(]z|)| = 0 for |z| < ¢. Hence, we conclude that
T €W (Q).

Estimate in (3.5) can be improved if we additionally use the fact that In R < R* for some 0 < o < 1 and
R large enough (in fact for R > o~ ). In what follows we will take o = 3. Hence (3.5) becomes

vl o 1

T |z

for |z| > c. (3.5)

R (1) =g (1) — ﬁR%(pgmw\)—p;(w). (3.6)
X



3.2 The main theorem

In this section we prove the main result of this paper, namely the Phragmén-Lindeldf theorem for p(:)-
subsolutions in an unbounded domain.

Let p: Q — (1,00) be a bounded log-Hélder continuous variable exponent function such that p~ # n — 1.
Furthermore, suppose that p = const on B, where ¢ is a constant in (3.1), and Vp satisfies the following
decay condition for some given ¢, > 0 and 0 < o), < oo such that oy, # p%:

[Vp(z)| < eplz|™  for all |z| > ¢,z € Q. (3.7)

Theorem 3.3. Let Q be an unbounded domain in R™ and u be a p(-)-subsolution as in (2.7). Moreover, let
p satisfy conditions (3.7) and suppose that limgs,— a0 u(z) < 0. Denote

mip = 088 SUP,eqnp, T(|7) (u, (2))7").

Then either u <0 in Q or

. .. MR
llRHi)loréf V2l > 0, (3.8)
for any v such that limg_,, T'(R) = 0, where
D(R) = R (R oo 4 RE (20 ) 40 3.9)

+ max {cap”, /" (0N B, 2N Bag), cap,s (0N Br, 2N Bap) }R" 7).

Proof. Suppose that u(zg) > 0 for some zy € Q. By the maximum principle for p(-)-Laplacian (cf. Theorem
3.4 in [10]) and the assumption that limgs,—,a0 u(z) < 0, we know that there exists an unbounded component
of ) containing xy such that u > 0 inside. For the sake of simplicity of notation denote this component 2.
Define a test function

¢(x) = n(@)" D7 (2l )u (@),

where:
1. n € C§° (2N Bag);
2. 0<n<1,and n =1 on Br Nsupp 7.
It is easy to see, that
Vo= u+7np(') InnVp + p(~)u+7np(')*1Vn + np(')TVu+ + u+77p(')VT. (3.10)

Using ¢ as a test function in (2.7) we obtain the following inequality:
/ |V, [PO7(|z)n?) < / [V, [P P nplu, |Vplr(|2|)
QNBag QNBa2r
[ @)V, PO W, () (3.11)
NB2r
+/ |Vu+\p(m)_lnp(x)_1u+|VT|n.
QNBsgr

Denote integrals on the right-hand side of (3.11) by Iy, I; and I respectively. Using the Young inequality
(2.3) for some € € (0,1), whose value will be determined later in the proof, we easily estimate Iy as follows.

p(z)—1

Iy S/ (e Vi, [P~ 1)1 555 )(eflnéu+|vp|7ﬁ) (3.12)
QNBag

—p=) z T T e @ T T p(z)
g/ Ep(m)—lﬁ|vu+|2’( )T(|$D77p( )+/ e uz;( )|vp|p( Jrne .
QNB2r

2R

In order to estimate integral I; we use again the Young inequality.

px)—1

I g/ p(x)(|Vu+|p(m)_lnp(m)_lT e )(ug’ﬁfﬂvm) (3.13)
QNBsgr

(@)
< / 5701 (p(x) — 1)|Vu, [P@ @) +/ 5P yp @ 7|y P
QNBsr Q

NB2r



Similarly, we obtain that

p(2)
bg/ (|Vu, [P~ typ(@)= Lt )( +|V7‘|7‘ T n) (3.14)
QNBaor

< / o B gy 9o rpte) / T (o) (@) | 7ple) 1),
QNBaor QNB2r

We use inequalities (3.12)-(3.14) in estimate (3.11) and choose €, ,0 € (0, 1) so that integrals with |Vu, [P(®)
can be included into the left-hand side of (3.11). Hence, we arrive at the following inequality:

) [T O < [ ey
QNBagr QNB2r

+ / ui(w)ﬂvmp(m) (3.15)
QNBag

p(x)
Lo (Y
2R

Next, we estimate three integrals in (3.15). Each of them corresponds to a different feature of the
discussed problem: the first integral captures impact of the rate of growth of variable exponent, the second
integral describes the size of set € expressed in terms of capacity (see below). Finally, the third integral
carries information about change in amount of € contained in ball Bogr expressed in terms of function 7.

Definition of mpg results in the following inequality:

(z)

/ WP | Vplp@ 7S (3.16)
QNBar

< mop / |Vp|p(x) dx
QNBaog

2R
< magc, Ao 1(QN S HETP @t

C

where in the last estimate we have used spherical coordinates and the growth condition (3.7) for Vp. Simple
integration gives us that (3.16) is bounded by the following expression.

. n—p ap i n_
P {cngR 1fozp7ép,

/ u’i(””)|Vp|p(m)Tn 2 (3.17)
QNBaog

Here, constant ¢ depends on ¢,,p~, ap,n and w,_1, the measure of the unit (n — 1)-dimensional sphere.

In order to estimate the second integral we employ variational capacity (see Preliminaries (2.4)). By the
variable exponent Holder inequality (2.2) and the unit ball property (2.1), applied to norms of V7 and a
unit constant function, we have that

cmop In R if op =

/ Vol <2Vl T (3.18)
QNBagr ) (QNB2Rr) LrT—pC) (QNB2r)

—/pt pt=p—

§2max{(/ |V77|p+)p v ,/ |V77|p+}max{1,|QﬁBzR| NS
NBagr QNBar

Here we have also used the convention that é := 0. Since this estimate holds for any test function n defined

in the beginning of this proof it holds also if we take infimum over all such 7. Thus for R > 1 we obtain:

n(lff}—;).

/Q |V77|p(7")< 2cmax{capp P (2N Bg, Q2N Bag), capp+(QﬂBR,QﬂBg }R (3.19)

NB2r
Notice that a priori we cannot improve the above capacity estimate, since we do not have any additional
information about how substantial is an amount of §2 contained in large balls. For this reason we will leave
estimate (3.19) in that form and instead be more specific in the illustrative results (see Section 3.3). In order
to improve the clarity of the presentation we denote the expression on the right hand side of inequality (3.19)
by capg.
Finally we estimate the third integral in (3.15). Using properties (3.2) and (3.6) of 7 we have that

v r|p) p(z)
/ u® | ZL) @) < Hl2R/ ( R? (pﬁ(lx‘) pﬂ(lx))) . (3.20)
QN Bog T QNB2r\(QNB.) |z|



We integrate (3.20) using spherical coordinates to obtain that

p(z) »
/ i(l’ p(x) & S mQR/ R
QNBsg TP(®) QNBap\(QNB,)

2R
< mop RiP" (ph2R)—pg (2R)) / A1 (NS HEP dt

c

5 (e (12D =g (121) | | —p(@)

CmopRE? (PECR—pg @R 4n—p™ o

3.21
C'rngRR%er (pg(2R)—p5(2R)) InR p =n-1 (320)

Here, constant C' depends only on p*,p~,n and the measure of the unit sphere in R”. Note that by the
properties of 7 and 1 we have that

1 xT xT xT
Pl e [ .
QNBRr QNB2r

Combining this observation together with (3.15), (3.17), (3.19) and (3.21) we arrive at the following inequality.
/ Vu, [P0) < c22R1(R), (3.22)
QNBr R

where

I'(R) = Rt <Rnpap 4 R%PJr (pé(QR)—pE (23))-0-"—[)7 + CapR) (3.23)
for ap # = and p~ #n —1;

I'(R) = Rl—&-'y(ln R4 Rt (R CRI-pg R tn—p CapR>

forozpzpl_ and p~ #n—1;

I'(R) =R (R"‘p% + R (rd(2R)=pq (2R) InR+ CapR>
forap;ép% and p~ =n—1;

T'(R) = R'* <ln R+ R¥r(PheR—0aCR) ) g capR>

forap:p%andp*:n—l.

Recall that in the beginning of the proof we have assumed that w(zg) > 0 for some zy € Q. First, let
us consider the case oy, # pﬂ and p~ # n — 1. Suppose now, on the contrary to assertion of theorem that
liminfp ,o "2 = 0 and denote {R;}$2; a sequence of radii along which the liminf is attained. Then for

~v and T'(R) as in assumption (3.9), and hence (3.23), we have that I'(R;) — 0 for R; — oo which gives
the contradiction, since then by (3.22) we get that limp, anBR |Vu, [P(#) = 0. Hence Vu, =0in Q
and so u, = const. In a consequence we obtain that v < 0 in (u is locally continuous and our standing
assumption is that the limit of u at the boundary of the underlying domain is non-positive). This contradicts
our initial assumption and completes the proof of theorem in this case.

In order to discuss cases when «;, = p% or p~ =n—1, let us start with observation that using definitions
of mog and 7 we may further estimate (3.22) as follows:

(z)

mop €SS SUD,conB,, T(2]) (v (2))P

7 L(R) < R

< €88 SUPycONBag (U+ (I))p(w)
RYtrq (2R)

I'(R). (3.24)

If v + pg, (2R) is negative for all sufficiently large radii R, then clearly assertion (3.8) is trivially true since
u, > 0in . Hence, in order to obtain nontrivial assertion we need to have that v > —supg pg, (2R) which
is necessary greater than -1, as 0 < pq(t) <1 for all ¢.



However, observe that if a;, = ;- or p~ = n — 1 in one of the three above expressions for I'(R), then
conditions I'(R) — 0 and v > —1 cannot both be satisfied. Indeed, having

lim R InR=0 or lim R (p@R-ra@R) 1R _

R—o00 R—o0
requires v < —1. This observation results in the trivial assertion in both cases o, = p% orp” =n—1.
Therefore, theorem holds only for I'(R) as in (3.23) and so the proof of Theorem 3.3 is completed. O

Remark 3.4. In [2] the authors introduced the so-called strong p(-)-Laplacian denoted ﬁp(.) and studied
the related homogeneous equation and its weak solutions

A,y u = div(|VuPO2Va) — [V PO =2 In [Vl (Vau, Vp)
= |VuPO [(p(-) = 2) Ao u + |Vu[* Au] =0, (3.25)

where A, stands for the infinity Laplacian. The weak formulation of ﬁp(.) u = 0 then requires that
/ VU@ =2(Vu, Vo) dz + / VP2 log(|Vul) (Vu, Vp) ¢ dz = 0 (3.26)
Q Q

for all ¢ € VVO1 P (')(Q). This equation, like the p(-)-harmonic, reduces to the ordinary p-Laplace equation
when p is constant.

Such an equation has many advantages comparing to the p(-)-harmonic one studied here: scalability of
solutions, homogeneous Harnack inequality with constant independent on solution [3], relations to quasireg-
ular mappings in the plane, the infinity Laplacian and viscosity solutions [2] (see also [18], [25] and [31] for
some further studies on this equation).

The theorem of Phragmén-Lindel6f type can also be proven for subsolutions of the strong p(-)-Laplace
equation — Ap(,) < 0. The formulation and the proof are similar to these of Theorem 3.3 and, therefore, we
will not present the details. Instead, we will comment the major changes one has to introduce in the proof
of Theorem 3.3.

Consider test function ¢ as defined in the proof of Theorem 3.3 with V¢ as in (3.10). The weak formulation

of —A,) <0 for ¢ reads
/ [VulP@=2(Vu, Vo) < —/ |Vu[P@ =21y |Vu|<Vu,Vp>77p(m)u+T. (3.27)
QNBag QNBsgr

Hence, the counterpart of inequality (3.11) has one additional term
/ |V, [P pln? @, 7. (3.28)
QNBsogr

Here we have estimated In |Vu| < |[Vul® for some fixed 0 < e < 1. Applying the Young inequality we obtain
the following estimate of (3.28)

ot p(z) p(z)
z x —1—¢ 1—e _ (z)
5 Va7 4571 / (w— k)~ |Vp|T=c Ty (3.29)
QNBagr QNBar

for some 0 < § < 1. The resulting estimates of (3.29) are then similar to these for integral Iy, cf. (3.16) and
(3.17).

3.3 Applications of Theorem 3.3

In the previous section we formulate and prove Theorem 3.3, a variable exponent analog of the classical
Phragmén-Lindelof theorem, where the growth condition at infinity for a p(-)-harmonic function v on an
unbounded domain 2 has been expressed in terms of a general condition (3.9). The purpose of this section is
to illustrate Theorem 3.3 with examples of domains typically appearing in the context of Phragmén-Lindelof
theorem, such as half-space, sectors and domains narrowing at infinity.



3.3.1 The Phragmén-Lindel6f principle for a half-space
Denote R’} the half-space in R”, i.e. set R} = {(z1,...,2,) € R" : 21 > 0} (see also Example 3.2).

Corollary 3.5. Let u be a p(-)-subsolution of (2.7) in R’. Suppose that variable exponent p, Vp and o
satisfy set of assumptions (3.7), u(xg) > 0 for some xg € Q and limgs,—50 u(z) < 0.
If p* > n and o satisfies

n _
0<ap <=+ (B 1) (3.30)
then )
esssu u_ (x))P\*
lim inf Paconpsp (1 (¢)) >0, (3.31)
R—o0 Ry
forany vy <p o, —n— % A necessary condition for v > 0 is that oy, > 22’;"[1. In particular, if o > 22’;"23,
then one can take v = 1.
If p™ < n and (3.30) is satisfied, then theorem holds under additional assumption that 1 < f)—; + %
Otherwise, if
n _
ap > P+ (B — 1), (3.32)

then the assertion of theorem holds for v < p™ — % + n(B: —2). A necessary condition for v > 0 is that

- ) N
E>2+45 - F

2n n

In particular, if n = 2 and p~ > max{i, %(11—2}0"’)}, then v = 1 and we retrieve the growth condition
of classical Phragmén-Lindeldf theorem for harmonic functions in Rﬁ_.
In the special case p~ = p* = p = const, we have that v = 1 provided that p > n + %, obtaining part of

the Phragmén-Lindeldf theorem for p-harmonic functions in R’y (Theorem 4.6 in [21]).

Proof. If @ = R%, then 7 = R™% (cf. Example 3.2) and so V7 = 0 and pf(2R) = pg(2R) = R™2 for all
positive R. Thus, integral (3.20) vanishes and estimate (3.15) consists of only two integrals (also T'(R) in
(3.9) has only two terms). The capacity estimate for Euclidean annuli (cf. (2.5) and [14, Section 2.11]) reads:

- cRnP" for p* #n
ca R™ N Bgr,R" N Bag) < ’ 3.33
Py (R BB 2r) < {(logQ)l_" for pT = n. (3.33)
Hence, condition (3.9) in Theorem 3.3 becomes as follows.
-1 L n—p L ron—pt—nes
R 2T(R) = R2™7™"7P % 4 R2 =0 for R— oo andp" #n,
-1 o L na-eg)
R 2I(R)=R27"™"P % 4 R2 750 for R—oo andp’ =n.
Therefore for p™ # n it holds that
1 _
7<—?—n+p Qyp ) (3.34)
Y<—g—2n+pt+nks
Similarly, for p* = n we have that
Y<—3—n+p oy (3.35)
’y<—%+n(§—;—1). '

The analysis of systems (3.34) and (3.35) leads to two cases (3.30) and (3.32). If p™ > n, then the upper
bound in (3.30) is always positive. If p* < n, then one additionally needs to assume that 1 < Z—; + %.
Then, the assertion of theorem follows immediately from (3.34) by computations.

By taking n = 2 and v = 1 in (3.34) we obtain the assertion in the planar case.

If p~ = pt = p = const, then Vp = 0 and so integral (3.16) vanishes. In such a case the right hand side
of (3.15) consists of one integral only (and hence (3.9) has only one term). As a result system of equations
(3.34) reduces to the second inequality, which reads

y<—3-—n+p.

Requiring p > n + % allows us to take v = 1 and the classical p-harmonic case follows immediately. O
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Remark 3.6. The above corollary can be given shorter and more compact formulation by the price of the
lesser transparency of the mutual relations between p*,p~, n, a; and 7.

Let u be a p(-)-subsolution of (2.7) in R'}. Suppose that variable exponent p, Vp and o, satisfy set of
assumptions (3.7), u(xo) > 0 for some xg € Q and limgs,_00u(z) < 0. Then (3.81) holds for v satisfying
the following condition:

y<min{-1-n+p a, —%+p++n(§—1—2)}. (3.36)

In particular for n = 2 condition (3.56) reads: v < min{—g +pap, —% +pt + 2%}, while for p = const
we obtain v < —% —n+p.

3.3.2 The Phragmén-Lindel6f principle for an angular sector

In the next observation we discuss the case of an angular sector. For the sake of simplicity and clarity of the
presentation we restrict our discussion to the planar case. Fix 0 < a < 1 and let

Sa::{reitEC:OgtSaﬂ'}.

Corollary 3.7. Let u be a p(-)-subsolution of (2.7) in S.. Suppose that variable exponent p and Vp are as
in (3.7), u(xzg) > 0 for some xg € Q and limgs, 90 u(z) = 0.
If o, satisfies
u + -
T <, <B4 2 (B 1), (3.37)

then assertion (3 31) holds for v < oo —3 +p~ . A necessary condition for v > 0 is that o, > 4;—,0‘.
If instead oy, > + — (— — 1) then (3.31) holds for a positive v provided that

- _ +
’y<p++2§—+—% and p~ > (3 —-pH)E.

In particular, by (3.37) we have that if ap, > (3—a+ = ) , then v = E and we retrieve the growth condition

of classical Phragmén-Lindeldf theorem for harmonic functzons in S,, see e.g. [27, Theorem 18, Section 9].

If o, satisfies (3.32), then we get v== pmmdedp > E ( + i —pt).

In the special case when p~ =pt =p = const we have that v== promded thatp >3 — « + =

Remark 3.8. The above corollary is new also in the constant exponent case.

Proof of Corollary 3.7. Let S, be a sector in R%2. Then 7 = R~ and so V7 = 0. The capacity estimate is
the same as in (3.33) with constant ¢ depending additionally on the angle a. The remaining details of the
reasoning are similar to these in Corollary 3.5 and, therefore, are omitted. O

Remark 3.9. Similarly to Remark 3.6 we provide an alternative formulation of the above corollary.

Let u be a p(-)-subsolution of (2.7) in R'}. Suppose that variable exponent p, Vp and oy, satisfy set of
assumptions (3.7), u(xog) > 0 for some xg € Q and limgs, 00 u(z) < 0. Then (3.81) holds for v satisfying
the following condition:

v <min{a —3+p a,, a—5+p++2£—;}. (3.38)
In particular for p = const we have that v < o — 3 + p.

3.3.3 The Phragmén-Lindel6f principle for domains narrowing at infinity

In this section we illustrate Theorem 3.3 by discussing the case of a set narrow at infinity. It will turn out
that for such a set impact of capacity term (3.19) on the growth of u for large x is negligible.
Let
Q={(zr,y) ER?:2>0, e *<y<e "L
If o denotes angle between the line segment joining the intersection point of the circle S; with the curve

. —t
y = e ¥ and r-axis, then tana = £~ and hence

A1 (2N Sy) e, 1
t) ="~ —2arctane ‘t
pa(t) o1 (50

p&(2R) = 2arctane 3.39
Q
pg(2R) = 2arctane™ 2 (2R) !

The Phragmén-Lindel6f theorem for € takes the following form.
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Corollary 3.10. Let u be a p(-)-subsolution of (2.7) in 2. Suppose that variable exponent p and Vp are as
in (3.7), u(xg) > 0 for some zg €  and limgs, 90 u(r) = 0.
If o, satisfies
0<a, <1— ﬁ—t arctan (3.40)
then claim (3.31) holds for v < p~a, — 3. A necessary condition for v > 0 is that o, > pi,
If o, >1— zlj; arctan %, then (8.81) holds for v < p~ —3 — pT arctan % A necessary condition for v > 0
is that pT < 2—=3_.

arctan =
e

Proof. Using the definition of capacity (2.4) we obtain the following estimate:
cap,+ (2N Br, Q2N Bag) < cR* e R 50 for R— 0

and therefore condition (3.9) in Theorem 3.3 simplifies significantly. Indeed, since for all v,p~,pT the
capacity term in (3.9) approaches 0 when R — oo, it holds that

R*aRID(R) — R—zarctane*R(zR)*lr(R) < RIHEn—p oy | pltyin—p 4pt arctan%'

1
By (3.39) and (3.5) we know that 7 < R™2#2 ¢ and @ < 2(arctan )22 These observations altogether

E]
imply the assertion of the corollary. O

4 The Phragmén-Lindelof theorem for nonhomogeneous equations

The purpose of this section is to study the Phragmén-Lindel6f type theorems for a class of nonhomogeneous
p(+)-harmonic equations. Similar results for the growth of |Vu| in the constant exponent case were obtained
by Kurta [20]. In the setting of variable exponent our results are new. Moreover, we obtain some results
new also in the setting of p-Laplacian and harmonic functions, see Corollaries 4.4 and 4.5.

4.1 A class of nonhomogeneous equations with nonstandard growth

Let us introduce a class of p(-)-harmonic type equations, which will be the subject of our investigations.
Let f = f(x,t,£) : @ x R x R™ — R, be a nontrivial function, i.e. f # 0 such that f(-,¢,¢) € L, .(Q) for
all (¢,€) € R x R™. Consider equation

Apey(u) = f(z,u, Vu). (4.1)

Similarly to the discussion for homogeneous p(-)-harmonic equation weak solutions to equation (4.1) will be
called, within this section, p(-)-harmonic functions.

Definition 4.1. Let 2 C R" be open. We say that u € Wllo’f(')(Q) is a p(-)-subsolution if u satisfies the
following equation in the weak sense:
Apey(u) > f(z,u, Vu).

That is
—/ |Vul|P®)=2(Vu, Vo)dx > / f(z,u, Vu)o dz, (4.2)
Q Q
for all nonnegative functions ¢ € C§°(2). As for f we further assume that there exists ¢ > n, a constant

¢ > 1 and an exponent function « :  — [1,00) such that the following inequality holds pointwise for almost
all z €

u(z) f(z, u(z), Vu(z)) > clu(z)|*® (1 + |Vu(x)|p+ p_ujrw nq1> (4.3)

If a variable exponent Sobolev function v satisfies the opposite inequality in (4.2), then we call v a
p(+)-supersolution. A function which is both a p(-)-supersolution and p(-)-subsolution is p(-)-harmonic.

Remark 4.2. We would like to point that the similar nonhomogeneous equation can be studied if instead
of Ap.y one takes the strong p(-)-Laplacian A,y (see Remark 3.4 or [2] for the definition of strong p(-)-
Laplacian). The same applies to discussion in the next section, namely the growth rate estimate at infinity
can be as well studied for the modified p(-)-Laplacian. We leave such investigations for a future project.
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4.2 The main theorem

Theorem 4.3. Let Q2 be an unbounded domain in R™ and u be a p(-)-subsolution as in (4.2) with f satisfying
the growth condition (4.3) with o < p~. Suppose that u =0 on 0S2. Denote

MR = ess8UPgeonp, (1 + [u(z)])

and choose 1 < § < 5—1,
Then either u =0 in Q or m
lim inf R—fj >0, (4.4)
for any ~v such that
_le=n)E+a -

= + 1
a(5 — qTa+)

(4.5)

Before proving theorem we will discuss some of its consequences and show that Theorem 4.3 generalizes
the case of constant exponent p both in the nonlinear case of p # 2 likewise for the Laplace operator.

Corollary 4.4. Suppose that assumptions of Theorem 4.8 hold. If p©™ = p~ = p = const and o™ > q_il,

then in (4.5) one may take v = 1. In such a case we obtain the nonhomogeneous counterpart of the result
by Lindquist ([21, Theorem 4.6]) for p-subsolutions.

Proof. If pt = p~ = p, then the p(-)-Laplacian becomes p-Laplace operator and condition (4.3) reads:
IJ_OL+ q
wf(x,u, Vu) > clu|*® (1 4+ |VulP <+ 7=1) with a(z) < p for z € Q. In such a case condition (4.5) takes the

form v <1+ q(g:gal); " The latter expression equals at least one, provided that ot > 77 Hence, we can
P
choose v = 1 and retrieve the rate of growth of w as in [21]. O

Corollary 4.5. Suppose that assumptions of Theorem 4.3 hold. If p=n =2 and o™ > %, then in (4.5)
one may take v = 1. In such a case we retrieve the growth estimate of mg as in the classical Phragmén-
Lindelof theorem for the planar Laplace operator.

Proof. If p = n = 2, then condition (4.3) reads: wf(z,u, Vu) > clu|*® (1 + [Vu|2@/a"=1) for ¢ > 2,
1 <6< 2 and a(z) < 2 for z € Q. Moreover, (4.5) takes the form:

(-0 _ 231
TS -5l T AF-D+2-(g-Dat

and hence 7 can be chosen to be equal one, provided that o™ > %. O

Remark 4.6. According to our best knowledge Corollaries 4.4 and 4.5 were not known before in the litera-
ture.

Proof of Theorem 4.3. Suppose that u Z 0 in Q. By the maximum principle for p(-)-Laplacian (cf. Theorem
3.4 in [10] applied with B = —f) and the assumption that ujsq = 0, we know that there exists an unbounded
component of  such that v has a constant sign inside. For the sake of simplicity of notation denote this
component 2.

Let ¢ € C3°(Q2 N Bg), such that 0 < ¢ < 1and ¢ =1 on QN B, for some 0 < 7 < R. Set s := ip™.
Define ¢ := ¥%u. Then

Vo = ¢°Vu+ sp* uVip. (4.6)
Using this as a test function in (4.2) we get
—/ |Vu[P@ s — / | VuP@ =245~ (Vu, Vi) > / f(x,u, Vu)’u. (4.7)
QNBR QNBR QNBRr

By using the Young inequality (cf. (2.3)) we estimate the second integral on the left-hand side:

- / S| VuP® 20 L (Vu, Vi)
QNBRr

< [ (1vup ) (s1val e al ve)
QNBRr

p(

p+ x
= / [ VulPys 4 575 / |Vl (=355 (ju] [V
QNBgr QNBgr

p(x)
5
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This, together with (4.7) results in the following inequality:

+ p(= pe
[ swuvipruss [ w0 v (4.8)
QNBgr

QNBRr

Observe also, that 1* P(*)/) 77 < 4% and recall that ¢ > n . By applying in (4.8) the constant exponent
Holder inequality we have

/ f(z,u, Vu)p'u
Q

NBgr

< (f )
1)5 q1 a(x)(
([ 7] ([, 7o b

14 o et _g-1 4+
gc</ ) / u|a<f>|vu|1)<w>%lq1¢s) me T (4.9)
QNBR

The variable exponent Holder inequality (2.2) allows us to estimate the first integral on the right-hand side
as follows:

1
p(z) 10} H H
(/ vwé) <2,
QNBp LP( ) (@NBR) LT —p() (anBR)

2t 2fyp~/pt z -2
< 2max{/ |V|T7s ,(/ |V|?75) } max{1l,[QNBgr|" »T}.  (4.10)
QNBg

QNBR

' (/ |V ulPC
QNBgr

Here, we have also used estimate (2.1). Since |Vu[P®) < 2¢" (1 4 |VulP") for all z € Q, we get

/ ]| V) 5 g < / [l (1 + [VuP T T, (4.11)
QNBgr QNBgr

Note further, that ‘5%51 < B 7a_f‘+. This, the assumption that ¢ > n and the growth condition (4.3) together
with (4.11) imply that

1 g - _at
c/ [uf @[ ur T Ty < / [uf @ (L4 [Vl
QNBgr QNBgr

< / f(zyu, Vu)ypu, (4.12)
QNBr

where the first inequality holds for large enough R. We use (4.10) and (4.12) in (4.9) to obtain inequality

1
p~—at g q
(/ [u ) (1 + [Vul? nl)ws)
QNBgr
- pt _a-1_+

pt pt pm ) O S a
< 2max{/ [Vy|Ts, (/ |V1/)|q5)P+} QN Bg|" »Tmy 7. (4.13)
QNBgr QNBr

Clearly,

q

+ +p —at 4
P < [l v
QNBgr

) ::/ @) (1 4 [Vl
QN B,

Apply power ¢ to both sides of inequality (4.13) with I(r) on the left-hand side. We are now in a position
to take the infimum over all test functions ¢ as defined above. In a consequence we get from (4.13) that

P 2T _(g_
cI(r) < max {cap 4 (2N B,.,QN Bg),ca ppi (QHBT,QﬁBR)}|QﬂBR|q(1_F)m(II%“ (g=Da” (4.14)
975 97

Since ¢ > n and § < 1 it holds that q M qoﬁﬁ > n. Set R = 2r in (4.14). Then, by discussion similar
to that in [14, Chapter 2.11] we have that (cf. (2.5))

ot
cap L(QQBT,QOBQT) <c(n,q,pt,8)r" 97 . (4.15)

5
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For the sake of simplicity, we decide not to step into details regarding how the structure of 2 for large R
affects the capacity, cf. paragraph following estimate (3.19) in Theorem 3.3 and Section 3.3. Hence, estimate
(4.15) is sufficient for the proof of this theorem.

By combining (4.14) and (4.15) we get for r > 1 the following inequality:

_getyez _r 2t 1)at
eI(r) < (. q.pmp T 5 0 (5 g e e (4.16)
On the contrary to the assertion of theorem (4.4) let us assume that
lim inf 37 =0, (4.17)

where

Denote {r;}$°, a sequence of radii along which liminf in (4.17) is attained. From (4.16) and (4.17) we have
that

- - 2T (g—1)at
(n—aB5) 2 +q(1- 25 )ty (a5 —(g—Dat) (my,, 10 07D®
cl(ry) <, 5

K2
T

— 0, forr; — oo, (4.18)

as under assumption on v the power of r; in the first factor in (4.18) is negative. However, by the definition
of I(r) and by (2.1) we have the following estimate:

. + -
1(7")2/9 . Jul*®) > min{ ||ull oo 5, na) 11200 5,00 }-
NB,

The right-hand side of this inequality is positive and increases for all » — oo and so, in particular, for r;

with 4 = 1,.... This observation together with (4.18) result in contradiction. Hence assumption (4.17) is
false which proves theorem. O
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