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Introduction

General Goal: To find natural restrictions on an axiom

scheme to obtain axiomatizations of its —consequences.

’ Axiom Scheme \ r Restriction
1x,, BL, My11 | Inference rule version
1<, BL, > h+o | Parameter free version
1, BY, pI] 77

» Kaye—Paris—Dimitracopoulos'88 and Beklemishev-Visser'05
gave axiomatizations of ¥, 1—consequences of /X ,. But they
don't correspond to a restriction of the induction scheme.

» Axiomatizations of ¥ ,;—consequences of BY,, not known.
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Outline

1. We introduce axiom schemes restricted up to definable
elements and study their basic properties.

2. We show that these restrictions give axiomatizations of
the ¥ ,11—consequences of /X, and BY,,.

3. Applications to Local Reflection Principles.
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Local axiom schemes

» Induction

YveB[p(0,v) AVx (p(x, v)—p(x+1,v)) — VxeAp(x,v)]

» Collection

YveBI[Vx 3y p(x,y,v) = Vze AJuVx < z3y < up(x,y, v)]

Definition
1. E(T, A, B) denotes the E-scheme up to elements in A
restricted to —formulas with parameters in B.

2. E(I'—, A) denotes the E-scheme up to elements in A
restricted to parameter free [—formulas.
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Submodels of Definable elements P
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» ais [—definable in 2 with parameters in X if there are Basic definitions
o(x,v) el and b e X s.it. A= p(a, b) A Ixp(x, b).

> Kn(A, X) = X,—def. elements of 2 (parameters in X)

> Zn(2A, X) = initial segment determined by IC,(2, X)




Local Induction

Expressing “Vx € IC,” in the language Silcae
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» Put DeﬁS(X) = 5(X) A VXl,Xz (6(X]_) AN 5(X2) — X1 = XQ). F.F. Lara—Martin

Basic definitions

“Ux € Kpp(x)"

)
{Vx [Defs(x) — @(x)] : 6 € X}

“Vx € Inp(x)”

)
{Vx,z [Defs(x) Nz < x — ¢(z)] : § € X}

» Fragments of Arithmetic up to definable elements ~~
local schemes restricted to classes of definable elements.



What do fragments “up to” look like? i Calection
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» Y —induction up to X ,—definable elements, /(X; ,Kp): F porden-Frane:

©(0) AVx (p(x) — p(x+ 1)) — Basic definitions
Vx (Defs(x) = ¢(x))

where p € ¥, 0 € L.
» Y —collection up to X ,,—def. elements, B(X, ,Kn):

Vx 3y @(x,y) —
Vz (Defs(z) — JuVx < z3y < up(x,y))

where p € ¥, § € .

» and so on ...



An axiomatization of Thy , (BX,)

Theorem (n > 1)
Over IT; ,, Thy, (BE,) = B(X;.K,).
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An axiomatization of Thy,  (BX,)

Theorem (n > 1)
Over Iy, ,, Ths, (BX,)=B(X,,Ky).
Proof:
(F): B(X,,K,) € BX, and X, 1—axiomatizable.
(H): Assume B(X;, K,).
Case 1: Z,(A) = 2.
Then, A = BY, and so & |= Thy,,,(BX,).
Case 2: Z,() # L.
> Z,(2) = BY, (end—extension properties in /X, ;)
> In(A) = Thn,,,(A), by B(X,, ).
So, A |= Ths,,,(BE.).
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An application to Conservativity

Proposition (n > 1)
1 IS5, Kn) - B(Z5,Ka).
2. Overlx, ,, IN, =I1(X;,,Ky).

Proof: Usual proofs that /X, - BX, and /X, = IT1, 'localize.’

Corollary (n>1)
BY., is X ,11—conservative over IT1 .

Proof: p € Xpy1and BY, k¢ = B(X,,K,)F

=
=

(X, Kn) o
Im; Fe

O
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An application to the /A, vs. LA, Problem

> (Slaman'04) Over exp, IA, = BY, (= LA,).

» Parameter free version: IA; = LA7?

Proposition (n > 1)
Over IY,1, LA, =B(X,,K,) = Ths,,,(BX,).

Corollary (n>1)
Over IL,_1 +exp, 1A, =LA,
Proof: Assume LA fails.
1. Collection fails for 8 € X, in [0, a] with a € K.
2. By Slaman’s proof, induction fails for ¢(x, a) € A,.

3. One can get rid of parameter a since a € IC,,.
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What about Thy, . (/£,)? e
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» Natural candidate: /(X,,/Cp).

» Does I(X,,K,) axiomatize Thy,  , (/X,)? NO
Because... Sz
» I(X,,KCh) = 1N,
» [T, is strictly weaker than Thy, . (/¥,)
e.g. I, F Con(IN;)).

> Question:
How can we extend /(X ,K,) to capture all the
¥ ,+1—consequences of /3,7



. - i Local Induction
lterating X ,—definability: Z° and coue(cfion)
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Deﬁnition F.F. Lara—Martin

> Ip(A) = Zn(2A)
» For each k, ZKT1() = Z,(A, ZXK(A))
> () = | ZF)

k>0

Y+ 1—theorems of
Y ,—induction

Lemma
1. IfA = IX,_q then T2°(2) <& 2.

2. I°(Q) is the least initial segment of 2 closed under
Y ,—definability.



Local Induction

Expressing “Vx € Z°°" in the language o olection
Principles (Part |

A. Cordén-Franco

> Recall Defs(x;v) = §(x) A Vxi,% (6(x1) A d(x2) — x1 = x2). F.F. Lara-Martin

H\V/X c z—r[; SD(X)”
Y+ 1—theorems of

:ﬂ: Y ,—induction

Deﬁ;o(ao) A by < ag
~ Defs, (a1; bo) AN by <a
va, b | — o(bo)]

Defs, (ak; bk—1) A br < ax

where dg, ..., run over X ,,.



An axiomatization of Thy ,(/%X,)

Theorem (n > 1)
Over IT,_y, Ths,, (IZ,) = I(Z;,T5).
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An axiomatization of Thy ,(/%X,)

Theorem (n > 1)
Over IT,_y, Ths,, (IZ,) = I(Z;,T5).

Proof:

(F): By Thy,,,(IZ,), ZETL(A) is bounded above in L.

(-): Assume I(X;,,Z2°).
Case 1: Z°(A) = 2.
Then, 2 = /X; and so % = Ths,,, (IX,).
Case 2: Zg°(2A) # 2.
> 790(A) <& A and Z(A) |= BEpia(F IX,).
So, A = Thy,,, (IZ,).
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Kaye—Paris—Dimitracopoulos’ theories [JSL'88] Z"n?'c'&?e(“ciﬁ?n")
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For each k > 1, LZg,k)’f denotes F.F. Lara-Martin

Ixt, .oy Xk (X, -y Xk)

Y+ 1—theorems of
x1 = pt.Ixo, o xe ot Xy Xxk) A oL induction
A\

Xp = pt. Ixz, .oy xe (X1, by oy Xk)
dxq, ..., Xk

Xk = pt.o(x1, X2, ..., t)

where ¢(x1, ..., xx) runs over X ,.

> Theorem(KPD): Thy, ., (IZ,) = | J LZ{~
k>1



Beklemishev—Visser's theories [APAL'05] i Calection
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» The X, —-LIMR (/imit rule) is given by: FF. Lara-Martin

JuVx > u(f(x+1) < f(x))
JuVx > u(f(x) = f(u)) ’

Y+ 1—theorems of
Y ,—induction

where f runs over the ¥, —total functions of /X,_;.
» [T,R]o = [T, R] = non-nested applications of the rule
[Ta R]k+1 = [[Ta R]ka R]

» Theorem(BV):

Over I%, 1, Ths,.,(IZ5) = (JI/Zs-1, Z, -LIMR]s.
k>1



The equivalence theorem ' Colecion
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Theorem (n>1, k > 0) EE Coratartn
Over IX,_1, the following theories are equivalent:
1L I(%,,ZK).
2. [/Zn—hZ;_LIMR]kJrl- ¥, 1—theorems of
3. ngk—f—l),—. ¥ ,—induction

» We obtain a hierarchy theorem for local induction:

Kn(%Z5(A)) = 1(Z5, Z5) + - 1(25, ZH)

» Kaye—Paris—Dimitracopoulos also gave a hierarchy theorem
but needed involved arguments (indicators, a—largeness).

» Beklemishev—Visser posed the question of characterizing
[1X,-1,%,-LIMR], and left pending a hierarchy theorem.



Local Induction

Reflection Principles in Arithmetic it

Principles (Part I)

A. Cordén—Franco

> Base theory: Elementary Arithmetic EA. b e
» O7(x) =3y Prir(y,x)

» Local Reflection for T, Rfnr(T), consists of

Applications to
Local Reflection

Or("¢™) — e,
for all sentences p € T.
» Uniform Reflection for T, RFNr(T), consists of
Vx (B7(Te(x)) " = ¢(x)),

for all formulas ¢(x) € T.



Uniform Reflection Hierarchy Z"nff'c'il?e(“cii°n")
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Con = RFNp, ~— RFNp, «<— RFNp, <— RFNp, ~— ...

i ] i
RFNg, RFNs,  RFNg,

Applications to
Local Reflection

Induction and Uniform Reflection
> (Kreisel-Lévy) EA + RFN(EA) = PA.
> (Leivant-Ono) EA + RFNyx . (EA) = /X, for n > 0.



Local Induction

Local Reflection Hierarchy o Colection
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Rfny, Rfny, FE Coratartn
anzl = anB(Zl) anB(Z anB(Zg,)
\ / \ / Applications to
Local Reflection
Con = Rfnp, Rfnn, Rfnn,

Induction and Local Reflection
> (Beklemishev) Over EA, Rfny,(EA) = IT; .
» No other Kreisel-Lévy results are known.

» Conservativity is not completely understood yet.



A Kreisel-Lévy result for Local Reflection

Theorem (n > 1)
1. Over EA, Rfny,  (EA) = I(X,,K1).
2. Over EA, Rfnpy,,,(EA) = [EA, (Mps1, K1)—IR).

Proof: It suffices to prove Reflection for predicate calculus PC.

» By induction up to the height of a cut—free derivation, one
can show that:  Prfpc(s,"¢™") — True("¢™).

» JsPrfpc(s,"¢") = s € Ky Prfpc(s, ™).

Remarks:
> Over EA, Rfn(EA) = I(X, K1).
> (X, K1) is an analog of PA (recent work by A. Visser)
> Rfng (EA) = (X, Kmi1).
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anZQ anz3 F.F. Lara—Martin
e /
& o &
~ N ¥ N\
anzl = anB(Zl) anB(Zg) an3(23)
™ X
5 < ications to
f{;j\ /Qq/ %/\ /Qn} /If‘opcP;I Reflection
Con = Rfnp, Rfnn, Rfnn,

Theorem (Beklemishev)

Let T =%,/M, withn>2, or T = B(Xx) with k > 1.
T 4+ Rfn(T) is T—conservative over T + Rfnr(T).
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& o &
~ N ¥ N\
anzl = anB(Zl) anB(Zg) an3(23)
\‘5\ f’”/ \f\ /&/ k=t

Con = Rfnp, Rfnn, Rfnn,

Theorem (Beklemishev)

Let T =%,/M, withn>2, or T = B(Xx) with k > 1.
T 4+ Rfn(T) is T—conservative over T + Rfnr(T).



Conservativity for Local Reflection

anZz anz3
/
<\€'q'/ \{)\ e \i?\
anzl = anB(Zl) anB(Zg) an3(23)

™ N

S Qv S Q®
N, S N/
Con = Rfnp, Rfnn, Rfnn,

Theorem (Beklemishev)
Let T =%,/M, withn>2, or T = B(Xx) with k > 1.
T 4+ Rfn(T) is T—conservative over T + Rfnr(T).

Question (Beklemishev)
Is T+ Rfng, ., (T) My 1—conservative over T + Rfng(s )(T)7
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Local Induction

Answer to Beklemishev's Question and Collection
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» We make use of Rfny, ., (T) = I(X,,K1). F.F. Lara-Martin

» We need a sophisticated separation property:
B(X,,K1,K,.1) = collection up to Ky for X ,—~formulas
with parameters in KCn(2, Z;).
Theorem (n 2 1) Applicati:ns to
Local Reflection
Suppose T C B(X,) valid. Then, T + Rfns _ (T) is not
Mpt+1-conservative over T + Rfngs, (T).

Proof:

> T+Rfng,, (T)F (X, , K1) F B(Xn, K1, Kni1).
> Pick a € ICo(A, 71) — Zp(2A). Then:
IC,,(Q[, a) ': T+ ang(z")(T).

Kn(2, 3) Ve B(En, K1, K1) -



Local Induction

Flnal Remarks and Collection
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In this talk... \ Codn-Franco

» We introduced axiom schemes restricted up to definable
elements and presented applications:

» Induction up to ¥ ,—definable elements captures the
¥ ,+1—consequences of /¥, and BL .

» Induction up to ¥1—definable elements provides a
Kreisel-Lévy theorem for the Local Reflection Hierarchy.  Final Remarks

» Sophisticated model-theoretic separation properties.

In the second talk...

» Induction Rules up to definable elements.

» Applications to Parameter free 1,—induction.
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