Functional analysis

Lecture 5: VARIATION OF A MEASURE; HAHN’S DECOMPOSITION THEOREM;
THE RIESZ-MARKOV-KAKUTANI REPRESENTATION THEOREM FOR Cj(X)*

Proof of the Riesz—Markov-Kakutani theorem (cont.)
Part 7. 9N is a o-algebra containing all Borel subsets of X.
Fix any compact set K C X. If A € 9, then (X \A)NK = K\ (ANK) € Mg which

shows that 9 is closed under complements. Now, assume A = (J;°, A;, where A; € M.
Define

B1:A10K, (AnﬂK)\(BlLJUBn_l) forn22.

According to Part 6, these are pairwise disjoint elements of M p. Since AN K = J;=, B,
Part 4 implies that AN K € Mg, hence A € M. Therefore, M is a o-algebra.

Observe that for any closed set FF C X, we have FN K € Mg, thus FF € M. This
shows that 91 contains all closed sets, hence all Borel sets.
Part 8. Mp ={E C X: u(E) < co}.

If £ € Mg, then by Parts 2,6, we have EN K € Mg for every compact K and hence
E € M. Conversely, assume E € O satisfies pu(F) < oco. Then, there exists an open
set V' C X such that E C V and pu(V) < oco. By Parts 3,4, for any £ > 0 we may pick
a compact set K C V with u(V \ K) < e. Since ENK € Mp, there exists a compact set
H C ENK such that w/(ENK) < u(H) +e. We have E C (ENK)U (V \ K), hence
p(E) <pu(ENK)+pu(V\ K) < p(H)+ 2. This shows that £ € M.

Note that in this way we have proved assertion (d).
Part 9. u is o-additive on 9t (and hence it is a positive Borel measure).

It follows from Parts 4 and 8.

Part 10. For every f € C.(X) we have

Af:/deu.

By splitting any complex-valued function into its real and imaginary parts, we can only
consider real-valued functions f € C.(X). Moreover, it is enough to prove the inequality

Af < /X fdu, (3.1)

as the reverse one follows by linearity: —Af = A(—f) < — [, fdp.

Let K = supp(f) and choose real numbers a,b so that f(K) C [a,b]. Fix any ¢ > 0
and pick yp < a <y < ... <y, =bsuch that y; — y;_1 < e for each 1 < i < n. Define

Ei={reX:y1<flx)<y}nK (1<i<n);

these are pairwise disjoint Borel sets whose union is K. For each 1 <17 < n, pick an open
set V; such that:

E, CV,, ,u(Vi)<,u(Ei)+% and f(z) <y;+e forx eV,



Applying the partition of unity to the open cover Vi,...,V,, of K, we get continuous
functions h; < V; (1 <i < n) such that Y 1 h;j(z) =1 for x € K. Hence, f =>1"  hif.

By Part 2, we have
p(K) < A(Dhi) =3 A
i=1 i=1
Also, observe that for each 1 < i <n, we have
hi(z)f(z) < (yi +e)hi(z) and y; —e < f(x) forx € E;

Therefore,

Af = Z A(hig) < D% +e)Ah;

1=
n

= (lal + yi + e)Ah; — |a] Y A
i=1 1=1

< Z(|a| +yi + ) (u(E:) + %) — |a|pu(K)

= > (i — IulE) +2en(K) + = D (lal + i + <)

i=1 i=1

§/ fdp+e(2u(K) + lal +b+e).
X

Passing to the limit as ¢ — 0 we obtain (3.1) and thus the proof is completed. [

Every metric space M can be isometrically embedded as a dense subspace in a complete
metric space which is defined in terms of classes of abstraction consisting of Cauchy
sequences in M. By applying the same procedure to any normed space X, we infer that
X has a completion which is a complete normed space, i.e. a Banach space. Of course, such
a completion is unique up to an isometric isomorphism. There is also a ‘canonical’ way
of defining the completion of X whose elements can be realized as absolutely convergent
series in X (see Problem 3.14).

Lemma 3.17. If X is a locally compact Hausdorff space, then the space Co(X) of func-
tions vanishing at infinity is the completion of the space C.(X) under the supremum norm.

Proof. Our assertion is equivalent to the conjuction that Cy(X) is complete and C.(X)
is dense in Cy(X). The former claim follows from Proposition 1 11. For the latter one,
fix any f € Cp(X) and € > 0. Pick a compact set K such that |f(z)| < e for x ¢ K. By
Urysohn’s lemma, there is a function g € C.(X) such that 0 < g < 1 and g|x = 1. Let
h = fg; then h € C.(X) and ||f — h| <e. O

Now, our goal is to prove a theorem characterizing the dual space Cy(X)* for any
locally compact Hausdorff space X. We reduce the problem to considering positive linear
functionals and then apply Theorem 3.16. Such a reduction will be possible due to
decomposition (3.1) which we obtain using some general Banach lattice methods (see the
discussion after Remark 3.11).



Lemma 3.18. The dual space and the completion of a normed Riesz space are Banach
lattices.

Proof. Let E be a normed Riesz space. In the dual space E* we introduce an order by:
f>g <= f(x)>g(x) foreveryze EY.

First, it is easily seen that E* then becomes an ordered vector space. Moreover, E* is
a Riesz space (vector lattice) with lattice operations given by

(fVg)x)=suwp{f(y)+9(z):y.z€ EY andy+z=2x} (zeE")

and
(fAg)(x)=inf{f(y)+9(2):y,z€ EX andy+z=21} (x€E").

Notice that so far fV g and f A g are only defined on E™, but it is not difficult to extend
them to the whole of . We prove it only for h := f V g; the proof for f A g is similar.

Obviously, h is positively homogeneous, i.e. h(Az) = Ah(x) for A > 0, z € ET. We
can rewrite the definition of h as

h(z) =sup{f(y) +g(zr —y): 0<y <z} (zekET)

To see that h is additive, fix u,v € ET. For arbitrary 0 < u; < w and 0 < v; < v, we
have

[f(u1) + g(u —w)] + [f(v1) + g(v — v1)]
= flur +v1) + glu+v—(ug +v1)) < h(u+v),

whence h(u) + h(v) < h(u+v). For the converse inequality, we need the following result.

Claim (the Riesz Decomposition Property). If xy,...,z,,y € E satisfy |y| < >, =,
then there exist vectors yi,...,y, € E such that y = ", y; and |y;| < |z;| for each
1 < <n. If y is positive, then all y;’s can be chosen to be positive, too.

Proof of the Claim. We prove it for n = 2; the rest is an easy induction. So, assuming
ly| < |z1 + xo|, define

Y1 = [(—\%D\/y]/\mlf and Y2 =y — 1.

Clearly, —|z1| < 11 < |z1], i.e. |y1| < |x1| (note also that if y > 0, then 0 < y; < y). We
are to prove that also |ys| < |z3]. To this end, notice that in view of

Yyl <y + 22| < 21| + |22,
we have
—|zy| = |@o| <y < |wy| + |22, e — |mo| <xy| +y and y — |xy| < |20

Hence,
—|zo] < (Jz1[ +y) A0 and  (y —[71]) VO < |zo]. (3.2)



Now, calculate

yo =y — [(=lz1]) Vy] Al
=y + [[el A (=] V (=z1])
= [(|331‘ +y) A O] V (y — |z1])
and observe that, by (3.2), we have —|xs| < yo < |z2|, as desired.

Now, let 0 < y < u + v. By our Claim, there exist y1,y2 € ET such that y = y; + v,
0 <y <wuand0 <y, <wv. Hence,

fy) +g((u+v) —y) = [fln) +g(u—y)] + [f(y2) + g(v —32)] < h(u) + h(v),

which proves that h is additive on E™.
We extend h by defining h: E — R as h(x) = h(z") — h(x™) (z € E). Then, h is

a linear functional. Indeed, for any x,y € E we have
(@+y)"—(@—u) =z+y=a"—a +y -y,

hence (x +y)" +2~ +y~ =2t +y" + (x + y)~. By the additivity of h, we obtain

Ao -+9) = b + 1)) = (o +3)") o
= [A(2™) = h(z7)] + [R(y") — h(y")] = h(z) + h(y).
Also, observe that

h(=z) = h((=2)") = h((=2)7) = h(z") = h(z") = —h(x)

and since h is positively homogeneous, it is homogeneous, hence linear. To see that R is
continuous, fix any € F with ||z|] < 1. Then 0 < 2,2z~ < |z| = 1, thus ||z7 ||, ||z7| < 1
(recall that E is a normed Riesz space). Given any y,z € ET with y + z = 21, we have
If(y) +g)| < (IS + llgl)]]zt]| and similarly for z~. Therefore,

()] < [h(@*)] + [h(z7)] < AL+ gD Nt + Dz~ < 201F1 + llgll)

which proves that h € E*.
Clearly, f < h and g < h. Moreover, given any ¢ € E* satisfying f < ¢ and g < ¢,
we have for 0 < y < x that

f(y) +g9(r —y) < oy) + (v —y) = p().

This shows that h < ©, that is, h is the smallest upper bound for {f, g}.

We have shown that E* is a normed Riesz space. That it is complete follows from
Proposition 3.1. Hence, E* is a Banach lattice.

For the completion E of E, observe that E is the closure of E in the Banach lattice
E** (see Problem 3.14), so our assertion follows from the previous part. O

Remark. In view of the above defined lattice structure on E*, we have the following
formula for the positive part of a continuous linear functional f € E*:

fr=fvo=sup{f(y): 0 <y <ux}.



Lemma 3.19 (Kantorovich). Let E and F' be Riesz spaces and assume F is Archimedean.
Then, every additive map ¢: E — FT extends uniquely to a positive linear functional
®: E — F. Moreover, the unique positive linear extension is given by the formula

(@) = pa*) —pa) (v € B).

Proof. Since x = x* — 2™, the uniqueness part is obvious.
For proving the announced properties of ®, first observe that, by simple induction,
¢(kx) = ko(x) for all k € N, x € E*. Thus, for any positive rational 7 = = (m,n € N)

we have T
)= mo(2) = ot

Now, given any A > 0, pick sequences (r,)>°, and ()22, of rational numbers such that
0<r, " Aandt, \ A Then, for any z € ET, 0 < r,z < \x < t,z, whence

ro(r) = %s@(iﬂ) = %@(%

rap(x) = p(raz) < p(Ar) < p(tnw) = trp(2). (3.3)

Recall that F'is Archimedean if 0 < ny < z for all n € N implies y = 0. This is equivalent
to saying that for each y € F™ we have %y 4 0, i.e. the sequence (%y),?f’:l is decreasing
and inf, 2y = 0 in F. Hence, letting n — oo in (3.3) we get ¢(Azx) = Ap(x) for all A >0
and z € ET. N

In the proof of Lemma 3.18, we have already shown (for h playing the role of ®) that
the extension ® is an additive odd function. Hence, the positive homogeneity of ¢ yields
the homogeneity of ® and the proof is completed. m

We are almost ready to prove a representation theorem for the dual of Cy(X) over R,
for any locally compact Hausdorff space X. As indicated earlier, the representing object
are going to be regular Borel signed (i.e. with values in R) measures on X. To get a full
picture, we need to introduce the notion of variation (we do it in the general complex
case) and prove a very important Hahn’s decomposition theorem which nicely describes
the variation of a measure in the real case.

Definition 3.20. Let y be a complex-valued measure defined on a o-algebra 91 of subsets
of a set X. For any E € M we denote by II(E) the collection of all measurable partitions
of E/, that is

H(E):{(El,...,En):neN,Eieim, ENE =@for1<i#j<n, U;EFE}.

We define the variation of p by the formula
#(B) = sup { 3" |u(E)|: (Bu..., E,) €(E)} (B € M);
i=1

the value |u|(X) is called the total variation of p.

Proposition 3.21. For any complex o-additive measure p, the variation |p| is a positive
o-additive measure.

Proof. (classes) O



It follows readily from Proposition 3.21 that |u| yields the smallest positive measure
majorizing p in the sense that |u(E)| < |u|(E) for every E € M. It may seem quite
surprising that |u| happens to be always bounded, but recall that we deal with complex-
valued measures, so they do not attain the values +0o. Boundedness of y in the general
complex case will be proved later. In the real case (i.e. for signed measures) it follows
from Hahn’s decomposition theorem below, which also gives a simple description of |u|.

Theorem 3.22 (Hahn decomposition theorem). Let p be a signed measure defined
on a o-algebra M of subsets of X. There exists sets A, B € M such that AUB = X,
ANB=2, wW(ANE)>0 and p(BNE) <0 for each E € M. Moreover, if we define

W(B) = f(ANE), 1 (E)=—u(BNE) (Eem),
then |u|(E) =pt(ANE)+pu (BNE).

We refer to the measures ™ and p~ as the positive and negative part of u, respectively.
The pair (A, B) is called Hahn’s decomposition of X determined by p. The following,
surprisingly short proof is due to [R. Doss, The Hahn decomposition theorem, Proc. Amer.
Math. Soc. 80 (1980), p. 377].

Proof. We call a set E € 9 positive (resp. negative) if pu(A) > 0 (resp. p(A) < 0) for
every ACE, Ae M.

Claim. Every set E' € 9 contains a positive set P such that u(P) > u(E).
Indeed, observe that for each € > 0 there is A, C E in 91 such that

p(A) > u(E) and M>3DC A = u(D) > —-c.

Assume not. Then, there is a sequence (Dy)%2, of measurable sets such that D; C E and
D, CE\(DyU...UDy4) for k > 2 and pu(Dy) < —¢ for each k € N. As Dy’s are
pairwise disjoint, the set D = J;—, Dy would be of measure —oo which is impossible.

Choose any sequence € N\, 0 and let (A.,) be a sequence of measurable sets produced
by the above statement, where at the k'™ step we apply it to EN A, N...NA.,_, in the
place of E. Then, (A,,) is descending and the intersection P := [,—, A., is a positive set
with u(P) = limy pu(Ae, ) > p(E). Thus, our Claim has been established.

Define s = sup{u(E): E € M} and pick a sequence (Py)32, C M with u(Py) 's. By
the Claim, we can assume that each P is a positive set. Therefore, the set P == J;~, P
is also positive and, plainly, u(P) = s. Hence, N := X \ P is negative, for if £ C N and
p(E) >0, then pu(PUE) = s+ pu(E) > s which is impossible. O

Recall that M(X) is the space of regular Borel measures on a locally compact Haus-
dorff space X. At this point, we deal with the real case only, so M(X) consists here
of signed measures. It is easy to verify that M(X) becomes a real normed space with
natural operations and the total variation norm ||u|| = |u|(X). (Notice that Theorem 3.22
guarantees that every signed measure is of bounded variation.)

We also introduce a lattice structure on M (X)) by considering the pointwise ordering
and lattice operations:

(nVv)(E) =sup{u(Ad) +v(E\ A): ACE, Ameasurable}



and
(L AV)(E) =inf {u(A) + v(E\ A): AC E, A measurable}.

It is an instructive exercise to verify that these formulas indeed satisfy the axioms of
supremum and infimum. Of course, a glance at Hahn’s theorem shows that |u| < |v| (the
moduli defined by means of the supremum operation) implies ||| < ||v||, which means
that M(X) is a normed Riesz space. Also, the positive and negative parts defined in terms
of the lattice operations: pV 0 and (—u) V 0 coincide with p™ and p~, respectively, given
by the Hahn decomposition. Completeness of M(X) (i.e. the fact that it is a Banach
lattice) will follow automatically from the theorem below, where we identify this space as
a dual space (see Proposition 3.1).

Theorem 3.23 (Riesz—Markov—Kakutani for Cy(X)*). Let X be a locally compact
Hausdorff space and A € Cy(X)* be a continuous linear functional on the Banach space
(over R) of real-valued continuous functions on X vanishing at infinity. Then, there exists
a unique reqular Borel o-additive signed measure p on X such that

Af = /de,u for every f € Co(X). (3.4)

Moreover, we have ||A]| = |p[(X). On the other hand, every u € M(X) gives rise to
an element A of Co(X)* via formula (3.4). Consequently, the map A — u is an isometric
1somorphism

Co(X)* = M(X).

Proof. In view of Lemma 3.17, every (positive) continuous linear functional on C.(X) has
a unique (positive) extension to an element of Cy(X)*. Hence, the positive part of Cy(X)*
can be identified with the collection of all positive linear functionals on C.(X). By virtue
of the Riesz-Markov-Kakutani theorem for positive functionals (Theorem 3.16), there is
a linear surjective isometry

M(X)" == [Co(X)T". (3:5)

Surjectivity follows from the fact that every positive functional A is represented by a pos-
itive measure p. That it is an isometry follows from the observation that if y is positive,
we have

]l = w(X) =sup {Af: f < X} =sup {|Af]: f € Co(X), [[fll <1} =I[All

As explained above, M(X) is a (normed) Riesz space and, by Lemma 3.18, so is Cy(X)*. It
is easy to verify that Cy(X)* is also Archimedean. Therefore, according to the Kantorovich
Lemma 3.19, the isometry ¢ indicated in (3.5) has a unique extension to a positive linear
map

M(X) 25 Co(X)". (3.6)

For every p € M(X) we have ®(u) = p(u™) — (™) which means that the functional
A = ®(p) is decomposed as

Af = /X f - /X Fdi (f € Co(x)). (3.7)

Claim. ®(p) > 0 if and only if u > 0.

If 4 > 0, then ®(u) > as ® is positive. For the converse, assume A = ®(u) > 0, that
is, fX fdu >0 forevery f >0, f € Cy(X). Fix any open set V' C X. Since p is regular,

7



we just need to show that u(V) > 0. Given any ¢ > 0, pick a closed set F' C V with
p (V) —u (F) < e. By Urysohn’s lemma, there is a function f with FF < f < V. We
have

OS/deu=/de/ﬁ—/deu‘Su*(V)—u‘(F)S/ﬁ(V)—u‘(V)Jre:u(VH&

which proves our Claim.

It follows that @ is one-to-one: the pre-image of the zero functional consists of measure
which are simultaneously positive and negative and there is just one such measure, the
zero measure. It also follows from our Claim that ® is a lattice isomorphism, in particular,
it preserves the modulus: ®(|u|) = |®(n)|. Hence, for A = &(u), we have

AL = HIATE = TleCeDIl = lwll,

thus @ is an isometry. Finally, ® is surjective because so is ¢ and every A € (Co(X))* is
the difference of two positive operators. m

Remark. Given any A € Cy(X)*, the Hahn decomposition = ™ —p~ of the representing
measure i of A yields the decomposition given by (3.7). Moreover,

np= [ rts af= [ rap and A= A%+ A,
X X

The proof of Theorem 3.23 in the complex case is postponed till we prove the Radon—
Nikodym theorem.



