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Sums for U(2n,¢?) and their applications
by
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1. Introduction. Let v be a complex-valued function on the finite field
Fg, v’ the lifting of v to F2 (cf. (2.1)), and let u : F 2 — C be any function.
Then we consider the sum

(1.1) Z v (trw),

weSU(2n,q?)

where SU(2n,¢?) is a special unitary group over F (cf. (2.5), (2.6)) and
trw is the trace of w. Also, we investigate

(1.2) > u(detw)(trw),

wel(2n,q2)

where U(2n,¢*) is a unitary group over Fz (cf. (2.5)) and detw is the
determinant of w.

In our previous papers about similar sums for classical groups over finite
fields, v and v’ are respectively a multiplicative character and a nontriv-
ial additive character (or a lifting of a nontrivial additive character to the
quadratic extension for unitary groups or a function closely related to a
nontrivial additive character; cf. [4]-[15]).

However, as demonstrated in [3] and [16], all the computations can be
carried out not only for characters but also for arbitrary functions. So we
will work in the more general setting of arbitrary functions.

The main purpose of this paper is to find explicit expressions for the sums
(1.1) and (1.2). It turns out that they are polynomials in ¢ with coefficients
involving certain simple sums.

Another purpose of this paper is to find a formula for the number C(«, ()
of elements w in U(2n, ¢?) with det w = a, tlrﬂ:q2 /F, trw = 3, for any « in the
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340 D. S. Kim

kernel of the norm map Nqu JF, ]F;2 — F7 and any 8 € F,. This follows
easily from the explicit expression of (1.2) in (5.13) by specializing u and v
to be the obvious functions. At the end of this paper, two tables of C(«, 3)’s
for all possible values of «, # (an (¢ + 1) x ¢ matrix) are provided.

Finally, we state the main results of this paper. One is referred to the
next section for some notations here.

THEOREM A. The sum ., ci(2p,q2) u(det w)o'(trw) equals

2n
(@ — 1)1 H(qj _ (—1>j)SF:2 (@) Sp, (v)
j=1

T

+ 2y () m 1@+ 19
r=0

@ j=1
[(n—r+2)/2] -1 '
« Z q2l Z H(q2]u—4u . 1)
=1 v=1

X (MKn—r—ﬁ-Q—Ql(U/aﬂr; ]-a 1: q2) - q_l(q2 - 1)n_r+1_2l81g><2 (a)S]Fq (U))

q

(@ = 1) S, (@) = 0(1)) S5, (v)

< ¥ @) @+

0<r<n @ j=1
T even
(n—r)/2
X H (227 1) for n even,
v=1

¢ (? — 1) S (@) — u(—1)) Sk, (v)

2

r

< 3 @[] @+ )

0<r<n - j=1
T odd
(n—r)/2
X H (q2"_2’"+2_4y —1)  for n odd.
v=1

Here u,,u are as in (5.3) and (5.4) respectively, for SFXZ (@), Sk, (v) one
q

is referred to (2.20), M K,,(v',%,;1,1 : ¢%) is defined in (3.1) and (3.2), and
the unspecified sum is over all integers ji, ..., jj_1 satisfying 2l — 1 < j;_1 <
.<j1<n—r+1(itis 1 for I =1 by convention).
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THEOREM B. Let a € Ker(NFq2/Fq : IE‘ZQ — Fx), B € Fy. Then the num-

ber C(a, B) of the elements w € U(2n, ¢?) with detw = trFqQ/Fq trw =/
s given by

(q+ )7 @ @ - (-1))

j=1
2n2—n—2 - T n - J 1\
+q Zq(Z)HQH(q +(=1)7)
r=0 a° 5=1
[(n—r+2)/2] 1
> Z q21 Z H(q2jy—4ll _ 1)
=1 v=1

X (B(n—r+2 20,65 (-1 0, 0) — g Mg+ 1) aE - 1))

q2n2—1((q + 1)—1 _ 5a71) Z q(S) |:::| H(qj + (—l)j)
7* j=1

0<r<n
T even
(n—r)/2
X H (¢®" 22 _ 1) for n even,
v=1
+
n '
2n2—1 -1 _ 5 J 1\
A ) =0 a®]] TT@ + 1)
0<r<n qa° j=1
r odd

(n—r)/2
X H (P22 1) for n odd.
v=1

Here §(m,q% (=1)"a, 3) is as in (6.1) and (6.2), the unspecified sum is
over all the integers ji,...,J5;—1 satisfying 21 — 1 < 551 < ... < j; <
n—r+1 (it is 1 for [ = 1 by convention), and 0, +1 are the Kronecker delta
(cf. (2.19)).

2. Preliminaries. In this section, we will fix some notations and collect
from [8] some facts that will be used in what follows. Also, refer to [1] and
[17] for some elementary facts below.

Let Fy and 2 denote respectively the finite field with ¢ = p¢ elements
(p any prime, d a positive integer), and the quadratic extension of F,. Let
7 :Fg;2 — Fg be the Frobenius automorphism given by

o = al.
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Then, for a € 2
_ T _ T
trFqQ/Fq a=a+a’, N]FqQ/an =aa’.

For a function v : F; — C, v will be used to denote the function v “lifted
to Fpe”, ie.,
(2.1) vV =vo tr]Fq2/]Fq.
Also, for convenience we will denote the kernel of the norm map N]Fq2 JF, °
F;Z — F; by
(2.2) KNy = Ker(N]FQQ/Fq : ]quQ — ).

In the following, tr A and det A denote respectively the trace of A and
the determinant of A for a square matrix A, and, with “t” indicating the
transpose, *B = t(ﬁ[j) for any matrix B = (8;;) over Fj2. A square matrix
B over F 2 is called Hermitian if *B = B. It is well known (cf. [2]), for each
positive integer r, that the number h, of all r X r nonsingular Hermitian

matrices is given by
r

(2.3) he = @ T[ (@ + (-1)9).
j=1
Let GL(n, ¢) denote the group of all invertible n x n matrices with entries
in F,. The order of GL(n, ¢) equals

(2.4) 9n(q) = H(q —¢) = [ - 1.
3=0 j=1

The unitary group U(2n, ¢?) is defined by

(2.5) U(2n,q*) = {w € GL(2n,¢?) | 'wJw = J },
where
0 1,
=L
Also,
(2.6) SU(2n,¢*) = {w € U(2n,¢*) | detw = 1}.

The composite of the matrix trace tr : U(2n, ¢%) — Fq2 and the field trace
trﬂzq2 JF, + Fg2 — Fg will be denoted by

(27) tn,q = tr]Fqg/]Fq otr: U<2n7 q2) - FQ'

P(2n,¢*) denotes the maximal parabolic subgroup of U(2n,q?)
defined by

(2.8) P(2naq2>={{§ *AolHl(Y fﬂ

A€ GL(n,¢%),Bisnxn
over F2 with "B+ B =0 .
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Also, we put
(29)  Q=0QCn¢) = {we P2, |detw =1}

B [A 0 Hln B} ‘AGGL(n,qz),
0 AT 0 1n| |detAeF ,*B+B=0]"

(2.10) Q™ =Q (2n,¢*) = {w € P(2n,¢*) | detw = —1}

) 5 A€ GL(n,¢%),

0 1[1n

i i A A
‘B+B=0

Note here that, for A € GL(n, ¢?),
(2.11) det A€ F; < (detA)? =1,
try o /F, (det A) =0 < (det A)7T = —1.

In [8], it was noted that, starting from the Bruhat decomposition

U(2n, q H Po, P,

one can obtain the following decomposmons

(2.12) U(2n, ¢ HPJT B\Q),
(2.13) SU(2n, q ( H Qo (B \Q) ) ( H Q™ o ( T‘\Q))
0<r<n 0<r<n
T even rodd
where
(2.14) B, = B,(¢*) = {w € Q(2n,¢?) | o,wo, ' € P(2n,q?)},
0 0 1, 0
0 1, O 0
(2.15) oy = 1 0 0 0

0 0 0 1,-,

For integers n,r with 0 < r < n, the ¢-binomial coefficients are de-
fined by

r—1 n—j
n q —1
2.1 = | I : -
(2.16) [r} Ll =3 —1
q ]:O

Then, as was noted in [8],

217 BnQend) =07 .
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Also, from the g-binomial theorem (cf. [8, (2.13)]), one can see that

(2.18) SiBael=Y¢" m =@ +1).
r=0 r=0 q?

j=1
[y] denotes the greatest integer < y, for a real number y. For o, 8 € F 2,
we will use the Kronecker delta, so that

’ 0 otherwise.

For a complex-valued function h defined on a finite set X and a subset Y of
X, Sy (h) will be used to denote

(2.20) Sy(h) = h(a).

acY

3. Some propositions. For any f,h:F, — C, o, 8 € Fy, and m € Z>,
define, for m > 0,

(31) MEKn(f.h;a,B3:q)
= Z hlag ... am)flaar + Bagt + ..+ aam + Bag,}),
oq,...,ozmell'fé<
and
(3.2) MEKo(f,h;e, 8 q) = h(1)f(0).

We first recall the following proposition from [8, Theorem 4.2], which
will be needed in proving Proposition 3.2.

ProproSITION 3.1. For integersn > 1, a, 3,7 € ]FqX, and A a nontrivial
additive character of Fy, the sum

(3.3)  Su(vi,B)
-1
- Z A(atr [17101 0} w + [ tr ( [17101 0] w) )
weSL(n,q) " "
s given by
(34)  Su(vi,0)
= (D)2

[(n+2)/2]

X Y q'BEua(hesa(—aBf) Ty B 8(—a 1 B) Iy i g)
=1

-1
<> JJ@ -,
v=1
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where BK,,(\; a;b;c;d:q) is the bihyperkloosterman sum defined, for n > 0,
by
(3.5) BK,(Aa;b;¢;d : q)

= Z )\(aZaj—i-bHaj_l—i-cZa;l—i—dHaj)
j=1 j=1 j=1 j=1

X
Qat,...,an€Fg

and by
(3.6) BKy(N;a;b;¢;d: q) = AMb+ d),
and the inner sum runs over all integers ji,...,J1_1 satisfying 21 — 1 <

Jie1 <jie<...<j1<n+1(itis1 forl =1 by convention).
Here when n = 2k is even and | = [(n + 2)/2] = k + 1, we understand
that
(3.7)  BEpp-a(hasa(—as )y g 8(—a™18) 1 i g)
= BK_1(Xasa(—ap ) 1y 5 ﬂ(—a 1By g)
0 otherwise.

For any functions f,h: F, — C, o, 8 € F, we want to find an explicit
expression for the sum

(3.8) Z f(detw)h(atrw+ Btrw™t).
weGL(n,q)

When f is identically 1, this has been considered in [16]. As we need only
the case of a = 8 =1, we will just consider that case.
With X as in Proposition 3.1,

Z f(detw) h(trw + trw™?)

weGL(n,q)
-1
= Z f(y) Z h(tr [1”01 O]w—i-tr ([17101 0}111) >
YEFS weSL(n,q) " "

DD I IS IR I)

yery €€Fq (€Fg weSL(n,q)

Al el

=¢ 'Y DD FMR(E)Sa(: ¢, O Ce)

yeRy €€Fq ¢eRy

a7 a0~ 1) g (@) S ()5S, (1)
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(cf. (3.3)). Using the expression of S, (7y;(,¢) in (3.4), this can be written
as

[(n+2)/ 2]

q(n 2)(n+1)/ Z lZH jy_2y_
a Z > BEu (NG (=D TG (=) v )

yeFy €€Fq ¢ceFy
A=Ce) f(Mh(e) + a7 (a = 1) gn(a) g (f) S, (h).

Ift=n+1-20> 0, then, reversing the above steps, we get

(39) ¢ > > > BEKujahG (=D G (DT )

yeFy €€Fq ceF

A(=Ce) f(7)h(e)

t t

SYS0 5D 3 VD DREV(10 SIRNEIER | £

yeFy €€Fq CeFq oy, €F Jj=1 Jj=1

+> a7t ()T [T ey =€) ) Fnnce)
j=1

—q (a—1)"Syx (f) Sk, (h)

= Z Z f(’Y)h<Z o + (—l)l_lfy H aj_l

’YG]F; al,...,ate]F;
+3 et quw (a = 1)" Sy (£)Sz, (h)

= Z f((—l)l_lozl...Ozt+1)h(0q—|—041_1 +---+0¢t+1+04t_+11)

al,...,at+1€F;
t
(by putting o417 = 1y H %—1)
7=1

(3.10) = MEKe1(h, fir;1,1:q) — g7 (g —1)"Spx () Sk, (h)
where we put

(3.11) fizi(a) = fF(-1D)ta).
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One can check that, even for t = n4+1—2[ = 0, we get the same expression
as in (3.10) for (3.9). However, if n is even and | = [(n+2)/2] =n/2+1, so
that ¢t =n 41 — 2] = —1, then, from (3.7), we see that (3.9) is

(3.12) FID)™2)(h(0) = g7 Sk, ().

On the other hand, for ¢ =n + 1 — 2] = —1, the expression in (3.10) is
(3.13) FID)2)(0) = g7 (g = 1) S (£) Sz, (h)

(cf. (3.2)).

From these considerations and taking into account the difference between
(3.12) and (3.13), we finally get the following proposition.

PROPOSITION 3.2. Let f,h:F, — C be any functions. Then the sum in

(3.8) (fora=p=1)
Z f(detw)h(trw + trw™1)

weGL(n,q)
s given by

[(n+2)/ 2]

(314) q(n 2)(n+1)/ Z lz H q]V721/ N

X (MKppo-o(h, fiii;1,1:9) —q g — 1)n+172ls]1?;< (f)Sr,(R))

+q(a— 1) 9n(a) Sz ()5S, (h)

n/2
n? n v
/2—1 H +1-2v S]Fq(h)

+
%((g = )7 S (F) = F((=1)™2)  for n even,
0 forn odd,
where the unspecified sum is over all integers ji, ..., Ji—1 satisfying 21 — 1 <

Jie1 < oo < g1 <n+l (itis 1 forl=1 by convention), M Ky, (h, fi—1;1,1: q)
is as in (3.1) and (3.2), one is referred to (2.20) for S (f) and Sg, (h), and
gn(q) is as in (2.4).

The following “incomplete” sums in (3.15) can be obtained by using
similar ideas to the derivation of Proposition 3.2. The details will be left to
the reader. In the next proposition, it is understood that either +1 or —1 is
always assumed whenever they appear at the same time.
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PROPOSITION 3.3. Let v : F, — C be any function with v’ = votrFqQ/Fq.
Then

(3.15) Z O (trw + trw ™)
weGL(n,q¢?)
(det w)a—1==%1
[(n+2)/2]
_ q(n—2)(n+1 Z 21 Z H 2j,—4v
=1
n+2-—21 n+2-—21

x(Zv’( ; aj + ; aj_1>

_ q—l(q T 1)71((12 _ 1)”*2’215’%(1)))

+q g+ 1) gn(q*)Sr,(v)
n/2

qn2—1 H(q2n+2—4l/ - (¢ + 1)_1 - 51,:t1)SFq (v)
+

for n even,
0 forn odd.

Here the unspecified sum involving the product notation is over all integers
Jls-eygi—1 satisfying 20—1 < ji_1 < ... <j1 <n+1 (itis1 forl =1 by
convention), the innermost sum is over all aq,..., Q19 91 € F;} satisfying

(1 ...0p49-9)91 = £1, and one is referred to (2.20), (2.4) respectively for
Sty (v), gn(q?)-

4. SU(2n, ¢?) case. In this section, we will consider the sum in (1.1)
Z V' (trw)
weSU(2n,q2)

for any function v : F;, — C with v/ = v o try /F,» and find an explicit
q
expression for this by using the decomposition in (2.13).
The sum in (1.1) can be written, using (2.13), as

(4.1) > IBAQID |V (trwoy)

0<r<n we
T even
(4.2) + > 1BAQI Y V(trway),
0<r<n wWEQR™
rodd

where B, = B.(¢%), Q = Q(2n,¢*), Q~ = Q~(2n,¢?), o, are respectively as
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in (2.14), (2.9), (2.10), (2.15). Here one has to observe that, for each y € @,
Z v (trwoy) = Z v (trywo,) = Z v (trwo),

wEeQ weQ weR

and yQ~ =Q".
Write w € Q (cf. (2.9)) as
A 0 1, B

with

A App wg—1 [En E12] [ By 312}
(44) [A21 A22] ’ Esr Eoa |’ —*Bia Baa |’
(4.5) Bi1 + By = 0, Bas+ "By = 0.

Here Aj1, A12, A1, Aag are respectively of sizes r xr, rx (n—7r), (n—7r) xr,
(n—71) x (n—7), and similarly for *A~! and B. Then, for any r (0 < r < n),
the inner sum in (4.1) is

(4.6) Z V' (trwo,)
weQ
(47) :Z’Ul(tI‘AllBll — tI‘AlQ*BH ‘f‘tI‘A22 ‘f‘tI‘EQQ),

where the sum is over A € GL(n, ¢?) with det A € IFqX, Bi1, Bia, Bao subject
to the conditions in (4.5).

Consider the sum in (4.7) first for the case 1 < r < n — 1, so that Ao
does appear. We divide the sum into four subsums

(4.8) DT TS N S

A12£0 A12=0 A12=0 A12=0
Ap el A€l Aj; Hermitian
where
I={An = (aij) € GL(r, @) | aj; # aj;
(4.9) for some 4, j with 1 <i < j <r},

IT = {A1; = (a;;) € GL(r,¢*) | aji = a;; for all i, j with
1<i<j<r,and a; ¢ F, for some i (1 <i<r)}.
Note here that I and IT above are disjoint and that
(4.10) TUTI = GL(r,¢*) — {A € GL(r,¢*) | *A = A}.
The first sum in (4.8) is

(4.11) gV’ Z Z V' (tr Aj1 B11 — tr A19* By + tr Ago + tr Ego),
A,B11 Bi2
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where A is with Aqs 75 0, det A € F;, and Bjp is with By1 + *B11 = 0. Fix
such A, Byy. Write Ay = (aij), By = (blj) Then ay; # 0 for some k, I
(1<k<r,1<1<n-—r),sothat the inner sum in (4.11) is

(4.12) o> W (—apby + ) = ¢S, (v).

allb;; with by
(6,5)# (k1)

Here one is referred to (2.20) for Sg,(v), and one must observe that the
inner sum in (4.12) is

(4.13) > V() = a5k, (v).

'yE]qu
Put Bi1 = (bi;). Then the first condition in (4.5) is equivalent to
(4.14) tr]FQQ/Fq by =0 for1<i<r,
bij—l-b;i:(] for1§i<j§7“.
In particular,
* 2
(4.15) {B11 | Bi1+*B11 =0} =4q"
Combining (4.11), (4.12), (4.15), and noting
[{A € GL(n,q?) | A2 # 0,det A € Fo
= (¢+ 1) (gn(@®) = " 9:(¢*) 90—+ (%))
(cf. (2.4)), we see that the first sum in (4.8) equals
1 n2- _
(4.16)  (¢+1)7'q" " (9ald®) = 7" 9(6) gu—r(a%)) S, (v).
The subsum of (4.7) with A2 =0 is

(4.17) > > V(tr Ay By + tr Agy + tr Ay)
A21,B12,B22 A11,A22,B11

= q("_’")2+4’"(”_r) Z V' (tr A1 B11 + tr Agg + tr A2_21).
A11,A22,B11
Let A11 = (aij), Bi1 = (bij). Then, from (4.14), one observes that

(4.18) trA11B11 = Za”bu + Z (aj; — aT bij.
1<i<j<r
The subsum of the sum in (4.17) with A1; € I (cf. (4.9)) is
(4.19) > D V(tr AnBu +tr Agy + tr Ayy).

An€l, A2 B

Fix A1 = (as5) € I, Aga. Then a5 # al;, for some s,t with 1 <s <t <.
By the same argument as in the case of (4.11) and in view of (4.14) and
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(4.18), we see that the inner sum in (4.19) is

(4.20) " 1Sk, (v).
Combining (4.17), (4.19), and (4.20) shows that the second sum in (4.8) is
(4.21) gt lse ()31,

where the sum is over A1, Agz with (det Ayp)(det Ax2) € F5, Ay € L.
The subsum of the sum in (4.17) with Ay; € I (cf. (4.9)) is

(4.22) Z Z v’(tr A11B11 + tr Agg + tr A2_21).
A €ll, Agg Bia
Fix A1 = (ai;) € 11, Ag. Then ags ¢ Fy, for some s (1 < s <r). In view of
(4.14) and (4.18) and with By = (b;;), the inner sum in (4.22) is
(4.23) ¢ D0 (Gssbss + - )

2_
= qT 1 Z U(O( tr]FqQ/]Fq(assT]) + trqu/Fq(‘ . ))
a€cly
2_
=q" 'S, (v).
Here the unspecified sum in (4.23) is over bgs with try , /F, bss = 0, mis a
fixed nonzero element in [F o with tr]Fq2 k.M =0, and ass ¢ Fy implies that
try , /p,(assn) # 0. Combining (4.17), (4.22), and (4.23), we see that the
q
third sum in (4.8) equals

(424) qn2+2rn72r271SFq (U) Z 1,

where the sum is over A1, Ago with (det Aj1)(det Agz) € F;, A eIl

Adding up (4.21) and (4.24), we see that the sum of the second and third
sums in (4.8) is
(425) qn2+2rn—2r2—1SFq (U) Z 1,
where the sum is over A1, Age with (det Aj1)(det Ago) € qu, and Aq1 is not
Hermitian (cf. (4.10)). Now, (4.25) is easily seen to be equal to

— n2 rn— 7'27

(4.26) (a+ 17" 22 g (0%) (90(6%) — he) S, (v),

where h, is as in (2.3).
One observes that, for A1; Hermitian and B1; with B11 + *B11 = 0,

' (tr A1 Bin + tr Agg + tr Ay ) = v (tr Agg + tr Ayy)
(cf. (4.14), (4.18)). So the subsum of the sum in (4.17) with A;; Hermitian is
4.27) ¢~ Z V' (tr Agg+tr AZ)) = ¢, Z o (trwtrwt).

A11,A22 weGL(n—r,¢?)
det weFy
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So, combining (4.17) and (4.27), we see that the last sum in (4.8) equals

(4.28) T Z v (trw +trwh).
weGL(n—r,q?)
det weF

Adding up (4.16), (4.26), and (4.28), we have shown that, for 1 < r <
n—1,

(4.29) Z V' (trwo,.)

wWEQR
= (g + 17" M gn(g®) — "2 gur(6P) ) Sr, (V)

+ qn2+2rn—2r2hr Z v’(trw + trw_l).
weGL(n—r,q?)
det weFy

For r = 0, one can check that the sum in (4.6) is given by the same
expression as in (4.29) with the convention hy = 1. In view of (2.3), this
convention is natural. On the other hand, for » = n, one shows, using a
similar argument to the above 1 <r <n — 1 case, that the sum in (4.6) is
given by

2 _ 2
(4.30) Z v (trwoy) = ¢" 1(((1 +1) 1gn(q2) — hn) Sk, (V) + ¢ hyv(0).
wEeER

The details are left to the reader.
From (4.29) and (4.30), the sum in (4.1) can be expressed as

(431) > IBAQI DY V(trwoy)

0<r<n weR
n?— rn—2r2
= > BAQH@+ D (ga(e®) — 2 g (6D S, (0)
0<r<n-—1

T even

+ qn2+2rn—2r2 hr Z ’Ul(tl‘ W+ tr w—l)}

weGL(n—r,q?)
det weF

1BAQH™ " ((q+ 1) 9n(g?) — ha) Sk, (v) + ¢ hv(0)}

for n even,

0 for n odd.

Next, for any r (0 < r < n) we consider the inner sum of the sum in
(4.2). Write w € Q~ (cf. (2.10)) as

A o0 1, B
Y=1lo st o 1,
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Here A satisfies the condition trFq2/Fq(det A) =0, ie., (det A1 = —1,

whereas A € @) satisfies det A € F, i.e., (det At =1 (cf. (2.11)).
With this change in mind and glancing through the above argument, one
can see that, for 0 <r <n —1,

(4.32) Z V' (trwo,.)

weEQR™
-1 _n2— rn—2r2
(433)  =(q¢+1)7'¢" gn(@®) — "% gnr(d®) ) S, (v)
+ qn2+2rn—2r2hT Z ’Ul(tI‘ w4 trw_l).

weGL(n—r,q?)
trFq2 /7q (det w)=0

On the other hand, for » = n, the sum in (4.32) is given by

(4.34) Z V' (trwoy,)
weR™
= ¢" 7 (g +1) " 9a(g®) = hnd1,-1)Sk, () + ¢ hyv(0)81,1.
Here 91,—1 is the Kronecker delta so that

(4.35) 5i_y = { 1 if charF, = 2,
. 0 otherwise.

The Kronecker delta appears here, since, for a nonsingular Hermitian matrix
A over F 2, we have

I 5 /R, (det A) = (det A) trr ,/p, 1 =0 & charF, = 2.
From (4.33) and (4.34), the sum in (4.2) can now be expressed as

(4.36) Z | B\ Q)| Z (trwoy)

0<r<n weQR™
rodd
= > 1B\Q
0<r<n—1
rodd
_ 5.2
{(q + 1) ! n 1(971(‘]2) - q2rn 2r gnfr(q2)hr)5’ﬂ7q(v)
+ qn2+2rn—2r2hT Z ’Ul(tI"U) +tr w—l)}

weGL(n—r,q?)
tr}-q2 /Fq (det w)=0

0 for n even,

+ 4 IBAQHE (g + 1) " gn(®) — hndr,—1) S5, (v)
+ qnzhnv(o)(SL_l} for n odd.
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By (4.31) and (4.36), the sum in (1.1) can be written as

(4.37) Z v’ (trw)

weSU(2n,q2)

= 3 1B @+ )7 a0 = 7 g (62 S, (0)

0<r<n

+ qn2+2rn—2r2hr Z v'(trw + trw_l)}

weGL(n—r,q?)
(det w)a—1=(—1)"

4 ’Bn\Q‘qn%lhn((q +1)71 - 1)Sk, (v) for n even,
1B \Q|q™ hi((g + 1)1 — 61,-1)Sr,(v) for n odd

(cf. (2.11)). Here in (4.37) we adopt the convention that

(4.38) > Wtrwttrw ) =0(0),
wEGL(O,qZ)
(detw)a—1=1
(4.39) Z O (trw +trw™t) = v(0)81, 1.
wEGL(O,qQ)

(detw)a—1=—1

Finally, from (2.3), (2.4), (2.17), (3.15), and (4.37), we get the following

main theorem of this section.

THEOREM 4.1. For any function v : F; — C with v = v o trFqQ/Fq, the

Z V' (trw)

weSU(2n,q?)

sum over SU(2n, ¢?)

s given by
(4.40) (q+1) g 1]_[ )?) Sk, (v)
—n— r4+1 n r . .
+ QZq( 2 ){ } [T+ (=19
r=0 "lg? Jj=1
[(n—r+2)/2] -1
> Z q2l Z H(q2]y—4u _ 1)
=1 v=1

n—r+2-—2[ n—r+2-—21[

x(Zv’( Z aj + ; aj_l)

J=1
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_ q—l(q + 1)—1(q2 _ 1)n—r+2—2lS]Fq (U))

" (g + 1)1 = 1)k, (v)

< Y 40 m 1@+ 1)
v S

(n—r)/2
X H (@227 _ 1) forn even,
v=1

(g + 1)t~ 01,-1) Sk, (v)

< 5 @] TIw+ )

0<r<n qa” j=1
rodd
(n—r)/2
X H (227 _ 1) forn odd.
\ v=1

Here Sp,(v) and 1,1 are as in (2.20) and (4.35) respectively (cf. (2.19)),

the first unspecified sum is over all integers ji,...,j;_1 satisfying 21 — 1 <
Ji-1 < ... <71 £n—r+1, and the second one is over ay, ..., Qp_ryo-9; € IF‘qX2
with (a1 ..., pi9-9)9t = (=1)". Also, when m = 0, our conventions
here for
m m
> (Xt
Q1 ey Uy j=1 j=1

(a1...a)91=1

m m

/ . -1

> (e Y
Q150 0m j=1 j=1

(@1...am)i1==1

are v(0) and v(0)d1,—1 respectively (cf. (4.38), (4.39)).

5. U(2n,q?) case. Here we will consider the sum in (1.2)

Z u(det w)v' (trw)

wel(2n,q?)

for any functions u : F 2 — C, v : Fy — C with ' = wvo trFQQ/Fq, and find an
explicit expression for this by using the decomposition in (2.12).
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The sum in (1. 2) can be written, using (2.12), as

(5.1) Z IBAQ| Y u((—1)" det w)v' (tr woy.).
weP
Write w € P as in (4.3) with A, *A~!, B as in (4.4) and (4.5). Note here
that, in contrast to the Q and Q~ of the SU(2n, ¢?) case, we do not have
any restriction on A. Then the inner sum in (5.1) is

det A .
(5.2) Zu<(—1)’”m>v’(tr A11By1 — tr A12"Big + tr Agg + tr Eg).
A,B

Here the sum is over A € GL(n, ¢?), Bi1, B12, Baa subject to the conditions
n (4.5).

Before we move on, we will introduce the following notation that will be
needed later. For u : Fpo — C, 7 € Z, u, : F2 — C is the function defined
by

(5.3) up () = u((—l)roﬂ’l).
In particular, we put
(5.4) u(a) = up(a) = u(aq_l).

It is easy to see that the sum S]Fx (uy) (cf. (2.20)) is independent of 7, so
that

(5.5) S]quQ (uy) = SFqu (uw) for any r € Z.

Consider now the sum in (5.2) first for the case 1 <r <mn — 1, so that A
does appear. Divide the sum in (5.2) just as in (4.8) (cf. (4.9)):

(5.6) Yo+ D D> DY

A12#0 A12=0 A12=0 A12=0
A€l A1 €1l A11 Hermitian

The first sum in (5.6) is (¢ — 1)_15]qu2 (u) times the corresponding sum
for the SU(2n, ¢°) case in (4.16), i.e., it is
(5.7) (@ = 17" " gale®) — " (g )gn—r(qz))SF;2 (w)Sr, (v)
(cf. (5.3)-(5.5)). Similarly, the sum of the second and third subsums in
(5.6) is
(58) (g7 —1) lgm 2 lgn—r(ff)(gr(qz)—hr)SF(;Q(ﬂ)SFq(v)a
which is again (¢ — 1)_15F><2 (u) times the corresponding sum in (4.26). On
the other hand, the last suqrn in (5.6) is easily seen to be equal to

(5.9) gty Z 0, (det w)v' (trw + trw™1).
weGL(n—r,qg2)
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The arguments are completely analogous to the corresponding ones for the
SU(2n, ¢?) case.
Adding up (5.7)—(5.9), we have shown that, for 1 <r <n —1,

(5.10) Z u((=1)" det w)v'(trwao,.)

weP
(511 =(* = 1) gala®) — @ gusr(@)he) Spx, () S, (v)

q

Ft I YT E(detw)y (i trw).
weGL(n—r,q2)

If r = 0, then (5.10) is given by the same expression as in (5.11) with
the convention hg = 1. On the other hand, if r = n, then, using a similar
argument to the above 1 <r <n —1 case, we see that the sum in (5.10) is
given by

(512)  ¢" (¢ - 1)*1971(612)5@2 (@) = hpu((=1)")) Sk, (v)
+¢" hnu((=1)")(0).
From (5.1), (5.11), and (5.12), we see that the sum in (1.2) equals

Z u(det w)v' (tr w)

wel(2n,q?)

— (q2 — 1)71qn27lgn(q2)sﬂr:2 (ﬂ)SFq (’U) Z ’BT‘\Q‘
(q o 1) 1 n —15 . SIFq Z’B \Q‘q%n 2r2 n—r<q2)hr

n—1
+q" Z IBA\Q|¢¥™ " h, Z 0, (det w)v' (trw + trw™?)
=0 weGL(n—r,q2)
YL2— n
+[Ba\Qla"™ ™ hyu((—1)")(qu(0) — Sk, (v))-

Now, from (2.3), (2.4), (2.17), (2.18), and (3.14), we get the follow-
ing main theorem of this section. Here one has to observe that (u,);—1 =

ur+(l_1)(q_1) = m (Cf. (3.11), (5.3)).

THEOREM 5.1. For any function u : Fp2 — C, and any function v : Fg —
C withv' =wvo trp 5/, the sum over U(2n, ¢%)

Z u(det w)v' (tr w)

wel(2n,q?)
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s given by

2n
(5:13) (¢ =)' [ (@ — (1)) S (@) S, (v)
j=1

q

r

+ @2y () m [ + =19
r=0

@ j=1
[(n—r+2)/2] -1 '
« Z q2l Z H(q2jy—4y . 1)
=1 v=1

X (MKn—r—i—Q—Ql(U,a a?“; 15 1: q2) - q_l(q2 - 1)n_r+1_2lSF><2 (ﬂ)S]Fq (U))

¢ (@ = 1) S, (@) = w(1) S, (v)

S ORCININ) (CRYED
0<r<n - j=1

(n—r)/2
X H (P22 1) for n even,
v=1

(@ = 17 S (@) — u(=1)) 5, (v)

r

« 3 ) [”] [ + (1)

0<r<n 7 j=1
T odd
(n—r)/2
X H (P22 _ 1) forn odd.
v=1

Here one is referred to (5.3), (5.4) for u,, u and to (2.20) for S (w),

Sr, (v), the unspecified sum is over all integers j1,...,ji—1 satisfying 21 — 1
< g1 < ...<j1 <n-r+1(tis 1 for I = 1 by convention), and

MK, (v, Uy;1,1: ¢?) is as in (3.1).

6. Applications to certain enumerations. As applications of the
results in Sections 4 and 5, we will derive some counting formulas related to

U(2n,q¢*) and SU(2n, ¢%).

For each a € KN, (cf. (2.2)), 8 € Fy, and m € Z>(, we define, for m > 1,

(6.1)  d(m,q*a,8) = (a1, ,am) € ()™ | (a1...an)! =,
trFQQ/Fq(al + 041_1 .ot am +at) =6}
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and
(6.2) 5(0, 6% 0, B) = Su 1850 — { 1 ifa=1andf=0,
0 otherwise
(cf. (2.19)). Then, with the choices of u : Fpo — C, v:F; — C as
(6.3) w(y) = 0yar  V(Y) = dyp
and any m € Zxo,
(6.4) MK, (v ;1,1 : q2) = d(m, 7 (=D, B).
Also, with u, v as in (6.3), we have
(6.5) Spx () =q—1, Sp,(v) =1

X
q2
The following theorem is now an easy consequence of Theorem 5.1 with

the choices of w and v as in (6.3), in view of the observations made in (6.4)
and (6.5).

THEOREM 6.1. For each a € KNy (cf. (2.2)) and 8 € Fy, we put
(6.6) C(a, B) = {w € U(2n,¢?) | detw = a, t,, 4(w) = B}
(cf. (2.7)). Then C(a, B) is given by

2n
67 (@+)7 ' ] - (-1))
1

j=

4 gnion=? Zq(rﬁl) [ﬂ 2 H(qj + (=1)%)
r=0 4" j=1

[(n—r+2)/2] -1
DRI | (el ¥
=1 v=1

X (0(n—r+2-2L¢%(-1)a, ) —q g+ 1) (F - 1"

2N D)~ Y g0 [”] (@ + (~1))
0<r<n q% j=1

(n—r)/2
X H (P22 _ 1) forn even,
v=1

q2n2—1(<q F1)l o Su—1) Z q(;) [ﬂ H(qj + (—1)j)

0<r<n 7 j=1
rodd

(n—r)/2
X H (P22 1) forn odd.

v=1
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Here the unspecified sum is over all integers j1,..., j;_1 satisfying 2/ — 1
< jio1 < ...<jp <n—-r+1(tis 1 for I =1 by convention), and
§(m, q% (—=1)"a, B) is as in (6.1) and (6.2).

For § € F, and m € Z>, we define, for m > 1,

(6.8)  d(m,q* ) = [{(an,...,am) € (F5)™ |

2, /i, (@1 + ot am oyt = B

and

(6.9) 5(0,¢% B) = dp,0.

Then it is easy to see that, for any m € Z>,

(6.10) Y b(m,q%a,8) = 8(m,q¢% 5)

acKNy

(cf. (6.1), (6.2)).
From the expression of C(«, 3) in (6.7) and using (6.10), we now obtain
that of C'(8) in (6.11) below. Note here that, for each § € Fy,

cB) =Y Clap)

ac€K Ny

COROLLARY 6.2. For each 8 € Fy, we put

(6.11) C(B) = {w e U2n,¢*) | tnq(w) = B}
(cf. (2.7)). Then

2n
o) = (@ - (1))
j=1

W LRI I ) (CRREhD
r=0 7 Jj=1

[(n—r+2)/2] -1
< 2 )y 1@ -
=1 v=1
X (6(n—r+2-20,¢%0) —q (¢ — 1)),
where the unspecified sum runs over all integers ji,. .., ji_1 satisfying 21 —1

<Gi1<...<j1 <n—r+1(itis1 forl =1 by convention), and 6(m, ¢*; 3)
is as in (6.8) and (6.9).

The following formula for D(3) (cf. (6.12)) can be obtained from (6.7) by
simply observing that D(5) = C(1,3). Alternatively, it follows from (4.40)
by specializing v to be the obvious function.
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COROLLARY 6.3. For each 3 € Fy, put
(6.12) D(B) = {w € SU(2n, ¢%) | tnq(w) = B}
Then

D(B) = (g +1) 1" 1H

—n— r+1 .
21’L 2 Zq |: :| H(q] + (_
@ j=1
(n=r+2)/2 =
~ Z q2l Z H(q2]y—4u _ 1)
=1 v=1
x (0(n—r+2-2,¢%(-1)",8)—q g+ 1) (¢ - 1))

PPN 1) Y g6 [” 1@ + (-1

0<r<n
T even

(n—r)/2
X H P2 1) for n even,

S CEERE I S K I | (RS
q2

0<r<n 7j=1
r odd

(n—7r)/2
X H (P22 _ 1) forn odd.

\ v=1

Here the unspecified sum is over all integers ji, ..., j;_1 satisfying 2[ —1
<jie1 < ...<jii <n—-r+1(tis 1 for I = 1 by convention), and
§(m,¢% (—1)",3) is as in (6.1) and (6.2).

REMARK. Here we illustrate our formula in (6.7) for the cases of n = 4,
q =3 and n = 3, ¢ = 4. To produce the following tables the formula was
encoded into a Mathematica program by Mr. Lee whom I wish to thank.
Below, Fg = F3(6) with #% + 1 = 0, and F1g = Fo(w) with w* +w? +1 = 0.

The symmetries in the tables are not surprising. For w € U(2n,¢?),
detw™ = (detw) ™!, and t,, qw™! =t, ,w (cf. (2.5), (2.7)). So

(6.13) C(a, B) = C(a, B).
Also, for v € KN,NFY (cf. (2.2)), w € U(2n, ¢?), yw € U(2n, ¢?), det yw =
2" det w, and t,, o(Yw) = Ytn 4(w). This implies that
(6.14) Cla,B) = C(y*"a,vB8) for vy € KN,NF.
Now, (6.13) and (6.14) explain the symmetries in the tables.




C(a,8) |

Tables for C(c, 3)

U(8,9)

B=0

B=1

B=2

a=1
a=2
a=40
a =20

Cla, B)

348404946102203499680204203542
348404888313371102211168336288
348404902715982873530028187728
348404902715982873530028187728

348404866248608262213916355829
348404895143024460948434289456
348404887941718575289004363736
348404887941718575289004363736

348404866248608262213916355829
348404895143024460948434289456
348404887941718575289004363736
348404887941718575289004363736

B=0

U(6,16)
B=1

B=uw’

8=l

a=1
a=w?
a=w
a=w

a = w

280145279251629735936
280132068688141484032
280132068688141484032
280132068688141484032
280132068688141484032

280127317656521932800
280131089634240233472
280131089634240233472
280131089634240233472
280131089634240233472

280127345861572165632
280131089629945266176
280131089629945266176
280133040678969016320
280133040678969016320

280127345861572165632
280133040678969016320
280133040678969016320
280131089629945266176
280131089629945266176

c9¢€

wry 'S 'd
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