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1. Definitions and notation. Let e be a positive integer, e > 2, and
fix (e, a primitive eth root of unity. Let K = Q((.). Let p be a prime not
dividing e and r an integer such that p” = 1 mod e. Let rg be the least
positive integer such that p"™ = 1 mod e. Note that ro|r. Let Fy be the
finite field with ¢ = p" elements. Let v be a generator of the cyclic group Fg.
Define a multiplicative character x. = x : F; — Q(¢e) by x(v) = (.. We
extend it by x(0) = 0 to a map from F, to Q(¢c). For two integers m and n
the Jacobi sum J(x™, x™) is defined by

T X" =) XM (@)X (1 - a).

a€lq

Note that some authors prefer to define the trivial character to have value 1
at 0, but in this paper we do not: if k is divisible by e we have x*(0) = 0 (so
our Jacobi sum is J* of [6, p. 79]). The order of the Jacobi sum is the least
common multiple of the orders of x™ and x". The dimension of the Jacobi
sum is e.

2. Introduction. We will treat two important problems in the the-
ory of Jacobi sums over finite fields. The first problem is that of giving a
Diophantine system (of equations and congruences) whose unique solution
determines a particular Jacobi sum. The other problem is that of giving
algorithms for fast computation of Jacobi sums.

Up to a root of unity, the value of any Jacobi sum of two characters
over a finite field is easy to describe and to compute. We give a method for
finding the correct root of unity in all cases and show how this solves both
problems above.

Starting with Gauss a lot of work has been done on finding Diophantine
systems characterizing the coefficients (with respect to some basis of Z[(.])
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of Jacobi sums. At first all work on the problem dealt with one e at a time.
See the notes on Chapter 3 in [6] for an excellent summary. The first work
giving Diophantine systems for an infinite number of e was that of Evans.
In [10] he gives Diophantine systems for the coefficients of Jacobi sums with
e any power of 2, m =1, n =e/2 and r = 1. In [1] Acharya and Katre give
Diophantine systems for all e equal to a prime or twice a prime and any m,
n and r, but with ro = 1.

Our main theorem (see Theorem 10) generalizes these results in that it
allows any e, m, n, r and rg.

Thaine [19] has also given an unrelated characterization of the cyclotomic
numbers (and therefore the Jacobi sums) for any e, m and n, but » = 1. His
characterization is not given as a Diophantine system but is given in terms
of a system of Diophantine equations and the irreducibility of a certain
polynomial.

The problem of giving algorithms for fast computation of Jacobi sums has
a much shorter history. It became of much more interest when it was realized
that such algorithms are applicable to primality testing and cryptosystems.
See [2], [15], [8] and [21].

In fact we will not contribute to the speed of these algorithms, but we
will show how to recursively reduce the problem of computing all Jacobi
sums to the known computations. We show how to compute any of the
Jacobi sums treated in our main theorem, faster than just naively summing
the defining series, in the case where g is greater than ¢(e)?(®).

3. Known results on Jacobi sums. The following theorems are well
known. We only state what we need; for other results see [6].

THEOREM 1. (1) If both m and n are congruent to zero modulo e, then
J(xX™, x") =q—2.

(2) If exactly one of m and n is congruent to zero modulo e, then we
have J(x™,x") = —1.

(3) If m is nonzero modulo e and m +n is congruent to zero modulo e,
then J(x™, x") = —x"(=1).

Proof. See [6, Theorem 2.1.1] but recall that our Jacobi sums are called
J* in [6]. See the note above [6, Theorem 2.5.1]. =

THEOREM 2. If e does not divide any of m, n, or m + n, then
[T XM = 2

Proof. This is a well-known consequence of the expression of a Jacobi
sum in terms of Gauss sums. See [6, Theorem 2.1.3]. =

Recall that rq is the least positive integer such that p™ = 1 mod e. Let
g = p" and fo = (qo — 1)/e. Let p be a prime ideal in Z[(.] above the
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prime p. Let x, be the power residue character from Z[(.]/p to Q((.), that
is, for a € Z[(e], @ & p, Xp(a + p) = ¢¥ where ¢¥ is the unique power of ¢,
such that

¢k = al0=N/e mod p.

See [6] or [11, Proposition 14.2.1].

Let E be the multiplicative group of reduced residues modulo e. For
k € E let 0, € Gal(K/Q) be such that o,(() = ¢, and define py to
be o (p). Let D denote a set of coset representatives of the multiplicative
quotient group

E/{17p7p27 s 7pr()—l}'

If we want to make the dependence of D on e explicit, we will write D..
Note that D has ¢(e)/r¢ elements and recall that

(1) pZ[¢] = T pe-
keD

For any integer ¢ #Z 0 mod e, let L(c) denote the least positive integer
congruent to ¢ mod e. For any power ¢ = p" of qo let f = (¢—1)/e and write
the base p expansion of L(c)f as

L(c)f:co+clp+...+cr_1pr_1, 0<¢ <np.

Define
Seqlc)=co+c1+...+cr1.
THEOREM 3. Let m, n and m + n be integers not divisible by e. Then

J(X;n, Xp H pro—i- Se,qq (mk+nk)— se7q0(mk)—seyq0 (nk))/(p—1)

)

keD

where k=1 is taken modulo e.
Proof. This is [6, Corollary 11.2.4]. m

If v is a generator of Fy, then Ala=1/(@0=1) js a generator of Fg,- Let
vo = @ D/(@0-1) We define a multiplicative character Y : Fq, — Z[¢e], by

X(70) =G, X(0) =0.
THEOREM 4. Let m, n and m + n be integers not divisible by e. Then
J(vaxn) _ (_1)T/TO_1J(Ym,Yn)T/TO-
Proof. Note that Ny, /r,, (v) = yla=D/(@0=1) = ~4 and so,
x(a@) = X(Ng,/r,, (@)
Therefore this theorem is just [6, Corollary 11.5.3]. =
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4. The prime factorization of J(x",x"). Note that 4@~ D/¢ is a
primitive eth root of unity in F, and as e | p"® —1 we see that 2¢—1 | zP"° 1 -1,
so that v(¢=D/¢ ig in fact in Fyo- As 79 is the least positive integer such that
e|p — 1, Fyy = Fp(y97V/¢). Let B = 3%, Bra®, By, = 1 be the minimal
polynomial of 4(2=1/¢ gver Fp. Let B=3 ", brz* be a polynomial in Z[z]
such that each of the b;, when reduced modulo p, equals G.

LEMMA 1. One, and only one, of the primes, p, above p in Z[(.] divides
the ideal generated by B((.). The polynomial B can be chosen in such a way
that p divides (B((e)) to only the first power.

Proof. By what is sometimes called Kummer’s Theorem, if @, (the eth
cyclotomic polynomial) factors as szl By, modulo p then the primes above
p in Z[(.] are given by the ideals (p, Bi((.)) (see [14, Theorem 27] or [9,
Theorem 4.8.13]). Clearly [ is one of these By. For the second part of the
theorem note that if p? divides (B((.)) then only p to the first power divides
the ideal generated by B((.) +p. =

The first part of this lemma generalizes Lemma 2 in [18]. For the rest of
this paper, let p be the prime given by the lemma.

LEMMA 2. There exists an isomorphism 6 : Fq, — Z[(c]/p such that

X(70) = xp(0(70))-

Proof. As rg is the least positive integer such that e | p™ — 1, we see that
Fq, = Fplz]/(5). As p was chosen such that p = (p, B((.)) we have

Fgo = Fpla]/(8) = Z[x]/(p, e, B) = Z[(c] /.
Let 0 be this composition of isomorphisms. We see that 6 maps @~1/¢ to
(.. Note that 'y(gqo_l)/e = ~la=1/e Applying 6 we obtain 6(vp)®~D/e = ¢,.
But, by the definition of x,, this gives

Xp(0(70)) = Ce = X(70)- =

THEOREM 5. Let m, n and m + n be integers not divisible by e. Then
J( H pr—‘r Se,q(mk+nk)— se,q(mk)—seyq(nk))/(p—l)'
keD
Proof. Using Lemma 2 we can easily prove that J(X™,X") = J(x3', Xp )-
Now Theorems 4 and 3 give

T H pk (se,q0 (Mk+nk)=se,qq (mk)*se,qo(nk))/(pfl)'

keD
In order to complete the proof it will suffice to prove that

(2) L se0(€) = seq(c)
To
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for any ¢ # 0 mod e. Note that

i:1_i_p1”0_i_p27“()_i_“._’_pr—r()7

Jo

and L(c)fo < p™. So we can easily write down the base p expansion of
L(c)f in terms of the base p expansion of L(c) fo. Then (2) follows from the
definition of s. m

5. The sum I(m,n). We define a generalized Jacobi sum, I(m,n), and
see how it is related to the Jacobi sum J(x™, x™).
Define the ring R by

R = Z[z]/(z° — 1).

For o € Fy, x(a) = (¢ for some integer i uniquely determined modulo e. So
for any character x : F; — Q(¢c) we define a map xo : F; — R by

xo(a) =x',  xo0(0) =0.
Let &, be the dth cyclotomic polynomial. Note that, by mapping x to (e,
R/(Pc(x)) is isomorphic to Z[(.]. We therefore have a canonical map,

0:R— Z[Ce]'

Note that x = p o xo recovers the original character from yp.
Define the sum I(m,n) € R to be

Im,n) = 3 g @)1 - a).
a€cly
Then the Jacobi sum J(x™, x™) is just o(I(m,n)).

Conversely, we can recover I(m,n) from the Jacobi sums of dimensions
dividing e. For each positive divisor d of e let (4 be a primitive dth root
of unity and let x4 be the character that sends v to (4. For each positive
divisor d of e let Jy € Z[z] be a polynomial such that if we reduce modulo
@, and then identify = with (g, we get J(xJ', xJ)-

In what follows we want to apply the Chinese Remainder Theorem to
congruences modulo @, for positive d|e. It is important to keep in mind
that the @4 are only relatively prime in Q[z], not Z[z]. So from now on it
is important to distinguish between polynomials in Z[x] and polynomials in
Qlz]. Let I, € Z[x] be a polynomial of degree less than e such that if we
consider I, ,, as an element of R it equals I(m,n). Note that

(3) Iy = Jgmod @4  for all positive d | e.

As ] dle &4 = 2 — 1 and the &4 generate relatively prime ideals in Q[z],
the Chinese Remainder Theorem shows that I, , is uniquely determined

by (3).
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THEOREM 6. If I, = 3.4 aiz’ then

e—1
Z a; =q — 27
=0

and
S P 0O mod e if e is odd,
Z(:] 1= %(gcd(m, e) + ged(n,e)) mod e  if e is even.

Proof. Let f =(q—1)/e. Set g, = ged(m, e) and g, = ged(n, e). Now
Y (1= x§ (@)1 = x§(1 — @) = 0 mod (x - 1)*.

a€cly
Multiplying out the argument of the sum and noting that the only values
x* takes are powers of Ceng(k’e) and that each of these is taken the same
number of times, we get
e/gm—1 e/gn—1
q— Z Gm fat9m — Z gnfx9" 4+ I(m,n) = 0mod (z — 1)2.
i=0 i=0
Or, considering this equation as an equation in Z[z], we have
e/gm—1 e/gn—1 e—1
(4) q— Z gmfxigm - Z gnfxign + Zaixi
i=0 i=0 i=0

= P(z —1)* + Q(z° — 1),
for some polynomials P and @ in Z[z]. If we evaluate this equation at x = 1
we immediately get Zf;& a; = q — 2. Differentiating (4) with respect to z,
we get

e/gm—1 e/gn—1 e—1
- g ig2, fatom=1 — E ig? fatom =1 4 E ia;x' 1
i=0 i=0 i=0

=P(z—1)?—-2P(z—1)+Q'(z° — 1) + Qex® 1.
Evaluation at x = 1 yields
e/gm—1 e/gn—1 e—1

—gnf Y i—gnf D i+ Y iai=eQ(1).
=0 =0 =0
So

= (e —gm)e (e —gn)e
D i = Q)+ f T 4
= Q1) + L5 2~ g — 0)

= QM) +a - 1)~ L (gm + g0).
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Note that if e is odd, then both g,, and g, must be odd and so g,, + g, is
even. Then, as e|q — 1, the result follows. If e is even then p must be odd
and so —% = % mod e, and we are done. =

We want to show that if we know the J; for 0 < d < e, d| e and we know
Je up to a root of unity, then this theorem can be used to find the correct
root of unity. First we need some lemmas.

LEMMA 3. Suppose t is a positive divisor of lem(2,e). Let (; be a prim-
itive tth root of unity in K = Q((.). Then

Nijo(G—1) = [¢(e)/ (1) z:ft z:s a power gf the rational prime [,
1 if t is not a prime power.
Here ¢ is the Fuler totient function.
Proof. For any a € K define n(a) = Ng(q)/g(), and recall that N q(a)
= n(a)KQU] By [6, Theorem 2.1.9]

[ if t is a power of [
—1) = )
(G —1) { 1 otherwise.
But [K : Q] = ¢(e) and [Q(¢) : Q] = ¢(t), and so the result follows. =

Define
v, = H @,
dle,0<d<e

Note that ¥.®, = 2¢ — 1 and that ¥, has degree e — ¢(e).

LEMMA 4. Let | be a rational prime dividing e; then 12©)/(=1) s the
ezact power of | dividing Ny jg(¥e(Ce))-

Proof. We write
w, = <H@d>< I1 @d) :(xe/l—1)< I1 @d).
dle/l dle,d<e, dfe/l dle,d<e, dfe/l

From Lemma 3 we see that Ng g ot 1) = 19()/0=D _1f d is such that
d|e, d < e and dte/l, then there exists some prime [’ # [ such that ["|e
and d|e/l'. Then ®,4|z¢/" — 1, and so, again by Lemma 3, Nk jo(®a(Ce)) is
relatively prime to /. =

Define ey to be the product of all the primes dividing e.
LEMMA 5. ¥ ((.) divides eg in Z[(.].
Proof. Note that ¥e =[], j<¢ Pa divides

M [I2= ] «"-1

I prime, l|e d|e/l I prime, l|e
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As (ee/ "isa primitive Ith root of unity, Lemma 3 says Cf/ 1 | 1. The result
follows. =

COROLLARY 1. There exist polynomials S and G in Z[z] such that
SV, + Go, = eg.
Proof. This is just a restatement of the lemma. =

Let es = lem(e,2) and assume 4 is an integer such that 0 < i < es.
By the division algorithm in Z[z] define the polynomial R € Z[z] to be the
unique polynomial of degree less than ¢(e) such that

(5) n— ((—2)" = 1)SJ. — Qd. if e is odd,
| (2* = 1)SJT. — QP if e is even,
for some @ € Z[z] (and S as in the corollary).
Define 1
(6) Im,n,i = Imn + _Rwe-
€0

THEOREM 7. Ip p is the unique polynomial in Q[x] of degree less than
e such that '
_ { (—)'J. mod . if e is odd,
m,n,i

z'J, mod @, if e is even,

and
Imni =Jgmod @4  foralld|e with 0 < d <e.

Proof. This follows directly from the definitions: By the Chinese Re-
mainder Theorem there can be at most one such polynomial, so we only
have to show that I, , ; satisfies the conditions. But if e is odd then

1
Im,n,i = Im,n + _Rwe
€0

1 4

=J.+ 6—((—3:)Z —1)Je.S¥, mod &,  (by (3) and (5))
0

=J,+ Jo((—z)' — 1) mod &, (by Corollary 1)

= (—z)"J, mod &,.

The case e even is similar. That I, ,,; = Jg mod @4 for d < e follows from
the fact that &4 |, (6) and (3). =

Note that I, n0 = L n-

THEOREM 8. If I, n i has integer coefficients then either i =0 ore is a
power of a prime | and ey |il.

Proof. Note that, as I, € Z[x], Iy n; has integer coefficients if and
only if all coefficients of RW, are divisible by eg. This in turn is true if and
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only if all coefficients of R are divisible by eg (¥, is monic). If all coefficients
of R are divisible by eg, then by reducing (5) modulo @, we see that

eo | (¢, = 1)S(C)J(X™,X™)  in Z[¢]

where (., is a primitive eath root of 1. Or, taking norms,

(7)  Ngjoleo) | Nk jg(Cey, — 1) Nk /g(S(Ce)) Nk (S (X™, x™))  in Z.
Now suppose that e has at least two distinct prime divisors. Then (for a
given i # 0) by Lemma 3 we can find a rational prime [ dividing e such
that [ is relatively prime to N K/Q(C22 — 1). Also [ is relatively prime to
Nk o(J(x™,x™)) by Theorem 5. So we see that N q(l) = 19(¢) must divide
N g(S(Ce)). Recall that S(Ce) = eo/We((e) and by Lemma 4 the power with
which [ occurs in N /q(%e(Ce)) is positive. This proves that if e has at least
two distinct prime divisors, I, ,; has integer coefficients only if i = 0.
Now suppose e = [® for some positive integer a. Then, as before, if [
is relatively prime to NK/@(C§2 — 1), Iy n,i cannot have integer coefficients.
Note that CéQ is a primitive tth root of unity, where
p=—2
ged(i, e2)
Only if ¢ is a power of [, is NK/Q(CéZ — 1) not relatively prime to [. In this
case, as S(() = eo/¥e((c), we see that (7) only holds if the power of I
dividing N K/Q(CéQ — 1) is greater than or equal to the power of [ dividing
V. (). That happens (by Lemma 3 and Corollary 1) only if

ole)  ole)

ot) —1-1
that is, t <[, implying es |il. m

THEOREM 9. Let Ip, , = Z:(l) apz®. Suppose Iy, has integer coeffi-
cients and Iy pni = ZZ;% aﬁcxk. Then

e—1 e—1
E kaj, = E kay mod e,
k=0 k=0

only if 1 = 0.

Proof. For each d dividing e define, using the Chinese Remainder The-
orem, a polynomial T, € Q[z] such that

T = 0 mod &4, for all dy|e, dy # d,
4= 1 1 mod D,.
Then

(8) In = ZTde mod z¢ — 1,
dle
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0 B (—x)"TeJejLZd‘e’dQTde mod z¢ — 1 if e is odd,
) Tmni = 2T, J. + Zd‘& dee TaJqg mod ¢ — 1 if e is even.

Now assume that I,,,; has integer coefficients and that ¢ is not zero.
Theorem 8 then shows that e = {° for some prime [ and some positive integer
b, and ¢ is some multiple of ey/l. If e is odd, then [ is odd, but eg is even,
and so i must be even. This shows that we can replace (—z)! by 2%. If d|°
and d < [°, &4 divides z2/! — 1, which divides 2% — 1. Also &4} is divisible
by x¢ — 1. This shows that ¢ — 1 divides (z° — 1)T,; and

TyJy = 2'TyJ; mod ¢ — 1,
if d <e. And so
Ini=x'lp, modz® — 1.

Now, as the I’s have integer coefficients and z¢ — 1 is monic, we see that
this implies that there exists a polynomial, @, in Z[x] (not just Q[z]) such
that

Ini — xilmm =Q(z¢—1).

Differentiating this with respect to x and substituting z = 1 we get

e—1 e—1
> kaj — ilpn(1) = > ka = eQ(1).
k=0 k=0

By Theorem 6, I, ,(1) = g — 2 and this is congruent to —1 modulo e. As @
has integer coefficients we therefore have

e—1 e—1
ka), — kap = —i mod e.
k
k=0 k=0

As noted before, if e is odd, ¢ must be even, so if ¢ = 0 mod e then ¢ =
0 mod 2e. As i < 2e and 7 was assumed nonzero, this is a contradiction. If e
is even, then ¢ < e and again we see ¢ cannot be zero modulo e. u

LEMMA 6. Suppose j and d are divisors of e. Then
¢ —1_ ?mod@d if d|7,
zi—1 " | Omod @, ifdtj.

Proof. Suppose d|j. Then
z¢—1
i —1
Eimodxd—lzimod@i.
On the other hand, if d{j, then Dytal —1, but @q|2¢ — 1, so Dy divides the
quotient of z® — 1 by 27 — 1. =

=22 ¥ 4+l 1
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Define
_J1 ifglk,
£q(k) = {o if g1k
gm = ged(e, m), gn = ged(e, n),

g=ged(e,m+n),  go=ged(gm, gn)-
We can now state and prove the main theorem.

Also let

THEOREM 10. There is a unique polynomial H € Z[z| such that H(z) =
ag + a1z + asx® + ... + ae_12°7 ! and the coefficients satisfy the following
three conditions:

(i) (a)
e—1
(10) > ai =q+goef® = fgm + g +9),
=0

()fork‘zl co,e—1

Z a;a;— = 590 )90€f2 - 5gm(k’)fgm - Egn(k)fgn - Eg(k)fg

=0

where we consider the subscripts of the a’s modulo e.
(ii) We have

I O mod e if e is odd,
Z Tk = LY (g + gn) mod e if e is even.

(iii) For every d dividing e let Byq € Z[x| be such that its reduction modulo
p is the minimal polynomial of v(4~Y/4 oper F, and HkEDd Bd(df) is not
divisible by p? in Z[(4). Then H((y) must satisfy the following conditions:

(a) if none of m, n and m + n are divisible by d, then

g H(Ca) T Ba(¢h ™) aatmb)tsaati)—saq(mbni)/(o-1)
keDy

where k™1 is taken modulo d,
(b) if m = —n # 0 mod d, then

H(Ca) = —xq' (1),
(c) if exactly one of m and n is divisible by d, then

H(Ca) = —
(d) if both m and n are divisible by d, then

H(Ca) =q—2.
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If H is the unique polynomial satisfying these three conditions, then
H(Ce) = J(x™, x")-

Proof. By (1) and Lemma 1, the condition that [[,.p, By(¢k) is not
divisible by p? in Z[(4] is equivalent to p? not dividing the ideal generated
by Bi((q). In particular, as pointed out in the proof of Lemma 1, it is always
possible to find such By.

We will prove that H = I, ,, is a unique solution to the three conditions
stated. First we show that (i) is equivalent to (12) below.

Note that for k=0,1,...,e — 1,

e—1

§=0
is the coefficient of z* in H(z)H (2°"') reduced modulo 2¢ — 1. Therefore
(i) is equivalent to
(1) H(@)H@)
z¢—1 ¢ -1 ¢ -1 x®
29 _ 1 _gmfxgm ] _gnfxgn ] _gfl'g
Suppose that d|e. If d|m and d|n then d divides gg, gm, gn and g, so by
Lemma 6, (11) implies
H@)H@ Y= fP—ef—ef —ef+ef+1=(ef —1)* = (¢—2)* mod &,.

If d|m but din, then dtgo, d|gm, dtgn, and dfg, so again by Lemma 6,
(11) implies

—1
= goef? 1+ef+1moda:e—1.

H(z)H(z® ') = —ef + ef +1 =1 mod &,.
Similarly if d |n but dtm or d|m + n but dfm, then
H(z)H(z°"') = 1 mod &4.
Finally if d divides none of m, n or m + n then d divides none of ggo, gm, gn

or g and so
H(z)H(z* ') =ef +1=gmod &,.

So we have shown that for every d dividing e,

(12)  H(Ca)H(C)
(q—2)? ifd|m and d|n,
=<1 if d divides exactly one of m, n or m + n,
q if d divides none of m, n or m + n,

where the bar denotes complex conjugation.
Conversely, this gives the value of H(x)H (z modulo @4 for every
d| e, so that it implies (11). Condition (i) is therefore equivalent to (12).

e—l)
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Assume we set H = I,;, ,. Then, by Theorems 1 and 2, H = I, , sat-
isfies (i). By Theorem 6 it also satisfies (ii). If d does not divide m, n or
m + n, then, by Theorem 5, Lemma 1 and the identity [[,.p, by = ¢Z[Cd]
we see that (iii)(a) holds. The other parts of (iii) hold by Theorem 1. So we
see that there is at least one H satisfying (i)—(iii).

We will show, by induction, that if H satisfies the conditions of the
theorem, then H((qs) = J(x}', x}) for every d|e. For d = 1, (iii)(d) and
Theorem 1(1) give

H(C1)=q—2=JX1"x1)-

Now fix some d with d|e. Let Hy(z) = Z;l;(l) bjz’ and suppose that
H,; = H mod z% — 1. Then if H satisfies the conditions of the theorem, then
H, satisfies the conditions of the theorem rewritten with H replaced by Hy
and e replaced by d. For (i) this follows from the equivalence of (i) and (12).
For condition (ii) it follows on noticing that b; = ZZ/:d 0 ! @j+rq- Condition
(iii) is clear.

Thus, to complete the induction it suffices to show that if H((y) =
J(Xi', x};) for all d such that d|e and d < e, then H((.) = J(x™, x").

If e divides any one of m, n or m+n this follows immediately from (iii)(b),
(c), (d). Now suppose e divides none of m, n or m + n. As we remarked,
only p, to the first power, of all the primes above p in Z[(.] divides (Be((.))
so that (iii)(a) implies

H p;‘fgse,q(mk+”k)_Se,q(mk)_se,q(”k))/(p_l) | H(gg)z[ce]
keD

By Theorem 5 there exists an (integral) ideal, a, such that H((.)Z[(] =
J(x™, x™)a. By Theorem 2 and (12) we get aa = Z[(.]. It follows that the
ideals generated by J(x™, x™) and H((.) are equal, or that there exists a unit
u € Z[¢] such that H(() = uJ(x™, x"). By Theorem 2 and (12) this unit
has absolute value 1. Then, by [6, Theorem 2.1.13], © must be some power of
(. if e is even and some power of —(, if e is odd. In other words, by Theorem
7, we have shown that there exists an integer ¢ such that H = I, ;. As H
has integer coefficients and satisfies (ii), Theorem 9 implies that ¢ = 0, or
H = I, 5, as required. =m

Some remarks:

1. Condition (i) of the theorem gives a system of Diophantine equations
with only a finite number of solutions (clearly even (i)(a) has only a finite
number of solutions). Conditions (ii) and (iii) then give congruence condi-
tions ruling out all but one of the finite number of solutions. This unique
solution gives the Jacobi sum.

2. Condition (i) can be seen as a generalization of [20, Proposition 1c)].
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3. Of course (iii) takes the value of the primitive root v into account. We
therefore do not have any “sign ambiguities” as discussed by D. H. Lehmer
[13] in his review of Whiteman’s paper [22].

4. As mentioned by Lehmer in [13], “many problems in cyclotomy can
tolerate these ambiguities” so that it is of interest to characterize the Jacobi
sums up to the choice of  (this turns out to be up to conjugacy). Can we re-
place our condition (iii) with a nicer condition if we allow these ambiguities?
For the case of e being a prime or twice a prime and rg = 1 see condition
(v) of the main theorem of [1].

5. Let h = (@~ D/¢ Then h¢/? = ~(a=1)/d and By is the minimal polyno-
mial of h¢/? over F,. Let 74 be the least positive integer such that d|p"¢ — 1.
Then By modulo p has degree ry, in fact By(x) reduced modulo p is given by

Td

[z —n¥'e/4).

i=1
As h® = 1, we see that this expression only depends on p modulo e. In par-
ticular for all p with p fixed modulo e, the coefficients of By reduced modulo
p are given by fixed polynomials in h.

6. Note that in (iii)(a) the divisibility condition requires divisibility in
Z[(4], but g divides an algebraic integer in Z[(4] if and only if ¢ divides all the
coefficients of such an algebraic integer expressed as a linear combination
of a Z-basis of Z[(4]. So this condition can be written as ¢(d) divisibility
conditions on linear combinations of the a;. By the previous remark the
coefficients, in turn, are polynomials in A = 7(‘1_1)/6. So we see that, for
fixed e, m, n and p mod e our three conditions can be given as an explicit
Diophantine system (of equations and congruences) in the variables a; to
ae—1, h and q. See the examples in the next section.

7. For a fixed e and ¢ the cyclotomic numbers can be given in terms
of the J(x™, x™) (see [6, Theorem 2.5.1 and (11.6.5)]). So in a sense our
theorem solves the main problem of cyclotomy by giving a Diophantine
system characterizing the cyclotomic numbers. Of course much of the work
that has been done on the cyclotomic problem involves reducing the number
of variables by finding relations between different Jacobi sums. We have not
touched this aspect of the problem. On the other hand if the title of a
paper announces that it gives the cyclotomic numbers of a certain order it
is usually done in terms of such a minimal set of variables, often with no
Diophantine system satisfied by these variables given. So this work can be
seen as complementing such a paper.

6. Examples of the main theorem

6.1. e = 15. Suppose e = 15, m = n = 1 and p is any prime such that
p =1 mod 15. Then ry = 1; let » = 1 also. Let v be a generator of the cyclic
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group F and let h be an integer such that h = 7(1’_1)/15 and h'® — 1 is not
zero modulo p?. Then if ag, ..., a4 satisfy (i), (ii) of the theorem and the
congruences below, J(x,x) = Z]]:l:() arCls. Condition (iii)(a) with d = 15
turns into the following 8 congruences.

(h—h% —h34+hYag+ (—1+h+h? —h*)ay + (=14 h?)as — ag — h%a7 — hag
+ (1 —h+ h3 — h4)a9 + (1 —h+ h3 — h4)a10 “+ a1 + h2a12 + h4a13
+ (=h? + hYa4 = 0 mod p,
(—=h4h3)ag+ (h—h* = k3 +hYay + (1 — h— k2 + h3)ag + (h — h3)as + h2ag
+(=14h®)ar+(=h*+hrYag+(—1+h—h3)ag+(—h+h>—h*)ar1 +(1—h%)ars
+ (h2 - h4)a13 + h%a14 = 0 mod p,
h2ag+(—h+h3)ar+(h—h% —h3+h*)ag+(1—h—h%+h3)as+(h—h*)ag+h%ar
+(=1+h?)ag+(—=h2+hYag+(—1+h—h*) a0+ (—h+h3—hY)a1o+ (1—h?)ay3
+ (h? — KM a4 = 0 mod p,
(h—h*)ag+h%a1 + (=h+h*)ag+ (h—h?> = h3+hYaz + (=1 +h+h?—h3)ay
+ (=14 h¥as + (=h — h* + B¥)ag + (h — h? — K¥)az + (K% — h')ag
+(=h+h?+h3—hYYag+(1—h—h*+h*)ajo+(h—h3)ar1 +h2are+(—h+h%)ass
+ (1 — 2h? + hY)a14 = 0 mod p,
(1—h—h%+h3ag+ (h—h¥ay + h%as + (=h + h)az + (1 — 2h* + h')ay

+(h—h¥as+h%ag+(=h+h*)ar+(h—h* —h3+hY)ag+(—1+h+h?—h*)ag
+ (=1+h*awo + (=h — b* + h¥)agy + (h — h* = B*)arz + (B* — h')ass
+ (=h +h? + h3 — ka4 = 0 mod p,

(1—=h—h%+h3a; + (h — h)ag + h2az + (=1 + h?)as + (=h* + hY)as
+(=14+h—h3ag + (=h + 1> = hYag + (1 — h?)ag + (h? — h*)aio + h%an
+ (=h 4+ h¥a1z + (h — h* — b3 + hY)ay3 = 0 mod p,

(1 —h—h*+h3ag + (h— h¥)az + h?ag + (=1 + h*)as + (—h* + ht)ag
+ (—1 +h— h3)a7 + (—h + h3 — h4)a9 + (1 — h2)a10 + (h2 — h4)a11 + h2a12
+ (=h 4+ h¥a1z + (h — h? — b3 + hY) a4 = 0 mod p,
(1—h—h%+h3as + (1 — h?)ag + a5 + h%ag + h'ay + (=1 4+ h — h3 + h')ag
+ (=14 h —h® 4+ hag — a9 — h%a11 — h*ara + (h? — hY)ais
+ (=h +h? + h3 — ka4 = 0 mod p.
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Condition (iii)(a) with d = 5 says that the following 4 congruences must
hold:

(B3 +h8Yag—h3a1+h3az+(—1—h3)as+(1—h%)as+ (R*+h8)as —h3ag+h3az
+ (=1 = h¥as + (1 — h®ag + (h* + h®)aip — h3a11 + hars + (=1 — h)ayy
+(1- h%)a14 = 0 mod p,

(14 h3)ag+h%ay — a3+ (—h> = %) as + (14 h¥)as + h®ag — ag + (—h> — h)ag
+ (1 + h3)a10 + h6a11 — a3+ (—h3 — hG)a14 = 0 mod p,
a1+(h3+h6)a2+(—1—h3)a3—h6a4+a6+(h3+h6)a7+(—1—h3)a8—h6a9+a11
+ (h3 + h6)a12 +(-1- h3)a13 — k%14 = 0 mod p,
h*ag—h3a1+(1+h*)ag+(—1+h8)az+(—h*—h®)as+h*as — hPag+(1+h*)ay
+ (—1 + hﬁ)ag + (—h3 — hﬁ)ag + h3a10 - h3a11 + (1 + h3)a12 + (—1 + h6)a13
+ (=h?® = h%)a14 = 0 mod p.

Finally, (iii)(a) with d = 3 says that the following 2 congruences must
hold:

(—1— h5)a0 +ay +hPag + (—1— h5)a3 + a4+ h5a5 +(—1- h5)a6 + a7+ h5ag
+ (—1 — h5)a9 + ayg + h5a11 + (—1 — h5)a12 + a3 + h5a14 = 0 mod p,
—ag—h’a1 + (1+h%)as — as — h°as + (1 +h°)as —ag — ka7 + (1 + h*)as — ag
— h5a10 + (1 + h5)a11 — a1g — h5a13 + (1 + h5)a14 = 0 mod p.

Condition (iii)(d) is just

14
Zak =p— 2.
k=0

This example completes [7], [17] where the cyclotomic numbers of order
15 are given in terms of the coefficients of J(x, x) and a few other variables,
but where no Diophantine system is given for the coefficients of J(x, x).

6.2. e = 7. We would like to give an example with ro > 1, but unfor-
tunately the smallest nontrivial example occurs with e = 7 (see [4]), so this
example is also rather big. Suppose e = 7, m = n = 1 and p is any prime such
that p = 2 mod 7. Then r¢y = 3; let » = 3 also. Let « be a generator of the
cyclic group IE‘;3 and set h = ’y(pgfl)/ 7. Choose integers by and by such that

(13) by = —h* — h? — b,
(14) by = h® +h° + R?,
(15) 0 # by — by — 1 mod p?.

Then we can take Br(x) = 23 + byx? + byz — 1. The integer by — by — 1 in
(15) is the coefficient of 22 in By(z)Bz7(x?®) reduced modulo &7, and so (15)
ensures that B7((7) is not divisible by the square of a prime above p in Z[(7].



Jacobi sums over finite fields 17

If ag, . .., ag satisfy (i) and (ii) of the theorem and the congruences below,
0 x) = oo anct-
Condition (iii)(a) with d = 7 requires that the following 6 congruences
hold:
(—1+2b1 +3b% +4by — 2b1by — b3 +b1b3)ag + (—1 — 4by — b2 — 2by — 2b1 by — b2 by
+3b2) a1+ (3421 — b5 +-bo+2b1 ba+b2 by —2b3 ) ag+(—3—b1 +bi+b3 —by—2b1b3) a3
+ (24 b1 — b3 — by — 2b3by — b2 + 2b1b3)ay + (=3 + by + by + 2b3by + b2 — b3)as
+ (3 = by — 202 — 2by + 2b1by — b1b3 4 b3)ag = 0 mod p?,

(24-b1 +b2+2by — b2 +b3)ag+ (—2—2by +2b% +2by — 4b1 by — b2 by +-2b2 +b1 b2 ) ay
+ (2 = 2b; — b2 — b3 — by + b3)ag + (by + b? + 2b1by + b3by — 2b3 — 2b1b3)as
+ (=1 + b} — 2by — 2b7by — b3)ag + (—1 + 2by — b3 + 2b1b3 — b3)as

+ (=202 — by + 2b1by + 2b3by + b3 — b1b3)ag = 0 mod p?,

(=14 2by + b% + 3bg + 2b3b2)ag + (1 — 3by — 2b1bg — biby + 2b3 + b3 )ay
+ (1 4+ 203 — b3 + 3by — 2b1bg + byb3)ag + (—1 — 3by — 2by + b3 — 2b1b3) a3
+ (24 2by — by + 2b1by — b3by — 3b3)ay + (—4 + by + b} — by — b3)as
+ (24 by — 3b3 — 2bg + 2b1by + b1b3)ag = 0 mod p?,

(1 + 3by + 2by — b3 + 20163 )ag + (=2 — 2by + by — 2b1by + b2by + 3b3)ay
4 (4 — by — b3 4 by +b3)ag + (=2 — by + 3b7 4 2by — 2b1by — b1b3)as
+ (1= 2by — b — 3by — 2b7bg)ag + (—1 + 3by + 2b1by + bTby — 2b5 — b3)as
+ (—1 — Qb% + bzl)’ — 3by + 2b1by — blbg)aﬁ = 0 mod p3,
(=2 + 201 + b3 + b3 + by — b3)ag + (—by — b2 — 2b1by — b3by + 203 + 2b1b3)ay
+ (1 — b} + 2by + 2b3by + b3)ag + (1 — 2by + b — 2b1b5 + b3)as
+ (202 4 by — 2b1by — 202by — b3 4 b1b2)ay + (=2 — by — b2 — 2by + b3 — b3)as
+ (24 2by — 2b3 — 2by + 4byby + b3y — 203 — b1b3)ag = 0 mod p°,
(144b1 + b3 4 2bg 4 2b1 by + b2by — 3b3)ag + (—3 — 2by + b3 — by — 2b1by — b2 by
+2b2) a1 +(3-4b1 — b — b5 +by+2b1b3) g+ (—2—b1 +b3+by+203 by +b2 — 201 b3 )as
+ (3 — by — by — 203y — b3 + b3 )ag + (—3 + by + 2b3 4 20y — 2b1 by + by b3 — b3)as
+ (1 — 2by — 3b% — 4by + 2b1by + b3 — b1b3)ag = 0 mod p3.

As before (iii)(d) is just

6
Zak :p3 — 2.
k=0

It is tempting to plug (13) and (14) into these expressions, but it is
important to lift to Z when we do and not right at the end.
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7. Fast computation of Jacobi sums. Giving Diophantine conditions
satisfied by the coeflicients of Jacobi sums or the cyclotomic numbers are
of a mostly theoretical interest. They certainly do not make it any easier to
compute these entities. But the ideas used in this paper can in fact be used
to compute some Jacobi sums faster than naively summing their defining
series, in particular when ¢ is much bigger than e. The point is that we can
use lattice reduction techniques to quickly find the value of a Jacobi sum up
to a root of unity and then we can use Theorem 9 to find the correct root
of unity.

The central observation that makes this possible (apparently due to H.
Lenstra) is the following. Note that

q= H p;ﬂSe,q(man) Se,q(mk)—se,q(nk))/(p—1)
keD

is a principal ideal with A = J(x™, x") as a generator, and that this gen-
erator has all its archimedean absolute values equal to ,/q. Let T be the
trace from Z[(.] to Z. If we think of q as a free Z-module then T'(ab), for a
and b in q, defines a symmetric bilinear form. The corresponding quadratic
form T'(aa) is clearly positive definite. So we can think of q as a lattice ([9,
Definition 2.5.2]).

As before, let oy, for any & € E, be the embeddings of K into C. The
archimedean absolute values are then given by

|l =\ or(a)o(a).
For any a € Z[(.] set x = |afi for every k € E. We have q = AZ[(.], so if
B = Aa with a € Z[(.] is any element in the lattice q¢ we have
T(68) =Y Palf =q)_ af.
keE keE

Note that [],cp 2k = N(a)? > 1, and under this constraint, the minimum
of ek z% occurs when all 2, = 1. So we see that ) is a shortest vector in
the lattice q and that the other shortest vectors are A multiplied by a root
of unity in Z[(.]. So we can find J(x™, x") up to a root of unity by finding
a shortest vector in the lattice g.

First we need to compute a basis for q. This can be done by first de-
composing p into prime ideals in the ring Z[(.] by factoring &, modulo p,
using (say) Berlekamp’s algorithm (see [5] or [9, Section 3.4]). This takes
probabilistic polynomial time, or deterministic polynomial time if the ERH
is assumed. By Kummer’s theorem [9, Theorem 4.8.13], [14, Theorem 27]
such a factorization gives us two generators for each of the ideals above p.
Using these it is an easy (and polynomial time) matter to find a Z-basis
for q (see [9, Section 4.7.2]).

Finding shortest vectors in a lattice of fixed dimension can be done in
polynomial time in the size of the input, that is, in our case, time polynomial



Jacobi sums over finite fields 19

in logq. The running time is exponential in the dimension of the lattice
(something like O(d?), where d = ¢(e) is the dimension of the lattice, see
[12]). For a more detailed discussion and some notes on implementing a very
similar algorithm [8] is recommended.

We can now recursively compute any Jacobi sum as follows. If e = 1,
then by Theorem 1, the Jacobi sum is just ¢ — 2. Now assume that we have
already computed all the Jacobi sums J(x[', x}) for all d|e with d < e.
Then we use the algorithm above to find J(x™, x™) up to a root of unity,
say given by J. Then for each i, 0 < i < lem(e,2), we can compute a
polynomial I; € Q[z] of degree less than e such that

‘ _ J(=¢e)rJ if eis odd,
Li{ée) = { CiJ if e is even,
Ii(Ca) = J(xg', xyg) ifdleand 0 <d<e.
This computation can be done by precomputing the polynomials T; as in
the proof of Theorem 9 (by finding the inverse of (z¢ —1)/®4 mod ¢4 and
multiplying by (z¢ — 1)/®,4) and then computing I; similarly to (9).

By Theorem 9, for only one i, 0 < i < lem(e,2), will I; = Z;}) apx®
have integer coefficients and satisfy
el kan — 0 mod e if e is odd,
kzo Ok = %(gm + gn) mod e if e is even.

For this i we get J(x™, x") = Z;B apCh.

So we have seen that if ¢ is on the order of ¢(e)?(®) or bigger, then
the above algorithm will compute the Jacobi sum faster than just summing
up its defining series. The algorithm was implemented in GP ([3]) and can
compute Jacobi sums with ¢(e) < 20, ¢ < 10°? in less than 2 minutes. The
case e = 29 and ¢ < 10?° also took about 2 minutes. The case e = 90,
p = 15217 and r = rg = 12 took less than 15 seconds. These times could
certainly be improved if we made use of the fact that p itself is usually
principal (see [8]). So we see that this algorithm gives a practical method
for computing Jacobi sums with ¢(e) up to about 30.

There is a lot of interest in computing Jacobi sums fast because of its
application to primality testing (see [15], [16]). It should be noted though
that for this application the Jacobi sum is only needed up to a root of
unity and furthermore Jacobi sums over finite rings are also used. For an
application to cryptosystems, see [8].
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