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Sums of nine squares
by

MEINHARD PETERS (Miinster)

In this paper, the singular series pg(n) for the number of representations
of n as a sum of 9 squares is computed in two different ways. This gives a
formula for the Dirichlet L-series Z;’f:l’modd ( %)m_‘l. Comparing with a
result of Lomadze gives a strange identity.

Let ri(n) be the number of solutions (z1,...,z;) € Z* of 23 + ... + 23
= n. For kK = 8 we have Jacobi’s formula
(1) rs(n) = 1603(n),
where
X o3(n), n odd,
o3(n) = {Jg"e“(n) 034d(n), n even,
with
05" (n) = Z d®, etc
d|n
deven

For k =9 we have the recursion
(2) ro(n) = Y rs(n—s?).
ls|<vn
Combining (2) with (1) we get
(3) ro(n) =16 > o3(n—s?).
ls|<vn
Now it is known (cf. [C]) that the genus of Ig = (1,...,1) (sum of 9

squares) consists of 2 classes, the other one being Eg @ I =: Fy. Denote the
number of representations of n by Fy by ag(n). Then

(4) agn) = Y rp(n—s?) =240 Y 03<”_232>,

[s|<vn |s|<vn
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_ g2 2
03<” S):o it gy
2
The number of automorphisms of the two classes are:
Ay = #Aut(ly) =2°(9)),  Ag:=#Aut(Eg @) =2"-3°.5%.7.2.
We have Ay = %Al. Thus the mass of Ig is
1 n I 15+2 17
A Ay 15A; 2786918400
(cf. [C-S, p. 410]). The average value
A A 15 2
(5) 0o(n) 1= ro(n)/A1 + ag(n)/Az _ 15r9(n) + 2a9(n)
1/A; +1/A, 17
can be evaluated by the Minkowski—Siegel theorem. For simplicity we only
state the result for n odd and squarefree (see [G, p. 166)):

where

M(Iy) =

6 LGS
(6) 09(n) = Wﬂ )
where
2°(8!) - ()
G = 62 (28 _ 1)287T8|38’ TnZl m4 ’
m odd
cos (n2259) cos (n25)
Sy =1+ 72 G

(the factor 2 in 2n is missing in [G, p. 164, line 4 from bottom]). Here
|Bg| = 1/30, so we get

24576n7/2 n
) i) = 2 ear (1) ).
15/16 if n = 3 mod 4,
(8) Sy = { 137/128 ifn=1mod 8,

135/128 if n =5 mod 8.
Let us check this for n = 1:

oo

24576 137 1
Qg(l)zﬁ'ﬁ Z s
modd
where the last sum is
> 15 7t d
Zm4_242m4:_C 16 90 96

m=1 m=1



Sums of nine squares 133

thus p9(1) = 274/17 (as in Siegel [S, I, p. 369]). On the other hand ag(1)
= 2,79(1) = 18, thus (5) gives
15-18+2-2 274
0o(l) = ———— = 7=
Comparing (5) with (7) we get a formula for the L-series L(4, (2)),
namely

0 i (2)

i (%) B 1774 1579 (n) + 2ag(n)

= mt  24576n7/26, 17

m odd

7T4

- PYTr (1579(n) + 2a9(n))

___ ™ (15.16 2. 240 n—s*

= 2457617726, > oiln—s")+ > o 2

ls|<y/m |s|<v7
7.5 N n — s?

= —512n7/262 Z <O’3(’I’L—52)—|—2U3< 9 >>7

ls|<v/n
which is an explicit evaluation after insertion of G4 from (8).

If n is not odd and squarefree the value for pg(n) is explicitly given by
Walfisz ([V, p. 195]):

24576
(10) 09(n) = 7 62L( <*>)n7/274(n)
with
(F) - 1
Ta(n) = H 1_ 1/p7 H p(7/2)(a+1) H 1+ (z) prer+d )
p|n p‘n 1 _ P4
2{(1 2|a,a>0 P

where p® ||n, P = p~%n and

135 2% 1
127 127-16 27"
135 119 1
Gy={4 24 = it N=1mod8, c=2h

2 127 T 197 128 o ! mod 8, ¢ = 2h,
135 135 1

(127 127-128 27k

ifc=2h+1or N=3mod4, ¢c=2h,

if N =5mod8, c=2h,
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where n = 2°N (formula (4.59) in [V, p. 195] has a sign error in the middle
term).
For n odd and squarefree we get 74(n) = 1, so formula (10) coincides
with (7). As before we can evaluate L(4, (2)) by inserting in formula (10).
Recently Lomadze has shown the following formula (see [L, (1.1)] and
[I, p. 187]):

4 T1X9T
ro(n) = 09(n) + T Z < 1 32 3>m1x2x3.

z?+x3+23=3n

Comparing this with formula (10) gives

24576n7/214(n) n
e e (4 (2))

4 T1ToT
= T’g(n) — ﬁ Z ( ! 32 3)1’1.%2.%3.

r2+z3+23=3n

Inserting (3) we get

(1))

177'('4 4 T1ToT3
= 16 % _ 2 = .
48 - 512n7/27'4(n)62 ( | |g;/_ag (Tl S ) 17 E ( 3 L1223

Comparing with (9) gives

17 4 T1T2T3
—— (1 *(n — g2) — —
4874(71)(6 >, oin=s) 17Z< 3 )xlxm)
[s|<vn
n — s?
=5 E <O’3’I’L—S —1—203< 5 ))

ls|<vn
Restricting to the case of n odd and squarefree, where 74(n) = 1, we get

2 . oy 1 L1773 n— s
3 Z J3(n_s)_EZ( 3 >x1x2$3:10 Z 03( 5

ls|<vn Is|<vn

(11) Z <x1:22x3>$1x2x3
m%—l—zg—f—mg:f}n
9 n— s?
— Z 8c5(n — ) — 12003 5 >

[s|<vn

for n odd and squarefree.
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