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Restricted sums in a field
by

QING-Hu Hou (Tianjin) and ZHI-WEI SUN (Nanjing)

1. Introduction. Let Z, = Z/pZ stand for the field of all residue
classes modulo prime p. In 1964 P. Erdds and H. Heilbronn (cf. [EH] and
[Gu]) conjectured that for each nonempty subset A of Z,, there are at least
min{p, 2|A| — 3} residue classes modulo p that can be written as the sum
of two distinct elements of A. This had been open for thirty years until
J. A. Dias da Silva and Y. O. Hamidoune [DH] proved the following result
with the help of the representation theory of symmetric groups.

THE D1AS DA SILVA-HAMIDOUNE THEOREM. Let F' be any field and n
a positive integer. Then for any finite subset A of F we have

(L1) " A] > min{p(F), n|A| - n + 1},

where n™ A denotes the set of all sums of n distinct elements of A, and p(F)
represents the additive order of the multiplicative identity of F'.

Let F' be a field and e be its multiplicative identity. If e has a finite
order as an element of the additive group of F', then the order p(F) is a
prime and is called the characteristic of F'; otherwise, p(F') is +00 and the
characteristic of F' is usually said to be 0.

In 1995-1996, N. Alon, M. B. Nathanson and I. Z. Ruzsa [ANR1, ANR2]
invented a polynomial method to obtain results similar to the Dias da Silva—
Hamidoune theorem.

By means of the polynomial method and the determination of certain
coefficients in a polynomial in product form, we obtain

THEOREM 1.1. Let k, m be nonnegative integers and n a positive integer.
Let F be a field of characteristic p where p is zero or a prime with p/n
greater than m and k +m — mn — 1. Let Aq,..., A, be subsets of F' with
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cardinality k. For any i,j = 1,...,n with i # j, let S;; C F and |S;;| < m.
Then, for the set

(1.2) C={a1+...+apn:a1€Ay,...,a, € Ay, a; —a; € Si; if i #j},
we have

(1.3) |IC] > (k+m—mn—1)n+1.

REMARK 1.1. In the case m = 0, the result also follows from the well
known Cauchy—Davenport theorem (cf. Theorem 2.2 of [N]) which asserts
that for any finite nonempty subsets A and B of a field F' we have |A+ B| >
min{p(F), |A|+|B|—1}. When m = 1 and S;; = {0}, the set C given by (1.2)
coincides withn" A if A1 = ... = A,, = A. Since (k+m—mn—1)n—(k—1) =
(k—1—mn)(n—1), the condition p(F) > nmax{m, k+m—mn—1} implies
that & < p(F). If the condition p(F') > (k+m —mn —1)n in Theorem 1.1 is
violated, then k' +m —mn —1 = [(p(F') — 1) /n] for some 0 < k" < k (where
[a] denotes the greatest integer not exceeding the real number «), thus for
a certain C’ C C we have

p(F) -1

]C|2|C’\2(k’+m—mn—1)n+1:n{ -

[ +1

For convenience we now set
N={0,1,2,...} and Z"={1,2,3,...}.
If k,l € Z then we put
k,)={z€Z:k<z<l} and [kl ={r€Z : k<z<lI}

The following example shows that the lower bound in (1.3) can be at-
tained if it is positive.

EXAMPLE 1.1. Let F be a field and e be its multiplicative identity. Let
kkmeN,neZt andm(n—1) <k <p(F).Set Ay =...= A, ={ze:z €
[0,k)}, S ={ze:xz€[0,m)} and

C={a1+...4ap:a1€Ay,...;an, €A, a,—a; ¢S ifi#j}.
Then |[Ai|=...=|A4,| =k, |S| <mand C = {ze: z € I} where
I={a1+...+ay:ai,...,a; €[0,k), |a;, — aj| > m whenever i # j}.
Observe that [ is the union of the following intervals:
O+m+2m+...+(n—=3m+(n—-2)m+[(n—1)m,k—1],
O+m+2m+...+(n—=3)m+[(n—2)mk—1—m]+k—1,
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Therefore
n—1 n—1
-1 -1
I= [Z rm, Z(k —-1- rm)} = [77””(7; ),(k: —1)n— 7mn(7; )
r=0 r=0

and |I| = (k+m—mn—1)n+1. So |C| = min{p(F), (k+m—mn—1)n+1}.

COROLLARY 1.1. Let k € N, m,n € Z* and k > m(n —1). Let F be a
field with p(F) > nmax{m,k—1—m(n—1)}, and Ay,..., A, be subsets of
F with cardinality k. Let by,...,b, € F,0€ S C F and |S| = m. Then the
set

(1.4) {a1+...+an:a; € A4;, a; #a; and a;+b; — (aj+bj) & S if i # j}
is nonempty, and its cardinality is greater than (k—1—m(n — 1))n.
Proof. For 1 <i < j<n we put
Sij:{O}U{l'—bi—i-bj xGS\{O}} and Sji:{.%'—bj—i-bi::(}ES}.
Applying Theorem 1.1 we immediately get the required result. m
REMARK 1.2. The fact that (1.4) is nonempty under the assumptions of
Corollary 1.1 was realized by Alon [A2] in the case F' = Z, with p being a
prime. In the special case k = n, m = 1 and S = {0}, the result implies that
for any odd prime p and subsets A, B of Z, with cardinality n, there is a
numbering {a;}}~; of the elements of A and a numbering {b;}?_, of those in
B such that the sums a1 + b1, ...,a, + b, are distinct. In fact, H. S. Snevily

[Sn] even conjectured that the above Z, can be replaced by any abelian
group whose order is odd.

Let us end this section with a conjecture posed by the second author.

CONJECTURE 1.1. Let F be any field, and Aq,..., A, be subsets of F
which are finite and nonempty. For 1 <1 < j < n let Si; and S;; be finite
subsets of F' with |S;;| = |S;i| (mod2). Then, for the set C given by (1.2),

we have
n

(15) 1Czmin {p(F), DAl = > (1Sil+ISul) —n+ 1}

i=1 1<i<j<n

The conjecture is open even when F' is the rational field Q; the reader
may consult [Su] for related results.

2. Two auxiliary propositions

PROPOSITION 2.1. Let Ai,..., A, be finite subsets of a field F with
|A;| > k; fori€([1,n] where k1, ..., kn € ZT. Let N(z1,...,2n), u(z1,...,2)
€ Flxy,...,zy,] and degp > 0. Put

(2.1)  C={ular,...,ay) a1 € Ay,...,an € Ap, Mag,...,an) # 0}
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Then there is no w(x1,...,x,) € Flz1,...,zy,] such that

Mz, .y on)w(xy, .. .,xn)u(acl,...,xn)lcl

is of degree Y ., (ki — 1) and the coefficient of x’fl_l ...xkn=1 is nonzero.

Proof. Suppose that such an w(z1,...,x,) exists. Write
flze, ..o zn) = Moy, .. zp)w(r, ..., Tn) H(,u(xl, cey Xp) —C).
ceC

Then deg f = Y7 (ki — 1), and the coefficient of T[]/, 2%~ in f is
nonzero. By Theorem 1.2 of [Al], there are a; € Ay,...,a, € A, such
that f(a1,...,a,) # 0. On the other hand, by the very definition of C,
flay,...,ay) =0for all a; € Ay,...,a, € A,. So we get a contradiction. m

PROPOSITION 2.2. Let k,m,n be integers with m > 0, n > 1 and k >
m(n —1). Then the coefficient of z¥71 .. 251 in

H (IL’z - ij)2m($1 +...+ xn)n(k—i-m—mn—l)
1<i<j<n

coincides with

mn(n_1)/2 (K +m — mn—l n m)!
22 (yme (m U —1—g—1)>

To prove this proposition is the main difficulty in our paper; the proof
will be presented in the next section.

Now we deduce Theorem 1.1 from Propositions 2.1 and 2.2.

Proof of Theorem 1.1. As |F| > p(F) > mn > m, we can extend each S;;
(i # j) to a subset of F' with cardinality m. Without any loss of generality,
we may assume that all the S;; have cardinality m.

Let l=k+m —mn—1. The case |l < 0 or n = 1 is trivial. Below we
handle the case [ > 0 and n > 2.

Suppose on the contrary that |C| < In. Put
Mz1,.. o) = H H (x; — x5 — cij) H (i — x5 + cji),
1<i<j<n ci; €Sy cji €8
w(xy, ... xp) =1+ ...+ xp,
W1, xn) = (T 4 ..+ xp) 1O
Then (2.1) holds. For

flay,..zn) = M@, -y xp)w(Ty, .oy o) (T, - - ,:L‘n)‘c‘,
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the total degree is mn(n — 1) +in = n(k —1) = > (JA;| — 1) and the

coefficient of ¥~ ... 25~ in f(x1,...,x,) is the same as that in
H (z; — :rj)2m(:r1 +... 4+ xn)l" € Flzq,...,zp].
1<i<j<n

By Proposition 2.2, the coeflicient of :c]f_l ...z*=1 should be he where e is

the (multiplicative) identity of F' and

h= (i LT e I e 2 (o)

In view of Proposition 2.1, we should have he = 0. So, p is a prime dividing h.
Since p is greater than mn and In, we have h # 0 (mod p) and a contradiction
follows. m

Jj=1

3. Proof of Proposition 2.2. For £k =0,1,2,... we let

@k= ] (@—i):

J€l0k)
(The empty product is regarded as 1.) For f(x1,...,2,) € Q[x1,...,24,], by
coeff [z}' ...zlr] in f(21,...,2,) we mean the coefficient of the monomial
xi' ...xk in the polynomial f(z1,...,zy).

Let m > 0 and n > 1 be integers. Write
2 j "rL
fm(x1, o xy) = H (i — ;)" = Z f](:?)’]na:]llxﬁl .
1S’L<]§TL jl?"'?jn

For any integer k > m(n — 1), clearly

coeff [z871 . 2E ) in fou(z1, ... 2n) (21 + .o 4 @)L
= 3 £l ((k+m —mn —1)n)!
B Iedn (o — 1 — 71 —
J1s2dn €[0,k) (k—1—g)!...(k—1—ju)!

jit...+jn=mn(n—1)
((k4+m —mn—1)n)!

— (m)
= D D AR R R VIS
Jise5Jn€[0,K)

Jit..+in=mn(n—-1)

((k4+m —mn—1)n)

[
= “L(fm)(k—=1),
T L) (= 1)
where L : Q[z1,...,x,] — Q[z] is the linear operator given by
(3.1) Lzl .. xin) = (2)), ... (x),.

Thus the main problem is to determine £(fy,).
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LEMMA 3.1. Let m be any positive integer. Then
(3.2) (@)o(@)m - - (2) n=1)m | L(fim)-
Proof. Observe that

n—1m-—1

(@)o(@)m - - (2)(n- 1)m—H H (x — (gm +r))" 179

q=0 r=0
because {j € [0,n) : jm—1 > gm+r} = [¢g+1,n) has cardinality n—1—gq. So
it suffices to show that (z —1)» =1~ [/m| £(f,,) for any I = 0,1,...,mn — 1.
Let j1, ..., jn be nonnegative integers with fjl,...,jn #£0.In order to prove
that £(z)' ...zJr) = (x)j, ... (x);, is divisible by (z — 1)»~*=1/™] we only
need to show that

l l
1<i<n:ji>D>n—1—|=| ie[f1<i<n:j<I}<1+|=|.
isnigi>tiza-1- | ielsisngi<nl<is o]

Let I={1<i<n:j; <1} #0. The polynomial [[; ;c; ;;(
fm(x1,...,2,) and each monomial in it has degree 2m(|1|) =m|I|(|I|]-1).
Since f( ) # 0, we have ), ;j; > m|I|(]I| — 1) and hence [ > j; >

m(|I] — 1) for some i € I. Therefore |I| < 1+ [I/m]. This concludes the
proof. m

z; — ;)%™ divides

LEMMA 3.2. Let g(z1,...,2y) € Q[z1,...,25] and 1 < s <t <n. Then

L((zs — 2)g(@1, ... 20))
:£<xtag($1,...,xn)> _£<$88g(x1,...,a:n)>‘

ox 0%
Proof. For any nonnegative integers ji,...,jn, we have
L((zy —z)2lt .. )
n
= ] @i (@)j41(2);, — @);.(2)j,41)
=1
i;s,t

= (@)jy -+ (@), (& = Js =2+ i) = §e(@)j - (2)j, = Ts(@)jy -+ (2)5,

B Azt .. i) Azt .. i)
= E(I’t —axt - L T —81,‘5 .

1 f— . . ]1 n
Write g(z1,. .., Tn) =D, i Ginpjn®1 - .zdn where gj,
by the above,

-----
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LEMMA 3.3. Let A # 0 be a finite multi-set whose elements are ordered
pairs in the form (i,7) with 1 <i < j <mn. Let g(x1,...,z,) € Qlx1,...,2,)
and 1 <r <n. Then

Gixr(g(xl’ cey Tp) H (x; — xj)>

(i,j)€A
gs,t(x17-~-7xn)
= — [[ (zi—=))

x t 7
(s,t)eA (1,7)€A

where gs 1(z1,...,2n) € Qx1,...,2,] and deggs, < degg.
Proof. Let (u,v) be any element of A. Then

0
oz, <g(x1"“’“5") I G —ﬂfy‘))
(i,5)EA
0g(x1,...,Ty,) 9
= T H ($z - SCj) +g(931, e ,xn)axr H (xi _ xj)
(i,5)EA (i)ea
091, -, Tn) i jeali —2))
g T(xu _ﬂjv) xu _xv

ONxs — ) i ieal®i —x5)
+g(z1,...,zp) Z ( ;93; t) . (J);A_x i)
(s,t)eA r s t
Clearly degg is not less than the degrees of those g(x1,... ,xn)a(”gf:mf)
(where (s,t) € A) and 29&20) (3 — g}, So the desired result follows. m

Ly

Combining Lemmas 3.2 and 3.3 we have

LEMMA 3.4. Let m be a nonnegative integer and A a multi-set with ele-
ments in the form (i,7) (1 <1< j <n) and |A| equal to 2m. Then for any
g(x1,...,x,) € Qlxy,...,x,] we have

(3.3) degﬁ(g(ml,...,xn) H (x; —xj)> < degg+ m.
(i,§)€A
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Proof. We use induction on m. The case m = 0 is trivial, so we proceed
to the induction step.

Assume m € Z7T. Let (s,t) be any element in A and A’ denote the
multi-set A with one (s, ) omitted. By Lemmas 3.2 and 3.3,

C(g(ml,...,xn) H (xi—a:j))

(i,4)eA
- £<xta(9(ﬂflv %) [ pear (@i — mj”)
81}
B [’(zs a(g(l’l, PN 7xn)81_[(i’j)€A,(mi - x])))
Ls

can be written in the form

guv(xla cee 71:71)
c(( )ea’ Ly — Ty H (xi_xj))
U,v

(i.5)eq’
_ guv(xlv"'vxn)
=y (et T o)
(u,v)eq’ (2,j)eA!

where gyy(21,...,2n) € Qlx1,...,2,] and degg,, < degg + 1. Choose
(u,v) € A’ so that deg E(% [l jyea (@i — x5)) is maximal. Let

A" be the multi-set A" with one (u,v) deleted. Then |A”| = 2(m — 1) and
degﬁ(g(ml, cey Tp) H (z; — a:])>

(i,j)eA
< deg[,(guv(:cl, ceeyTy) H (z; — x]))
(i,)eA”

By the induction hypothesis,

deg £(gun(@1, - vwa) [] (0= ;) < degguy + (m = 1) < degg+m.
(i,5)eqn”

So we have (3.3). =

LEMMA 3.5. Let m >0 and n > 1 be integers. Then

(3.4)  coeff [x7"TV  gm(n=1)] iy H (z; — x;)°™
1<i<j<n

_ (_1)mn(n—1)/2 (mn)'

a (mi)
Proof. Let my,...,my, € N. When we expand [ [, ; i<n #j(l—azi/azj)mi
as a Laurent polynomial in z1, ..., z, (i.e., negative exponents allowed), the
constant term is the multinomial coefficient (>, m;)!/ ] (m;!). This
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result was conjectured by F. J. Dyson [D] in 1962. An elegant proof given
by I. J. Good [Go] in 1970 uses the Lagrange interpolation formula. D. Zeil-
berger [Z] gave a combinatorial proof of Dyson’s conjecture in the following
equivalent form:

coeff [V ame = Din T (s — @)t
1<i<j<n
(my+...+my)!
myl...my!

(<)X G

Taking my = ... = m, = m in the above equality, we get (3.4). m
Now we are ready to prove

THEOREM 3.1. Let f(21,...,2n) = [1<;cj<p (#i — 2;)*™ where m € N
and n > 1. Then -

35)  £(f) = (a2 EE L @) @
Proof. By Lemma 3.1, there exists a g(z) € Q[z] such that
E(f) = (x)O(x)m ce (x)(nfl)mg(:p)'

Note that deg H;Z(]l(x)jm = Z?;ol jm = mn(n — 1)/2. By Lemma 3.4,
deg L(f) < degl+m(}). So g(z) is a constant ¢ € Q. As we mentioned at
the beginning of this section,

coeff [x7""™™ ... ™| in f(x1,...,2y)

((mn —m+m —mn)n)!

= (G —m)l) L(f)(mn —m).
In view of Lemma 3.5, we have
e TLmn = ) = £07)mn = m) = ((mn = )" - (-1 2/2 70
Jj=0 '

mn(n—1)/2 (mn ! = . mn(n—1 2H?:1(Zm)'
¢ = (=1)mnn=b/ W]l—[o(mn—m—]m)!:(—l) (n=1)/ T T

This ends the proof. =
Proof of Proposition 2.2. Let f(x1,...,z,) = H1<i<j<n($i —x;)*™. By

Theorem 3.1, we have

! n—1

ﬁ(f)(]{ N 1) _ (_1)mn(n71)/2 m'<2m)' s (nm) H(k _ 1)im-

(mhr pale
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Thus

coeff [

Q. H. Hou and Z. W. Sun

’f_l . .x’f;l] in f(xy,...,z)(x1 +...+ :L‘n)(kflfm("fl))”

((k+m—mn—1)n)!

- L)k~ 1)

((k =D)h"

«k+ny—mn—1mﬂ&ﬂwmm_mgﬂﬁﬂ0mﬂ
((k—1)hHn (ml)"

n

(—1)mn(n=1)/2 Hj:l(jm)! _ ((k+m—mn—1)n)!
(mh)r T (k—1—( — Hm)!

1T =DG-1m

j=1

We are done. =
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