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Let k > 2 be a fixed integer, let AU) = {a,1 ,a2 ,} (j=1,...,k) be
nondecreasing infinite sequences of nonnegamve integers, and let

re(n) = (i, i) s 0l el 4+l <n o € AD (=1, B,

and ¢ > 0.
Erdés and Fuchs [1] showed that if k = 2 and A = A then

(1) ro(n) = en + o(n'/*(logn) /%)

cannot hold.

Sérkozy [3] extended this theorem to two sequences which are “near” in
a certain sense. He proved that if

) 0 = = o((a}")!*(log i) 7"),

7

then (1) cannot hold. (A simple example shows that a condition of type (2)
is necessary: Let AU = >y g2%+i . e =0or 1} for j = 1,...,k Then
rr(n) =n+ 1, thus rg(n) —n = 0O(1).)

In [2] T extended this result to the case k > 2 and, among other things,
I showed that if we assume

(3) al(-j) — al(l) = 0((min(a£j), agl)))l/Z(log min(agj), agl)))_l_l/(k_l))
for all 1 < j <1<k, then
(4) ri(n) = en + o(n'/*(logn)~M/? 7 CE1)

cannot hold. In this paper I will show that, at the price of replacing the
error term in (4) by a slightly weaker one, condition (3) can be replaced
by a much weaker assumption. Namely, perhaps somewhat unexpectedly, it
suffices to assume that two of the given sequences AY) are “near”:
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THEOREM. If k> 2, a(l) a@) o((a; (1 ))1/2(loga§1))*k/2) and
i< Y 1< Y1 forj=3,...k
a) <N alV<N V<N
then
(5) re(n) = cn + o(n*/*(log n) ' —3+/%)
cannot hold.
Proof. Suppose that (5) holds. Let v(n) = rg(n) — cn and Fj(z) =

Yoo 2 af” (j=1,...,k). Then for |z| < 1,

1 i ~ (2)...Fp(2) = ;Tk(n)z" = CZ:;)nz" + z:%v(n)z
—e—2 4 3 v(n)z",
(1-2)* nz%
hence
(6) Fi(2)... Fy(z) = 1C_ZZ +(1-2) > v(n)="

Let € be a fixed small positive number, N a large positive integer, m(n) =
[en!/?(logn)~*/?], m = m(N), z = re(a), where r = 1 — 1/N and e(a) =
e?™ (for real a). Let

1—zm|?
J=\IFi(2).. . Fi(2)l| 57— do
0
: 1—m|?
(7) Jl—c§)|1—z|_1 . dov,
R 1—zm|?
Jy = H(l—z)z:%v(n)z” . } dav.
Then, by (6),
(8) J < J1 + Js.
We first estimate J. By (7),
1 m 12
1> [ Fi(2) Ba(2) By(2) ... Fi(2) 11__2 da
(1) m—1 m—1
= } S (Fl(z) Z rle ) ( (2)...Fi(2) rte(toz)) doz‘
0 t=0 t=0
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Let
00 m—1
Z gre(ba) = Fi(z) Fa(2) rle(—ta),
b=—o00 t=0
00 m—1
> hie(ia) = F3(2) ... Fi(2) Y _ r'e(ta)
1=0 t=0
(so that all the coefficients gy, h; are nonnegative). Then
1 oo 00
9) J=> H Z gre(ba) Zhie(ia) da‘ = Z gphi > Z g—ih;.
0b=—o00 i=0 b+i=0 m/A<i<m /2
If m/4 <i<m/2, then
(3) (k)
hi — Z Tai3 +...+aik +t
a2+ +al =i
0<t<m—1
D ST S
oD+ +al) +t=i oD+ +aly) <m/4
0<t<m/2

since rV = (1 —1/N)N — 1/e.
For k£ > 2, since

> 1> > 1 (=3,...,k),

ol <m/(a(k-2))  af}<m/(4(k-2))
it follows that for m/4 <i <m/2,

hi > 3 12( 3 1)( 3 1)

az(g)+...+a§:>§m/4 a£§>§m/(4(k—2)) agz)gm/(4(k—2))
k—2
> X 1)
ol <m /(4(k~2))

and thus, by (9),

(10) I> > g_¢< 3 1>k72

mASISM/2 o) <y (4(k-2))
k—2
- ( Z 1) Z g—i-
afy) <m/(4(k—2)) m/4<i<m/2

Since m = m(N) = [eNY2(log N)~%/?] is eventually nondecreasing, and
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alV — a? = 0((a§11))1/2(10ga(l))*kﬂ), it follows that if a,gll) < N, then

i1 i1 11
|a£11) - a53)| < m(agll))/él < m(N)/4 = m/4 for all sufficiently large agll).

Hence, for all sufficiently large N, if agll) < N, then |a§11) - agf)| <m/4. If
aV < N - m, then al? < agll) + |az(-12) - agll)| < N-m+m/4 <N and

i1 il
0=m/4d—m/4<i-— ]agf) — al(»ll)\ <i-+ az(ll) — %(12) <7+ \ag) — az(ll)\

<m/24+m/4<m—1,

thus

1, (2
(11) g_; = Z Tail +ai2 +t

al(-l)—agg)—t:—i

0<t<m—1

[N e
Z i +a; 4t > 3N Z 1> Z 1.
al(-i)—agf)—t:—i aq)SN—m zzgi)SN—m
0<t<m—1

a<-1) ,a(Q)SN
i1 070

Y

Hence, by (10) and (11),

(12) J>>m( 3 1>k_2 oL

all) <m/(4(k—2)) al) <N-m
Since aZ@) —agl) = agl)(a?)/az(l) —1) and al@) —agl) = o(m(agl))), so that
a§2)/a§1) =1+ o(m(ail))/agl)) =1+ o(1), it follows that
al(?) . 51)

As m is eventually nondecreasing, it follows that if a§2) <N, then \al(-l) - aﬁQ)]

< m(a§2))/4 < m(N)/4 = m/4 for all sufficiently large al?. Hence, for all

)

sufficiently large N, if a£2) < N, then |a§1) — aEQ)] < m/4. Furthermore,

Z 1< Z 1 forj=3,...,k,

an)gN—E)m/ZL al) <N—5m/4
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and r(N) ~ ¢N, thus
N <1 (N/2) <rp(N —[N/2]) < rp(N —5m/4)

T |

a51)+...+a§:)§N—5m/4 =1 o) <N-5m/4

k
<(II ¥ 9 = v=<( ¥ )"
;7&% a)<N-5m/4  al)<N-m oV <N-m
hence
(13) > 1NV
af) <N-m

By a similar argument for £ > 2 and for all sufficiently large N, if
al? < N, then |aV — a{?| < m/(8(k — 2)). Thus

m<<rk-< ) H > 1

J=1 <J< m/(8(k—2))

<(II ¥ 9 ¥ v<( ¥ v

Ty Sm/B(k-2) el <m/(4(k-2)) afy) <m/(4(k2))

hence

(14) > 1> mb/k.

ol <m/(4(k~2))
By (12)-(14),
(15) J > mm\E—2/ENE = g 2=2/k N1k
We now estimate J; and Js. Since
11— 22 = (1 —rcos2ra)? + (rsin2ra)? = (1 — )% + 2r(1 — cos 27a)
=Nz + 4rsin® T
and

|(2/m)ma| < |sinTal  for |a] < 1/2,
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it follows that max(1/N?,a?) < |1 — 2|?, thus max(1/N,a) < |1 — z|.
Hence

1
(16) Jy=cl[1—2"
0

1
da<<m2§|1 — 2|V da
0

1— 2|
1 —

1/N 1/2
<<m2( S 11— 2" da + S \l—z\_lda)
0 1/N
1
2 2
<<m<NN+ S ada)ém(l—i—logN)
1/N
< m?log N.

By Cauchy’s inequality and Parseval’s formula,

1 o0 2
a1 —2™
(17) B = |1 =2 Y vime| | 5= ’ da
0 n=0
1 oo 1 »m
<2
< S‘Zv(n) T do
0 n=0
L& 2 12/ 11— ,m)2 1/2
< (S‘Zv(n)z da) (S‘ T da)
0 n=0 0
© 1/2
< (Z ]v(n)]2r2n) m1/2'
n=0
By our assumption, v(n) = o(n'/*(logn)'=3¥/4), therefore for every

n > 0, there exists a natural number K (> 2) such that for all n > K,
lv(n)| < nn'/*(logn)'—3¥/* and n'/4(logn)'~3#/* is nondecreasing. Then for
all N > K,

K-1 [e's)
Z ‘U ‘2 2n < Z ]v(n)]2 +772 Z n1/2(10gn)273k/27,2n
n=0 n=K
K-1
< Z ]v(n)|2 +772NN1/2(10gN)2_3k/2
n=0

co TN

—1—7722 Z 1/2 (log )2 3k/2,.m

J=0n=291N+1
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Since
oo 20HIN
Z Z 1/2 logn 2 3k/2rn
J=0n=29N+1

< Z QJN(QJ'-HN)1/2(log(2j+lN))2—3k/2T2jN
3=0

< N3/2(log N)2—3k/2 Z 2j+j/2+1/26721 _ CON3/2(log N)273k/2’

=0
it follows that

Z’U ’2 2n < Z ’U ’2 +772N3/2(10gN)2 3k/2<1+00)

< 7’]N3/2(10gN>2_3k/2
for n < (2(1+ C’o))*1 and for N > Ny(n). Thus

(18) Z o)™ = o N¥/2(log N )22,

By (17) and (1 ),

(19) Jy = o(N3/*(log N)'=3k/41/2)
By (8), (15), (16), and (19),

(20) m? P NYE < m2log N + o(m!/2N3/4(log N)1—3k/4),
Since m = [eN'/?(log N)_k/Q], (20) yields

- 2-2/k
<§N1/2(10gN)_k/2> Nl/k

< 2N (log N)"*log N + o('/2N'4(log N)~*/4 N3/4(1og N)1 —3k/4)

for all sufficiently large N, hence £%/2~2/F <« £3/2 4 o(1). Thus e ?/F « 1;
but this cannot hold for sufficiently small €. This completes the proof of the
theorem.
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