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1. Introduction. Let K be an algebraic number field with ring of in-
tegers Ok, let G be a finite abelian group, and let [ be an odd prime.
Consider a Galois extension L/K with Gal(L/K) = G. There is a natural
action of G on Oy, and O, may be viewed as an Og[G]|-module. We say
that L/K has a trivial Galois module structure if Oy, is free as an Ok [G]-
module, that is, O, has a normal integral basis over Og. A number field K
is Hilbert-Speiser if each tame abelian extension L/K is so that L/K has
trivial Galois module structure (see [5, §1]). The Hilbert—Speiser Theorem
states that Q is Hilbert—Speiser, and in [5] the authors determine that Q is
the only Hilbert—Speiser number field.

It is well known that Ok[G] can be endowed with the structure of an
Oxk-Hopf order in K[G], and that in many instances, there are a number of
other Ok-Hopf orders in K[G], all containing O [G] (see [6, Proposition 3.2,
Proposition 7.3]). We denote an Ox-Hopf order in K[G] by A. The counit
map is denoted by € : A — Og. L, is the space of left integrals of A.
The linear dual of A, denoted by B, is an Og-Hopf order in the algebra
Map(G, K). The counit map of B is given by € : B — Ok, and Lp is the
space of left integrals of B.

There is a notion of “tame A-extension” found in [2, §1]. The Ok-algebra
M is a tame A-extension (of Og) if M is a A-module algebra, faithful
as a A-module, rankp, (M) = rankep, (A) as projective Og-modules, and
LM = M = Og. If we specialize to the case where L/K is an abelian
extension with group G and A = Ok |[G], then Oy, is a tame Ok [G]-extension
if and only if L/K is tamely ramified ([2, §1]). Thus the Hilbert—Speiser
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property may be recast as follows: A number field K is Hilbert—Speiser if
each tame Ok[G]-extension of the form O, for an abelian extension L/K
with group G is so that Oy, is a free Ok [G]-module. To say that a field K is
not Hilbert—Speiser means that for some finite abelian group G there exists a
tame O |[G]-extension which is not a free Ok [G]-module. Thus for any field
K # Q, there exists a finite abelian group G, and a tame Ok [G]-extension
which is not a free O [G]|-module. Moreover, this tame Ok [G]-extension is
the ring of integers of some Galois extension L/K with group G.

We wonder: for a given field K, and an Og-Hopf order A in K[G],
A # Ok|G], can one find a tame A-extension which is not a free A-module?
If so, what is the structure of such a tame A-extension?

In this paper we show how to find nontrivial tame extensions over Hopf
orders. We assume that G is an [-elementary abelian group of order ",
which we denote by C}'. To find nontrivial tame A-extensions, we extend
the technique used by the authors in [5] to show that no field K # Q is
Hilbert—Speiser. The key step is to generalize the authors’ lower bound on
the collection of “Galois module classes” to Hopf orders other than O [C}']
([5, Corollary 7]). We use our lower bound to give explicit examples of O -
Hopf orders A in K[C}'] for which there exist tame A-extensions which are
not free over A. These nontrivial tame A-extensions are not necessarily the
full ring of integers of some Galois extension L/K with group C}', how-
ever. They have the structure of certain tame A-extensions which locally,
at primes above [Og, are principal homogeneous spaces over B. We call
these tame A-extensions “semilocal principal homogeneous spaces over B”
(see [1, §3]). These semilocal principal homogeneous spaces play the role
of the rings of integers in the integral group ring case; the collection of
their classes in the locally free classgroup Cl(A) generalizes the set of Galois
module classes.

For the convenience of the reader, we review the integral group ring case
of [5]. Let L/K be a Galois extension with group C}*. It is well known that
L/K is tamely ramified (tame) if and only if Oy, is a locally free Ok [C}']-
module. Oy, then determines a Galois module class, (Or), in the locally
free classgroup Cl(Og[C}']). Let R(Ok[CJ']) denote the set of classes in
Cl(Ok[C}']) which are realizable as Galois module classes of rings of integers
of tame Galois extensions L/K with group C}'. For any abelian group G,
McCulloh [8] has shown that R(Ok[G]) is a subgroup of Cl(Ok[G]), and
describes R(Ok[G]) explicitly for the case G = C}* in [7].

Let M denote the maximal integral order in K[C}']. The homomor-
phism f : Og[C]'!l — M induces a homomorphism of classgroups f. :
Cl(Ok[CT]) — CUM), defined by (M) — (M ®o,(cp) M). The ker-
nel of f,. is called the kernel group of Cl(Ok[C}']), and is denoted by
D(Ok[C"]).
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The space of left integrals of the Og-Hopf order Og[C]'] in K[C]']
is Logicp) = OkxXn, where X, denotes the sum of the elements in C7'.
Thus €(Loy(op)) = "Ox. A Swan module is the Ok [C[']-module defined
by (r, X,) = rOk[C]'] + X,,0k[C'], where r € Of is relatively prime to
["Ok. Each Swan module (r, ¥,,) is a locally free O [C}']-module and thus
corresponds to a class ((r, X)) in Cl(Ok[C']). The collection of classes of
Swan modules forms a subgroup of Cl(Ok[C]']) which is called the Swan
subgroup of Cl(Ok[C]']). The Swan subgroup is denoted by T (O [C}']).

Put O = O JI"Ok. Let S* denote the multiplicative group of units
of a ring S. Let Vin = Oy /o(O%), where o(O%) is the image of O% un-
der the canonical surjection o : O — Ok. Then there is a suréection of
groups T(Ox[CP]) — Vi ~1. Moreover, the power T(Og[CP])!" =1/ is
contained in R(Ok[C]']) N D(Ok[C}']). These facts yield the following lower
bound for R(Ok[C]']) N D(Ok[C}]) ([5, Corollary 7]).

THEOREM 1.0. Let K be an algebraic number field, and let C}' be an

(" —1)" 1 (1-1)/2

l-elementary abelian group of order ™. If 'V, is nontrivial,

then R(Ok[C]']) N D(Ok[C]']) is nontrivial.

Thus, if Vl(l Bl G is nontrivial, there exists a Galois module class
Op,) for some tame extension L/K, for which Oy, is not free over O [CT].
( !

Specifically, for any K # Q, there exists an odd prime [ for which VZ(FI)Q/ % is
nontrivial. Thus there exists a tame degree | Galois extension L/K for which
Oy is not a free Ok [C)]-module, that is, O is a tame Ok[C)]-extension
which is not free over Ok [Cy]. In this manner the authors [5] show that no
field K # Q is Hilbert—Speiser.

Since we seek nontrival tame A-extensions for A # O [C}'], it is natural
to seek an analogue of Theorem 1.0 for Ox-Hopf orders A in K[C}']. We
require that our Og-Hopf orders satisfy a technical condition which we
describe as follows. Let Ffr denote the additive group of the finite field
of order {". Then C]' = F ;2 and C' = F}, is a group of automorphisms
of C'. The Og-Hopf order A in K[C]'] admits C' if these automorphisms
map A into itself. Such A are Raynaud orders, that is, Og-Hopf algebra
orders A in K[C}'] which admit a group of automorphisms of C}* isomorphic
to F}.. (Equivalently: the corresponding group scheme Spec A is provided
with an action of Fn; see [9], [4, §4].) One sees immediately that O [C]'] is
a Raynaud order.

We shall generalize Theorem 1.0 to Og-Hopf orders A in K[C}'] which
admit C. We give the (somewhat expected) analogues for D(Og[C}']),
T(Ok[Cl]), and Vin, which we denote by D(A), T'(A), and V(,,), respec-
tively. The proper analogue for R(Og[C]']) is R(A), which we define to
be the set of classes in the locally free classgroup CIl(A) of the form (&)
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where X is a semilocal principal homogeneous space over . The analogue
of Theorem 1.0 is the following:

MAIN THEOREM (Theorem 2.12). Let C}* be an elementary abelian group
of order 1", let K be an algebraic number field, and let A be an Og-Hopf
order in K[C}'] which admits C. Suppose e(Lp) is a principal ideal in Of.

If V;((IZX)l)lnil(l_l)/z is nontrivial, then R(A) N D(A) is nontrivial.

We apply our Main Theorem to the case K = Q((,), where (,, is a
primitive ["th root of unity, m > 1, and A is a Raynaud order in K[C}"],
n = 1,2, which is a Larson order (cf. [6]). For these Raynaud orders we show

n n—1
that the group V'e((lE;)l) =072 49 nontrivial. Hence there exist tame A-

extensions which are not free A-modules. These nontrivial tame A-extensions
are semilocal principal homogeneous spaces over B.

2. Construction of the lower bound. In this section we prove our
Main Theorem. Throughout, we assume that A is an Og-Hopf order in
K[C}'] which admits C. We first develop an analogue for the collection of
Galois module classes R(Ok[C]']). Let O% denote the integral closure of
Ok in some fixed algebraic closure K¢ of K. Let X be an Og-algebra which
is finitely generated and projective as an Og-module. Suppose C}' acts on
X as Ok-algebra automorphisms. Then X is a principal homogeneous space
over B if the action of CJ' extends to an action of A on X, and if for some
homomorphism 7 : X — Of% of Og-algebras, the O-linear map

Q: X ROk O% — B ROk O% = HOIIIOK(A, O%),

defined by o(z @ r)(h) = 7(h - z)r, for z € X, r € O% and h € A, is
bijective. X is a principal homogeneous space over B if and only if X is a
Galois A-extension of O in the sense of [2, §1]. We denote the collection of
principal homogeneous spaces over B by PH(B).

Now let O; denote the semilocalization of O at the ideal (Of. (Here
we are surpressing the subscript K for convenience of notation.) Let B; =
B ®0, O;. The definition of principal homogeneous space over B extends
to the domain O;, and we let PH(B;) denote the collection of principal
homogeneous spaces over the O;-Hopf order B; in Map(C}', K). Let X ®
be a principal homogeneous space in PH(B;). Let X = KX and let OX
denote the integral closure of Ok in X. A semilocal principal homogeneous
space over B is an order X of the form X N OX ([1, §3]). The set of
isomorphism classes of such orders is denoted by SPH(B). The linear dual
B is a semilocal principal homogeneous space over itself. Observe that X ()
is the semilocalization &; = X ®p, O;. Moreover, each X € SPH(B) is a
A-module (see [1, §3]).
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Let X = XD N OX be a given element of SPH(B) for some X ¢
PH(B;). Put A; = A®p, O;. Then A is a Galois A;-extension of O;. Thus
by [3, Proposition 2.3], X} is a tame A;-extension of O;. It follows that
A; is Aj-faithful, and ranke, (X;) = ranke,(4;). Thus X is A-faithful, and
rankp, (X) = rankp, (A). Moreover,

LaX =LA(XNOX) =Ly 00X =xMn0X = x4
and
LaX =LA(XNOX)=L,N00% =0,n0X = 0.

Hence each X € SPH(B) is a tame A-extension.

Let @ be the element of Map(C}', K') defined by w(g) = 1 if g = 1,
and w(g) = 0 if g # 1. Then by [1, Lemma 1.3(ii)], £g = Zw for some
ideal Z C Ok. Note €(Lg) = €(Zw) = Z, hence Ly = ¢(Lp)w. By [1,
Proposition 3.4], each X € SPH(B) is a locally free rank one A-module, and
Tr(X) = e(Lp), where Tr denotes the trace map.

As a locally free rank one A-module, the element X € SPH(B) cor-
responds to a class (X) € Cl(A). We have the class invariant map ¥ :
SPH(B) — CIi(A), defined by ¥(X) = (X)(B)~!. Byott [1] has given a de-
scription of the image ¥ (SPH(B)) which we will presently state. We employ
the characterization of the classgroup given in [7] and [1]. Let O% = Ok [l71],
and A" = A ®p, O%. Let I(A") denote the free abelian group generated by
the prime fractional ideals of A’. Let (A4;) denote the subgroup of principal
ideals in I(A’). Any locally free rank one A-module M can be written in
the form M = 7 - ¢ where z is a “semilocal generator for M”, and where
m=nNA;, with n € I(A") (see [1, §4]). There is an isomorphism

(2.0) Cl(A) = I(A)/(47),

where the class (M) corresponds to the image of n in I(A")/(A;]).

We now give Byott’s characterization of ¥(SPH(B)). The augmentation
map € : A — Ok induces a map of classgroups e, : Cl(A) — Cl(Ok), de-
fined by (M) — (Og ®4 M). Let Cly(A) denote the kernel of e,. Via the
isomorphism of (2.0), the action of C' on A induces an action of C' on Cly(A).
This action extends to an action of Z[C] on Cly(A). Put 0 = Y.~ t(0)6 !
where ¢(d) is the least nonnegative residue (mod [) of the image of § un-
der the trace map Tr : Fjn — F; =& Z/IZ. Then J = Z[C](0/1) N Z[C] is
the Stickelberger ideal in Z[C]. Let Cly(A)? denote the image of Cly(A)
under the Stickelberger ideal. We have the following theorem ([1, Theo-
rem 5.2]):

THEOREM 2.1 (Byott). Let B denote the dual of an O -Hopf order A
in K[C]"]. If A admits C, then the image of the map ¥ : SPH(B) — Cl(A)
is precisely Cly(A)7.
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We now define an analogue for the Galois module classes. Let R(A)
denote the collection of classes in Cl(A) of the form (X) where X is a
semilocal principal homogeneous space over B. For A = Og[C}'], R(A) is
the collection of classes (X') where X is a semilocal principal homogeneous
space over Ok |[C']P, the linear dual of Ok [C"]. These semilocal principal
homogeneous spaces consist of the integral closures of Ok in the Galois
algebras over K with group C]* which are at most tamely ramified at every
prime of Ok (cf. [1, p. 422]). R(Ok[C}']) is therefore the collection of classes
of these integral closures. On the other hand, R(Og[C}']) denotes the set of
classes in Cl(Ok[C}']) of the form (Or) where Oy, is the ring of integers of
a tame Galois extension L/K with group C}'.

We claim that R(Ok[CP']) = R(Ok[C}]). Indeed, since Ok [CP]P is a
free Og[C]']-module, the image of the class invarient map is R(Ox|[C]]).
By the main result of McCulloh [7] we have Clo(Ok[C'])7 = R(Ok[C]).
Thus by Theorem 2.1, R(Ok[C]']) = R(Ok[C}']). We conclude that R(A)
generalizes the collection of Galois module classes. In fact, if €(Lg) is a
principal ideal in Ok, then R(A) is the image of the class invarient map for
any A which admits C.

THEOREM 2.2. Let A be an Ok -Hopf order in K[C]'] which admits C,
with linear dual B. Suppose €(Lg) is a principal ideal in Ok, then R(A) =
U(SPH(B)).

Proof. We claim that if ¢(Lg) is a principal ideal in Ok, then the
class (B) is trivial in Cl(A), thus ¥(X) = (X). It is then immediate that
U(SPH(B)) = R(A). Recall that L = €¢(Lp)w, where w is the element of
Map(C}, K) defined previously. Since e(Lg) is principal, (L) = Ogx for
some element z € O. By [1, Lemma 1.3(iii)],

B=A-Lyp=A-Ogaxw=A-zw,

thus B is a free A-module, and (B) is trivial in Cl(A). Hence ¥(X) = (X)
for each X € SPH(B). m

We next develop analogues for the kernel group and the Swan subgroup
of Cl(Ok|[C}']). The inclusion f : A — M induces a homomorphism of class
groups f, : Cl(A) — Cl(M), given by (M) — (M ®4 M). The kernel group
of Cl(A), denoted by D(A), is defined to be the kernel of f..

Let r € Ok be relatively prime to €(L£L4). A Hopf-Swan module is the
A-module defined by (r, L) = 1A+ L. When A = Ok |[C}'] the Hopf-Swan
module (r, £,) specializes to a Swan module.

The methods of [11, Proposition 2.4] apply to show that each Hopf-Swan
module (r, £,) is a locally free rank one A-module. Let Ox = O /e(L4),
and let o denote the canonical surjection o : O — Okg.Put I = AL,
and let x denote the canonical surjection x : A — I'. Let € : I' — O be the
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map defined by €(h mod £,4) = €(h) mod €(L ). There exists a fiber product
A——T

(2.3) l gl

OK_G>(§K

and we can identify A with the subring N of Ox x I' defined by

N ={(s,7) € Ox x I' : 0(s) =€(7)}.
The element h € A corresponds to the pairing (e(h),x(h)) € N. Over K, the
fiber product (2.3) yields the identification K[C]'] = K x K[C}']/ 2, K[C}],
and A may be viewed as an Og-order in K x K[C}'|/ X, K[C}'].

Let p be a prime ideal of K, and let K, denote the completion of K
at the nontrivial discrete valuation of K corresponding to p. Let Ok, be
the ring of integers of K. Let A, = Ok, ®o, A, (r,La)p = (r,L4,), and
Iy = Ap/L4,. We have the completions of the maps ¢, s, € and o, which
we denote by €, : A, — Ok,, kp : Ay — I}, & : I, — Ok,, and o), :
Ok, — Ok,, respectively. Let J(K x K[C]']/X,K[C[']) be the idéle group
of K x K[C]']/X,,K[C]'] defined by

J(K x K[C']/ X, K[C]'])
:{%EHK* K, [CP)) S, [CP)* s ap € AY , a }

where the product is over all prime ideals of Og. For any idele « in
J(K x K[C]']/X,K[C]']), let A denote the locally free A-module defined
by
Aa = ") (Apay N (K x K[CP]/ S, K[CP)).
P

THEOREM 2.4. The Hopf-Swan module (r,L,) is a locally free rank one
A-module equal to Aa, where « is the idéle in J(K x K[C]']/ 2, K[C]])
defined by oy, =1 if pJ(rC’)K, and ap = (1,7) € Ok, x I}, if p|rOxk.

Proof. Following the method of [11, Proposition 2.4(i)], we show that
(r,LA)p = Apa, for all primes p of K. Suppose p{rOg. Then r is a unit
of Ok,, hence (r,La), = A, = Apa,. On the other hand, if p|rOk then
pfe(La), since r is relatively prime to €(L£,). Thus the ideal €(L£,,) consists
of units of Ok, and hence, Ok, /e(L,,) is trivial. The identification from
the fiber product (2.3) then yields

(25) Ap = OKP X Fp.

Now let rhy + hy be an element of (r, L4), with hy € Ay, ho € L,,. Then
rhy+ ho is identified via (2.5) with the element (re,(h1)+€,(h2), 75y (h1)) in
Ok, x I Since €,(hz) is a unit in O, (r, £L4), corresponds to the cartesian
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product O, x rlI}, under the identification of (2.5). Thus any element of
(r,LA)p can be viewed as an (O, x I},)-multiple of the generator (1,7). It
follows that (r, L), = Apcr,. =

In view of Theorem 2.4, the Hopf-Swan module (r, £,) corresponds to
a class ((r, £4)) in Cl(A). We seek an explicit description of the collection
of Hopf-Swan classes in Cl(A). Observe that the fiber product (2.3) yields
the exact Mayer—Vietoris sequence

(26) 1= A" =T x 05 — 0y 2 D(A) — D(I') & D(Ok) — 0

(see [10, 1.10]). For an element v = r mod e(£,) € O, let A-u denote the
left A-module defined as

A-u=A{(s,7) € Ox x I : o(s)u =¢€(7)}
(see [10, 4.19]). (Note that if u = 1, then A -1 = A via the identification
from the fiber product (2.3).) By [10, 4.20], A - u is a locally free rank one
A-module, corresponding to the class (A -u) € Cl(A). The boundary map
d: O — D(A) is given as 8(u) = (A - u). The image of the boundary map
0 is precisely the collection of classes of Hopf~Swan modules.

THEOREM 2.7. Let O be the boundary map given in (2.6). Then the im-
age of O is the collection of classes {({r,L4))}.

Proof. Following the method of [11, Proposition 2.4(ii)], let 3 be the
element of [[ A7 defined by 8, = 1if p[7Ox, and 3, = r if p{rOf. Let p
be the element of [J Oj x I'; defined by p, = 1if p|rOk, and p, = (r, 1) if
p{rOk. Then with (1,771) € KxK[C[']/ X, K[C}'], we have a(1,771) 8 = p.
It follows that Ap = Aa = (r, L,).

Since Ay is a projective A-module, we may apply the exact functor
— ®4 Ap to the fiber product of (2.3) to obtain the fiber product

Ap I'® Ap

| |

Ok @4 Ap—— O @4 Ap

Over K we obtain
KAy —— K[C]/ X, K[C]'l @4 Ap
K ®p Ap 0

and we may identify K Ay with
(K @4 Ap) x (K[C]']/ Zn K[CF'] @4 Ap).
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There is a natural embedding of Ay into the K[C]']-module K Ap. Let
Ok Ap denote the Og-submodule of KAp generated by {x1 : (z1,22) €
Ap}, and let I'Ap denote the I'-submodule of KAp generated by {xs :
(x1,x2) € Ap}. Then as in [10, §3], there are isomorphisms

Ok A Ap =2 O Ay and I'®p Ap = I'Ap.
We claim that Og Ay = Ok and I'Ap = I'. Suppose p | rOf. In this case
Appy = Ay = Ok, X I,
hence, locally at p, Ok, Appp = Ok, and I, Ay, = Iy If p{rOf, then
Appiy = Np(r,1) where N, = {(s,7) € Ok, x I, : 0,(5) = ()}, and
r € Of . Now since (r~t,r=Y) € N, we have (1,r7!) € Apu,. Thus
Ok, Apptp = Ok, . Since (1,1) € Ny, we have (r,1) € Aypu,. It follows that

IyAypy, = I, We conclude OgAp = Ok and I'Ap = I', which yields the
isomorphisms

0K®AA,LL§OK and F®AA;L§F.

By [10, Lemma 4.20(iv)], Ay = A - v for some v € O, hence (r, £4) = Ap
= A -v. Since the collection of Hopf-Swan modules {(r, £4)} is in a one-to-
one correspondence with the elements of (7);(, it follows that the image of 0

is {((r,L4))}. =

In view of Theorem 2.7, we define the Hopf-Swan subgroup of Cl(A), de-
noted by T'(A), to be the image of 9. We consider T'(A) as an additive abelian
subgroup of CI(A). For a positive integer w, let ((r,£4))" denote the sum
of w copies of the class ((r, £L4)) € T(A). Define T'(A)* to be those elements
((s,L4)) € T(A) of the form ((r, L))" for some class ((r,Ls)) € T(A).

At this point we can begin the construction of our lower bound for R(A)N
D(A). Let 0(O3 ) denote the image of O} under the canonical surjection
0: 0k — Ok = Ok /e(Ly). Put Vee,) = @2/0((9%). We claim that there
is a surjection of groups T'(A) — Vel(;ll) From the exact sequence (2.6) we
obtain

(2.8) T(A) = Oy /(0(Ok) -&I™)).
We assert that the (I" — 1)st power of €(I™) is in o(O7).

LEMMA 2.9. Suppose A is an O -Hopf order in K[C]'| which admits C.
Recall I' = A/L 4. If v € T'*, then €(y)!" ' € a(O%).

Proof. Since C' is a group of automorphisms of C}*, C is a group of
automorphisms of A and I'. By [1, Lemma 1.3(i)], Lo = I(X,/I"), for
some integral ideal I. Thus e(L£,) = e(I(X,,/I")) = I. It follows that £, =
€(La)(X /™). Write < for the identity of C}'. C fixes ¢, and permutes the
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remaining elements of C* transitively, hence A° = Ok¢s + L. Now the
C-cohomology of the short exact sequence

0—-Ly—>A—>T—0,

yields the exact sequence 0 — Og¢ — I'C — HY(C,L,). Since C acts
trivially on £, H*(C, L) = Hom(C, L 4). Note Hom(C, £ ) = 0 since C is
a torsion group and L, is torsion-free as an abelian group. Thus we identify
¢ with Ok.

Now let NV be the norm map N : I'* — O, defined by N(v) = [[5cc 7.
Fory=h+ Ly €el',and § € C,

€(7°) = €(h?) mod e(L ) = e(h) mod e(L ) = &(v),

since 0 permutes the elements of C}*, and €(g) =1 for all g € C}*. Thus

e =e( [1+7) = [T =en” .
seC seC
Now for u € (I'°)* = 0%, €(u) = umod €(L ), since €(u) = u for u € Of.
Thus &N (7)) € 0(0%), which yields €(y)!"~! € 0(O%). =
LEMMA 2.10. Let A be an Og-Hopf order in K[C]'| which admits C,
and let T(A) be the Hopf-Swan subgroup of CI(A). Recall Vi, =

Oy /o(O%). Then there is a surjective map T(A) — V'EZ&_AI)

Proof. From (2.8) we have
T(A) 2= Oy /o(O%) - &™) 2 Vi) /(@) [0 (OF)).-

Now by Lemma 2.9, €(I™*) /o (O7) is contained in the kernel of the (I —1)st
power map Ve(z,) — Ve(z,), hence there is a surjection 7'(4) — Vel(;/‘l) n

The next step in the construction of a lower bound for R(A) N D(A) is
to relate T'(A) and R(A) N D(A).

LEMMA 2.11. Let K be an algebraic number field with ring of integers
Ok and let A be an Og-Hopf order in K[C]'] which admits C. Suppose

e(Lg) is a principal ideal in Ok. Then T(A)" (=D/2 C R(A) N D(A).

Proof. We use the method of [5, Proposition 4], where the theorem is
proved for the case A = Ok [CP']. For § € C, one has ((r, £4))° = ({r, La)),
thus T'(A) is a Z[C]-submodule of D(A). Let e : CI(M) — Cl(Of) denote
the map of classgroups induced by the augmentation e : M — Og. Then
eM o f. = e, where f, is the homomorphism of class groups f. : Cl(A) —
Cl(M) defined by (M) — (M ®4 M). Hence D(A) C Cly(A). Let T(A)7
denote the image of T'(A) under the action of J. Then

T(4)7 C Clo(4)7 N D(4),
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and hence
T(A)Y Cw(SPH(B)) N D(A),
by Theorem 2.1. Since €(Lg) is a principal ideal,
T(A)7 C R(A) N D(A),
by Theorem 2.2.

The group of automorphisms C' is finite and we may list its elements
81, ..., 0m. Let ((r,L£4)) be a class in T(A), and let « = Y " a;6; be an
element in J C Z[C]. Let ¢ : Z|C] — Z denote the augmentation map
defined by e(d;) =1 for i = 1,...,m. Then

({r, L)) = ({r, £2)) ™% + (1, L)) 2% + ..+ ({1, L))"
(r, La)™ + ((r, La))* + . 4 ((r, L))"
<7,’ £A>)e(a).

Thus T(A)7 = T(A)*Y). Now by [5, Lemma 3], T(A)*(7) = T(A)I" " (=/2,
It follows that T(A)l" H=D/2 C R(A) N D(A). =

(
(
(
)

We are now in a position to prove our Main Theorem.

THEOREM 2.12. Let CJ' be an l-elementary abelian group, let K be an

algebraic number field, and let A be an Og-Hopf order in K[CJ'], which

admits C. Suppose €(Lg) is a principal ideal in Ok. If ‘/e((lc;)l)l7hl(l_l)/2

is nontrivial, then R(A) N D(A) is nontrivial.

Proof. Suppose V((EA)Dlnil(l_l)/2 is nontrivial. Then by Lemma 2.10,

T(A)" ' (=D/2 g nontrivial. It follows that R(A) N D(A) is nontrivial by
Lemma 2.11. =

3. Applications to cyclotomic fields. In this section we find a collec-

tion of fields K/Q and Raynaud orders A in K[C}'], n = 1,2, for which the

. ar—1im~ta-1y/2 . ..
corresponding group V( £a) is nontrivial. We then apply The-

orem 2.12 to show the existence of tame A-extensions which are not free
A-modules. These tame A-extensions are semilocal principal homogeneous
spaces over B.

Assume n = 1, and let | > 3 be a prime which satisfies Vandiver’s
conjecture, that is, [1h™(Q(¢1)), where AT (Q((1)) is the class number of
the maximal real subfield of Q(¢1), and (; is a primitive [th root of unity.
Vandiver’s conjecture is known to be true for primes [ < 4000000 (see [12]).

Let (,, denote a primitive ["*th root of unity, m > 1. We set
K = Q(¢m), then Og = Z[(y,]. The ideal IZ[(,,] decomposes as {Z[(y,] =
(1- (m)lm_l(lfl)Z[(m]. Each integer j with 0 < j < [™~! gives rise to an
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Z|(m)-Hopf order in K[C)] of the form
Aj = ZGm][{(g = DA = Cn) 7 Z[Cal}],

where the g runs through all the nontrivial elements of C;. Such Hopf orders
are called Larson orders in K[C)] ([6, Proposition 3.2]). It is easy to see
that each A; admits C. The space of left integrals £, is so that €(L£4;) =
(1 = Cn) " =D0=D7Z[¢,] (cf. [6, Lemma 4.2]). For convenience, put S =
Z[(m). For each j, 0 < j < 1™ 1 let §; = S/(1 — (o)™ =)D and
let 0; : S — S, denote the canonical surjection. Put Veea,) = g;/aj(S*).
We shall employ Theorem 2.12 to show that R(A;) N D(A;) is nontrivial for
0<j<I™!—1. We begin with a lemma.
LEMMA 3.0. For each j, 0 < j <1™~! — 1, there is a surjective map of
groups,
Veeay) = Veea

lm*1—1).
Proof. Since (1— Cm)(lm_lfj)(lfl)s C (1—(m)' 1S, there is a surjection
,Bj : gj - glmflfl.
We claim that (3; restricts to a surjection of multiplicative groups,
,Bj : g;k — g;m—l_l.
We have
S2Z&(1—Cn)Z& (1— ()22 ... 8 (1— ()l D17,

so that Sym-1_1 = S/(1— () 1S is isomorphic to Cll_1 as additive groups.
Let
v=ap4+a1(1=Cn)+ .o Faio(l—Cn) 2

a, € C, be an element of g;mq,l. Necessarily, (ag,l) = 1. Consequently,
there exists an element w € 5;- for which 3;(w) = v, thus g; : 5; — Sy
is a surjection of multiplicative groups.

The subgroup o;(5*) of S; then induces a surjection

S3/0i(S*) = Spm-1_1/Bi(0;(S7)).
Observing that 3;(0;(5*)) = oym-1_1(5*) yields the desired surjection

Veea,) = Vetea .=

1)
m—1_3
THEOREM 3.1. Let | > 3 be a prime which satisfies Vandiver’s con-
jecture. Let m > 1, and let j be any integer 0 < j < ™Y — 1. Then
R(A;) N D(A;) is nontrivial.
2
Proof. We show that for j, 0 < j < ™! — 1, the group X/;((lﬁ_/\l?)/z is
J
nontrivial. For the moment we fix j = [™~! — 1. Our first step is to compute
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the group Sym-1_; = (S/(1 = ¢m)'"1S)*. Observe that (S/(1 — ¢p)i=18)*
has order (I — 1)I'~2 as a multiplicative group, and the elements
1+ (1=Cn), 14+(1=Gn)? 1+(1—=Cn)?, oo, 1+ (1= ¢n)' 2
have order [. It follows that
Spmoi = (S/(1 = () E8) =y x CI72

We next characterize the subgroup ojm-1_1(S*) of (S/(1—(n)'~1S)*. We
employ the cyclotomic units of K+ and K, where K+ denotes the maximal
real subfield of K. The cyclotomic units Ut of KT are the elements of S*
generated by —1 and the quantities of the form

1— (e
Ug = (172 % 1<a<I™/2, (a,])=1.
The cyclotomic units U of K are the elements of S* generated by (,, and
the cyclotomic units of K+ (cf. [12, Lemma 8.1]).

Let ET denote the full group of units of the maximal real subfield K. By
Washington [12, Theorem 8.2], the index [E*t : Ut] = h*(K'). Moreover, by
[12, Corollary 4.13], S* = WE™, where W denotes the group of roots of
unity in K. Now since U = WU by definition,

[ET .U =[WET : WU =[S*: U],
thus the quotient group S* /U is finite of order h™ (K).
Consider the surjection of groups

Opm-1_1: 8" = opm-1_1(57).
The subgroup U < 5% induces a surjection of quotients
S*/U — O'Zm71,1(5*)/alm71,1(U).

Let —(,, denote the residue class of —(,, modulo (1 — (,,,)!"1S, and let
%, denote the residue class of u, modulo (1 — () 718 for 1 < a < I™/2,
(a,l) = 1. We claim that the classes —(,, and

(Ta|l<a<(l—1)/2}

generate all the elements of ojm—1_1(U). Certainly this is true for the case
m = 1, so we assume that m > 1. Observe that

14+ Cm+.. .+ =0mod (1 —¢n) LS,
hence for 1 <a <1™/2, (a,l) =1, a=1mod [,
Uy = Q'T(,%*“)/z mod (1 — ) 718,

that is,
o = (C) 7Y/
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For a Z 1 mod I, a > 1+ 1, let k denote the least positive integer congruent
to a modulo /. Then

U = C=/2¢=1/20 mod (1 — ) LS,
thus _
T = (Co) /2.
We conclude that the classes {u, | 1 < a <[—1} together with —(,, generate
O'lm—l_l(U).
Similarly, one shows that the classes {t, | 1 < a < (I —1)/2} together

with —(,,, generate oym-1_1(U). It follows that oym-1_1(U) is a subgroup of
(S/(1 = ¢m)'=18)* =2 €1y x C} 72 of the form

opm-1-1(U) = (=Cm) x (W2) X ... X (W-1)/2)-

Thus o;m-1_1(U) can have at most (I — 1)/2 copies of C; in its cyclic de-
composition. Now suppose o;m-1_1(S*) had more than (I—1)/2 copies of C|
in its decomposition. Then [ divides the order of ojm-1_1(S*)/opm-1_1(U),
and hence [ divides h*(K), the order of the group S*/U. By [12, Corol-
lary 10.6], | h*(Q(¢1)), that is, Vandiver’s conjecture does not hold for I.
This contradicts our assumption that [ satisfies Vandiver’s conjecture.

It follows that o;m-1_1(S*) can have at most (I — 1)/2 copies of C; in
its cyclic decomposition. Hence VE(LAlm—l_l) = Spm1_y/opm-1_1(S*) must

contain at least one copy of C in its cyclic decomposition, since for [ > 3,
1—2>(-1)/2.

We conclude that V! is nontrivial. Thus by Lemma 3.0, V7.
E(LAlm—l_l) E(LAj)

is nontrivial for all j, 0 < j < I™~! — 1, and all m, m > 1. Consequently,

(1-1)?/2
Veea,)

B; denote the linear dual of A;. The ideal ¢(Lp;) is divisor of 1S, hence
principal, since all ideals of the cyclotomic field K dividing 1S are principal
ideals. An application of Theorem 2.12 then shows that R(A;) N D(A;) is
nontrivial. m

is nontrivial for all j, 0 < j < {™~! — 1, and all m, m > 1. Let

It is immediate from Theorem 3.1 that for each j, 0 < j < ™1 — 1,
there exists a tame A -extension M which is not a free A;-module. We know
that M is a semilocal principal homogeneous space over B;. Thus locally,
at the prime ideal (1 — (,,)S lying above 1S, M is a principal homogeneous
space over B;.

We claim that there exists a nontrivial class (M) € R(A;) for which M is
the full ring of integers of some Galois extension L/K with group C;. To this
end, put w =1+ (1= ()" =D+ Then L = K(z), z = w'/, is a Galois
extension of degree [. By [2, Theorem 16.1], Oy, is a Galois A;-extension,
thus Oy is a semilocal principal homogeneous space over B;. Hence there is
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some element of SPH(B;) which is integrally closed over S. Now let (M) be
the nontrivial element of R(A;) which exists via Theorem 3.1. Then by [1,
Theorem 5.6], there exists an X € SPH(B;) with (X) = (M) for which X is
the full ring of integers of some Galois extension of K with group Cj. Since
K[C] satisfies the Eichler condition ([10, p. 307]), M = X, thus M is the
full ring of integers of some Galois extension L/K with group C.

We next consider the case n = 2, and find a collection of Raynaud orders
Ain K[C?), 1> 3, K = Q(Cn), S = Z[(n], m > 2, for which there exists
tame A-extensions which are not free over A.

Put C'IQ = C; x (. Let v denote the nontrivial discrete valuation on K
which corresponds to the prime ideal (1 — (,,,)S. For each pair of integers
i,j with 0 < 4,57 < I™~!, one may define an l-adic order bounded group
valuation & on Cy x CJ, by setting £(1,1) = oo, £(h,1) =i for h € C}, h # 1,
and £(h, 1) = j, for h € Cp, ¥ € C], k' # 1 ([6, Definition 1.1]). £ gives rise
to an S-Hopf order in K[C; x C]] of the form

Aij = S[{(g = D1 = (n)~t 81,

where g runs through all the nontrivial elements of C; x C; ([6, Proposi-
tion 3.2]). It is easy to see that A, ; is a Raynaud order if and only if i = j.

We consider only those Raynaud orders A; ; for which 25 < 2/™~1 —[.
We first compute the ideal €(£ 4, ;). Note that each j satisfying the condition
2j < 2I™~1 — [ corresponds to a Raynaud order A; in K[C}]. There exists
an injection of K-Hopf algebras A : K[C)] — K[C; x (] defined by A(h) =
(h,1), for h € C;. Let K[C;]" denote the augmentation ideal of K[C;]. Then

A(K[C]]NKI[C, x C]] = K[C) x C]JA(K[C)]T),

thus the quotient ring K[C; x C/]/A(K[C)]")K[C; x C]] has the structure
of a K-Hopf algebra, which is isomorphic to K[C]] as K-Hopf algebras.

It follows that there is a surjective map of K-Hopf algebras

B: K[C, x C]] — K|[C]].
Thus, in the sense of Larson ([6, §2]), there exists a short exact sequence of
K-Hopf algebras
K[C)] = K[y x ¢f) = K[Cf).

Observe that A; = A7*(A; ;) and A; = B(A; ;). Thus by [6, Proposition 2.1]
one has €(Ly, ;) = (1 - () D@ =2) g

Let S;; = S/(1—(pn)D@™ =28 and let 0 : S — 5, denote the
canonical surjection. Put Vg, ) = g;’j/am(s*).

THEOREM 3.2. Let | > 3 be a prime which satisfies Vandiver’s conjec-

ture, and let § be any integer for which 0 < 25 < 20™~1 — 1. m > 2. Then
R(A; ;) N D(A; ;) is nontrivial.
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Proof. Consider the Raynaud (Larson) order A;m-1_; in K[C}], and the
corresponding canonical surjection oym-1_; : S — S/(1 — ()"~ S. Using
the method of Lemma 3.0 we have a surjection of groups

)= (S/(1 = ) V8) Jopm-1_y(S7).

We seek to characterize the quotient V., L) First observe that
m—1_1

Veea, ) — Ve(LAl,

m—1_7

S=Z&(1-()ZB(1 =) Z®...@(1—Cy) D71z,

thus S/(1 — () =DS is isomorphic to C’ll(l_l) as additive groups.
Consequently, there are (I — 1)I'/~D=1 elements in the unit group
(S/(1 = () =1S)*. The elements

1+ (1=Gm), 14+0—=GCn)? 14+1 =G o 141 =)' 72,
have order 12 in (S/(1 — () =Y S)*. Moreover,
T+ (1=Ga) ™l 1+ (1=Gn)'s T+ =G)'™ o T (1= G D7

have order [ in the unit group. Note that
(14+(1=Cn)) =14 (1= Cn)" mod (1= () EsS,
for r = 1,...,1 — 2. Thus the unit group (S/(1 — ¢)"*~1S)* is generated

by Cj_1, together with the elements 1+ (1 — ()", r=1,...,1 — 2, and the
elements 1+ (1 — ()%, for 1 —1 <s <I[(I—1)—1, (s,1) = 1. It follows that

(S/(l _ Cm)l(l—l)s)* ~ (O % Cll273l+3 « Cll;2
We next characterize the image o;m-1_;(S*). We know that the quotient

group S*/U is finite of order h™ (K, where U denotes the cyclotomic units
of K. The subgroup U < §* induces a surjection of quotients
ST U = opm=1(8%)/opm-14(U).

Let —(,, denote the residue class of —(,, modulo (1—¢(,,) 1S, and let
7, denote the residue class of u, modulo (1 — () DS for 1 < a < 1™/2,
(a,l) = 1. By the method of the proof of Theorem 3.1, one sees that the
classes {T, | 1 < a < (1> —1)/2}, (a,1) = 1, together with —(,, generate
Oym—1_7] (U)

The important question is: What is the maximum number of copies of
(2 that can occur in the cyclic decomposition of o;m-1_;(U)? To answer
this question, we consider the subgroup (o;m-1_;(U)). Since

14+¢ +¢ 4+ 4+ ¢ =0 mod (1 — () -Ys,
it is fairly obvious that the classes
{@)'1<a<(-1)/2},

together with (—(,,)! generate (oym-1_;(U))". Thus there can be at most
(I—1)/2 copies of C; in the cyclic decomposition of (oym-1_;(U))!. It follows
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that there can be at most (I —1)/2 copies of Cjz in the cyclic decomposition
of O‘l'ln—lfl(U).

If oym-1_;(S*) contains more than (I — 1)/2 copies of Cj= in its cyclic
decomposition, then {2, and hence [, divides the order of the quotient

oym-1_(S*)/opm—1_1(U).

It follows that [ divides h*(K), the order of the group S*/U. By [12, Corol-
lary 10.6], | h*(Q(¢1)), that is, Vandiver’s conjecture does not hold for I.
This contradicts our assumption that [ satisfies Vandiver’s conjecture.

Thus ojm-1_;(S*) contains at most (I — 1)/2 copies of Cj2 in its cyclic
decomposition. Now since [ > 3,

(l-1)/2<l-2,
thus oym-1_;(S5*) has less than [ —2 copies of C)2 in its cyclic decomposition.

We conclude that Vee, = g;,b_l,l/alm_l_l(S*) contains at least
m—1_

(1P=1)(1-1)/2 .

one copy of Cj2 in its cyclic decomposition. It follows that V. is

(Laym_y_,)

nontrivial, and hence Vl(lzfl)(lfl)ﬂ
E(L"Aj )

»J
dual of Aj; ;. Then the ideal ¢(Lp, ;) is principal in the cyclotomic field K.
Theorem 2.12 then applies to show the existence of a semilocal principal

homogeneous space over B; ; which is not a free A; j-module. m

is nontrivial. Let B; ; denote the linear
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