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1. Introduction. Let k be an algebraically closed field of characteristic
p > 0, complete with respect to a non-Archimedean absolute value. Denote
by M(k) the field of meromorphic functions in k. For f € M(k) and S a
subset of k, we let

E(f,S)={(z,m)€kxZ": f(z)=ac€Sand f(z) =a
with multiplicity m},
E(f,8 U{oc}) = E(f,5)
U{(z,m) € k xZ" : z is a pole of order m of f}.

Let F be a non-empty subset of M(k). A subset S of kU {oo} is called
a unique range set (URS for short) for F if f = g for any f,g € F such
that E(f,S) = E(g,S). Similarly, let S,T be two subsets of kU {oc} with
SNT =0.(S,T) is called a bi-URS for F if f = g for any f,g € F such
that E(f,S) = E(g,S) and E(f,T) = E(g,T).

Several interesting results about URS and bi-URS for non-Archimedean
entire and meromorphic functions of zero characteristic have been obtained
in [BE1-3], [BEH], [CY], [EHV], and [KA]. Cherry and Yang [CY] gave a
characterization of a finite subset S of k to be an URS for p-adic entire
functions by observing that it is equivalent to S being an URS for the poly-
nomial ring over k. Recently, Khoai and An [KA] gave sufficient conditions
for URS and bi-URS in terms of uniqueness polynomials and strong unique-
ness polynomials for non-Archimedean meromorphic functions by using tools
from p-adic Nevanlinna’s theorem. In this paper we will give necessary and
sufficient conditions for uniqueness polynomials and strong uniqueness poly-
nomials for non-Archimedean meromorphic functions including the case of
positive characteristic. Our approach is based on Cherry—Yang’s observation
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and uses some basic results on plane curves and the truncated second main
theorem for rational functions (cf. [W1, 2]).
We recall some definitions.

DEFINITION. Let F be a non-empty subset of M (k).

(1) A non-constant polynomial P(X) over k is said to be a uniqueness
polynomial for F if the identity P(f) = P(g) implies f = g for any pair of
non-constant functions f,g € F.

(2) A non-constant polynomial P(X) over k is said to be a strong unique-
ness polynomial for F if the identity P(f) = ¢P(g) implies f = g for any
pair of non-constant functions f,g € F and for any non-zero constant c.

Let P(X) be a polynomial of degree n in k[X]. We say it satisfies con-
dition (I) if

(I) P(X) is injective on the roots of P’'(X).

The basic ideas of the paper are as follows. Consider the plane curves
F(X,)Y)=(P(X)—P(Y))/(X-Y)=0,and F.(X,Y) = P(X) — cP(Y)
with ¢ # 0,1. If P(f) = P(g) (resp. P(f) = cP(g)) for a pair of dis-
tinct non-constant non-Archimedean meromorphic functions f, g, then by
Berkovich’s non-Archimedean Picard theorem, the plane curve F(X,Y) =0
(resp. F.(X,Y) = 0) has a rational component. Therefore, P(X) is a strong
uniqueness polynomial if and only if the curves F(X,Y) =0 and F.(X,Y)
= 0 for all ¢ # 0,1 have no rational components. In general, it is difficult
to show a curve has no rational component if it has many multiple points;
and even more difficult if it has non-ordinary multiple points. Therefore, we
need to assume condition (I) to reduce the number of multiple points. Even
so, there may still exist some non-ordinary multiple points for F,.(X,Y’) = 0.
We will use the truncated second main theorem for rational function fields
to show that the local expansion of F.(X,Y) = 0 at non-ordinary mul-
tiple points does not behave too badly for this. Indeed, one can perform
a sequence of linear and quadratic transformations to transform it into a
curve with only ordinary multiple points and having the same deficiency as
F.(X,Y)=0.

The main results are as follows.

THEOREM 1. Let k be an algebraically closed field of characteristic p >0,
complete with respect to a non-Archimedean absolute value. Let P(X) be a
polynomial of degree n in k[X], and P'(X)=ANX —a)™ ... (X — a;)™
where X is a non-zero constant. Suppose that P(X) satisfies condition (I).
Furthermore, for p > 0 assume that the multiplicity of X — «; in
P(X)— P(a;) is m; + 1, for 1 < i < I; in addition if p|n assume that
the coefficient of X"~ in P(X) is not zero. Then the following are equiv-
alent:
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(i) P(X) is a uniqueness polynomial for M(k),
(ii) P(X) is a uniqueness polynomial for the field of rational functions
n k,

(iii) (n —2)(n —3)/2 = S\ mi(m; — 1)/2 > 0,

(iv) Il > 2if p|n; and 1 > 3 or | = 2 and min{my,ma} > 2 if p=0
or pin.

DEFINITION. A subset S of k is called affinely rigid if no non-trivial
affine transformation of k£ preserves S.

THEOREM 2. Let k be an algebraically closed field of characteristic p,
complete with respect to a non-Archimedean absolute value. Let P(X) be a
polynomial of degree n in k[X], and P'(X) = MX —ay)™ ... (X — o)™
where A is a non-zero constant. Suppose that P(X) satisfies condition (I)
and has no multiple zeros. Furthermore, for p > 0 assume that the multi-
plicity of X — oy in P(X) — P(oy) is m; + 1, for 1 < i <I; in addition if
p|n assume that the coefficient of X"~ ! in P(X) is not zero. Let S be the
set of roots of P(X) = 0. Then the following are equivalent:

(i) (S,{o0}) is a bi-URS for M(k),

(ii) P(X) is a strong uniqueness polynomial for M(k),

(iii) P(X) is a strong uniqueness polynomial for the field of rational func-
tions in k,

(iv) S is affinely rigid, and one of the following holds:

(a) if p|n, then either | > 2;

(b) if p=0 or p{n, then either | > 3 but P(X) does not satisfy (A), or
I =2 and min{my,mo} > 2 but P(X) does not satisfy (B), where (A) and
(B) are as follows:
(A)

A n=4, mi=mg=m3=1 and =

where w? +w +1=0;
(B) n=>5 my=mg=2 and P(a1)=—P(asz).

REMARK. (1) The characterization of uniqueness polynomials of rational
functions is independent of the constant field. To be more precise, under the
same assumption, (ii), (iii) and (iv) in Theorem 1 are equivalent and (i),
(iii) and (iv) in Theorem 2 are equivalent if k is replaced by an algebraically
closed field of the same characteristic.

(2) When p > 0, if the multiplicity of X —«; in P(X) — P(a) is m; + 1,
for 1 <i <, then ptm; + 1.

Acknowledgements. The author thanks W. Cherry for bringing this
problem to her attention and sending her an e-mail message by J. F. Voloch.
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In the message, Voloch gave a simpler proof of a result of [CY] which is in-
cluded in the appendix. The author thanks J. F. Voloch for sharing his ideas
and allowing her to include his proof. The author also thanks A. Escassut
and the referee for helpful comments.

2. Singularities of two plane curves. Without loss of generality, we
may assume that P(X) is monic. Throughout the paper we let

P(X) = ZaiXi, a; €k, ap =1,
i=0

n(X —ap)™ . (X —a)™ iftp=0or
P'(X)= p >0 and ptn,
—ap—1(X —a)™ .. (X —ag)™ if p>0andp|n,

F(X,Y) = (P(X) - PY))/(X-Y),
F.(X,Y)=P(X)—cP(Y), ¢#0,1.

Denote by F(X,Y) = 0 and F.(X,Y) = 0 the algebraic curves in P?(k)
obtained by homogenizing these polynomials into homogeneous polynomials
in three variables with the same degree. In this section, we will study the
singularities of these plane curves.

We first discuss the singularities of F'(X,Y) = 0. Let p be the character-
istic of k. If p =0 or p > 0 and p{n, then F(X,Y) = 0 has n — 1 distinct
points at infinity, hence they are all non-singular. If p | n and a,,—; # 0, then
(1,1,0) is the only point at infinity and its multiplicity is one.

For the affine points, we have

OF _ (X —Y)P'(X) - (P(X) - P(Y))

X (X —Y)2 ’
OF  —(X -Y)P'(Y)+ (P(X) - P(Y))
Yy (X —Y)? ‘

A point (z,y) with x # y is in F(X,Y) = 0 if and only if P(x) = P(y), and
is a singular point if and only if P’'(z) = P’(y) = 0. Hence, if P(X) satisfies
condition (I), then it is non-singular.

A point (x,z) is in F(X,Y) = 0 if and only if P'(z) = 0. If (z,z) is
in F(X,Y) = 0, we may assume that x = 0 and P’(0) = 0 after changing
variables. If p = 0 or p > 0, and the multiplicity of X in P’/(X) is m, then by
assumption the multiplicity of X in P(X)— P(0) is m+ 1. Clearly, ptm+1,
and the multiplicity of (0,0) in F(X,Y) = 0 is m. Hence,

FX,)Y)=apn1 (X" + XY 4. 4+ XY™ 4 y™)
+ Q2 (XM 4+
where a,,4+1 # 0, and X + XY 4+ ... 4+ XY™ 1 L Y™ factors into m



Uniqueness polynomials and bi-unique range sets 187

distinct linear forms. This shows that (0,0) is an ordinary singularity. In
conclusion, we have

PROPOSITION 1. Suppose that P(X) satisfies all the conditions in The-
orem 1. Then the set of singular points of F(X,Y) = 0 is {(z,2) | «
is a multiple root of P'(X) = 0}. Furthermore, every singular point in
F(X,Y) = 0 is an ordinary singularity with multiplicity equal to its root
multiplicity in P'(X).

We now discuss the singularities of F.(X,Y) = 0. Similarly, if P(X)
satisfies the conditions in Theorem 1, then the curve has no singular points
at infinity. For affine points, since

PL=P(X), S =-cP(Y), c#01,

a point (x,z) is in F.(X,Y) = 0 if and only if P(z) = 0, and is a singular
point if and only if P’(x) = 0. That is equivalent to z being a double root of
P(X). If P(X) has no multiple roots, then (z,x) cannot be a singular point.
On the other hand, an affine point (z,y) with z # y in F.(X,Y) =01is a
singular point if and only if P(z) = cP(y) and P'(x) = P'(y) = 0. If (o, o)
and (o, oy) are two points in F,.(X,Y) = 0, then P(«;) = P(ag). If P(X)
satisfies condition (I), then a; = ay,. Therefore there are at most [ possible
singular points of this type (i, a¢@)), 1 < i <[, where ¢ is a permutation
of {1,...,1} and (i) # i. In conclusion, we have

PROPOSITION 2. Suppose that P(X) satisfies all the conditions on Theo-
rem 2. Then F.(X,Y) = 0 has at most | singular points (c,ay)),
1 < i < I, where t is a permutation of {1,...,1} and t(i) # i. Further-
more, the multiplicity of (i, ayq)) in Fo.(X,Y) =0 is less than or equal to
min{m;, my;) } + 1.

LEMMA 1. Assume that P(X) satisfies all the conditions in Theorem 2.

Suppose there exists a pair of non-constant rational functions (f,g) such
that P(f) = cP(g). Then |m; —my)| < 1if P(ag) = cP(oy).

To prove this lemma, we will use the truncated second main theorem for
rational functions which is stated as follows.

TRUNCATED SECOND MAIN THEOREM. Let | be a non-constant rational
function over k, and assume f is not a pth power if the characteristic p of
k s positive. Let | be a ratio of two relative prime polynomials f1 and fa,
and let c1,...,cq be q distinct elements in k. Then

q
(¢ — 2) max{deg fi,degfa} <Y Ni(f—e¢;) — 1

i=1

where N1(f — ¢;) is the number of distinct zeros of f— ¢;.
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We refer to [W1] or [W2] for the proof and a more general statement of
this theorem.

Proof of Lemma 1. Let f = fi1/fo and ¢ = ¢1/g2 where f; and g;
are polynomials over k, f; is prime to fs and g; is prime to go. Since
P(f) = cP(g), the pole order of f at any point of k equals the pole or-
der of g. Therefore g is a non-zero constant multiple of fo. By adjusting
the coefficients of g;, we may assume that go = fo. Then P(f) = cP(g)
gives

=gt +an1(ff " —cgt o+ ... +ao(l—c)fy =0.

If deg f1 > deg f2, then degg; = deg f1. If deg f1 < deg f2, then degg; <
deg fo. Therefore,

(2.1) max{deg f1,deg fo} = max{deg g1, deg f2}.

If P(B) = P(a;) and § # oy, then P'(8) # 0 because P(X) satisfies
condition (I). Hence, for each 1 <14 <, we have

)-
P(X) = P(o) + (X — )™ X = Bin) .. (X = Bin—m,—1)-
If P( ) = P(Ozt(i)), then

(22)  (f =)™ (f = Bi) .. (f = Bin-m,—1)

= (9 — @)™ g = Beiy1) - - (9 = Betiyn—miygs—1)-
Since aj, Bij, 1 < j < n —m; — 1, are distinct, f — o; and f — 35,
1 <j <n-—m;—1, have no common zero pairwise. Similarly, g — ()
and g — By(iy;, 1 < j < n—myu) — 1, have no common zero pairwise.

By assumption, f is not constant. When p > 0, we may write f =
2" where f is not a pth power and r is a non-negative integer. Since k is
algebraically closed, the left hand side of (2.2) is a p"th power. Since g — ;)
and g — By()j, 1 < J < n—my)—1, have no common zero pairwise, g is also
a p"th power function. Let ¢ = g?". For a € k, denote by o'/?" the unique
solution of X?" = . Then from (2.2), we have

n—m;—1

Ni(f - /") + Z Ni(f - 87

n—mt(i)—l
1 1/p"
=N@—a )+ > M-8
j=1
Now we will apply the truncated second main theorem for the non-pth
power rational function f and n — m; distinct points az /P" and ﬂilj/ Py =
1,...,n—m; — 1. We have
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(n —m; — 2)p~ " max{deg f1,deg f2}

n—m;—1

SNi(f-oi")+ D0 M-8 -1

Jj=1

="My (3) —1

T 1 '
=NM@-al)+ > M-8 -1
j=1

< (n —my))p~ " max{deggi,deg fo} — 1.
This implies my ;) —m; < 1, by (2.1). Similarly, we have m; — my ;) < 1.

When p = 0, since f is not constant we may apply the truncated second
main theorem directly to derive the same result. =m

We will need the following lemma for later computation.

LEMMA 2. Let d > 0 and e; > 2 be integers and (d — 1)(d — 2)
Z?:1 ei(e; — 1)+ 2g, where g = 0 or g = 1. If h > 2, then Z?Zl €;
d+h—-1—g;if h=1and g =0, then e; =d — 1.

Proof. We have

AV

h h

ei>2 — Zei -2 Z e;e;.

1 i=1 1<i<j<h

ei(e; —1) = (

=1 %

It is easy to see that

Z eiej > %min{ei} Z e; > (h—1) Z €;.

1<i<j<h 1<i<h 1<i<h
Ifg=1and h >2,0or g=0and h > 1, then

h 2 h
(d—1)(d—2) < (Ze) -1 ei+2g

izl 2 izl
< (Ze) ~(@h=1) Y et hlh—1)

~ (e n1) (S )

Therefore, Z?Zl e; > d+ h — 2. It is also clear that the inequality is strict
when g = 0 and h > 2. In this case we have ZLI e; > d+ h — 1. Therefore,

Z?:1 e; > d~+h—1—gwhen h > 2. The other assertion is clear. m

3. The proof of Theorem 1. Let Q(X,Y) be a polynomial in two
variables over k, and deg(@ be the highest total degree. Then it can be



190 J. T.-Y. Wang

homogenized into a homogeneous polynomial Q(X,Y, Z) of the same degree.
For simplicity, we sometimes use Q(X,Y) = 0 to denote the plane curve
given by Q(X,Y,Z) = 0. Denote by dg the deficiency of the plane curve

Q(X,Y, Z) = 0, which is

%(deg@ —1)(degQ — 2) — % ijmp(mp _ )

where the sum is taken over all points in Q(X,Y,Z) = 0 and mp is the
multiplicity of Q(X,Y,Z) =0 at P.

LEMMA 3. Suppose that P(X) satisfies all the conditions in Theorem 1.
Then F(X,Y) has an irreducible polynomial factor which defines a plane
curve of genus zero if and only if

~ (n—2)(n—23) mg(m; — 1)
e B P e

=1

Proof. From Proposition 1, (a1,1),...,(a;,«;) are the only possible
singular points of F(X,Y) = 0, and they are all ordinary under our as-
sumption. If F(X,Y) is irreducible, then 6 is the genus of the defining
curve. Therefore the assertion is clear.

Assume that FI(X,Y) is reducible. Let H(X,Y) € k[X, Y] be a proper ir-
reducible factor of F'(X,Y), and write F(X,Y) = G(X,Y)H(X,Y). Then
H(X,Y)tG(X,Y) because F(X,Y) = 0 has only finitely many multiple
points. In this case («;, ;), 1 <i <, are the only possible multiple points
of G(X,Y) =0and H(X,Y) =0, and they are also the only possible points
in the intersection of these two curves. Let m& and mf be the multiplicity
of (avi, ;) in G(X,Y) =0 and H(X,Y) = 0 respectively. Then the genus of
the curve defined by H(X,Y) = 0 equals its deficiency dp. Since P'(X) =
F(X,X)=G(X,X)H(X, X), we have

1
me{:d and m; <d-—1,
i=1
where d is the total degree of H(X,Y'). Without loss of generality, we may
assume that the m are arranged in decreasing order. From Lemma 2 one
can show easily that 6y = 0 if and only if (i) d = 1 and mif =1, m =0
for 2 < i <lor (i)d>2and mif =d—1, m =1, and m¥ = 0 for
3 < <. By Bézout’s theorem,
l
dn—d—-1) = memff
i=1
If (i) holds, we get m§ = n —d — 1 = deg G, which implies that é¢ < 0. If
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(ii) holds, then
dn—d—-1)=(d-1mf +m§ < (d-1)(mf +m§) < (d—1)(n—d-1),

which is impossible. This shows that if ;7 = 0, then dg¢ < 0. From Bézout’s
theorem and simple counting one can easily verify that

0 =0g +6yg — 1.

Therefore we may conclude that if iy = 0, then §r < 0.
On the other hand, since F(X,Y) = 0 has n — 1 distinct points at
infinity, F(X,Y) cannot have multiple irreducible factors. Let F'(X,Y) =
221 H;(X,Y) where H;(X,Y) are distinct irreducible polynomials. Then
oFp = Zzzl 0, —j+ 1. If 6p < 0, then at least one of the dp, has to be
zero. Hence F(X,Y’) has an irreducible factor of genus zero. m

Proof of Theorem 1. (i) implies (ii) trivially. The proof of (ii) implying
(1) was already given in [CY]. We include the proof for reader’s convenience.
Assume that P(X) is a uniqueness polynomial for the ring of rational func-
tions. If f and g are two distinct non-constant non-Archimedean meromor-
phic functions such that P(f) = P(g), then F(f,g) = 0. Let H(X,Y) be an
irreducible factor of F(X,Y") such that H(f,g) = 0. Since f and g are not
constant, by Berkovich’s non-Archimedean Picard theorem (cf. [Ber| and
also [CW] for a more elementary proof), H(X,Y) = 0 is a curve of genus
zero. Since k is algebraically closed, this curve is rationally parametrized. In
other words, there exist non-constant rational functions r(¢) and s(¢) and
R(X,Y) such that t = R(X,Y) and H(r(t),s(t)) = 0. Let h = R(X,Y), so
that f =r(h) and g = s(h). Since P(X) is a uniqueness polynomial for the
rational function fields, f = r(h) = s(h) = g.

P(X) is a uniqueness polynomial for rational functions if and only if
F(X,Y) has no irreducible polynomial factors which define a plane curve of
genus zero. Therefore (ii) and (iii) are equivalent by Lemma 3.

Without loss of generality, we may assume that m;’s are in decreasing
order. If p =0or p > 0 and pfn, then 22:1 m; =n—1. By Lemma 2, i <0
if and only if (a) m; =n—1,and m; =0fori > 2or (b) m; =n—2,mg =1
and m; = 0 for ¢ > 3. Similarly, if p|n and a,,—1 # 0, then 22:1 m; =n—1.
Similarly, 6 < 0 if and only if m; = n — 2, and m; = 0 for ¢ > 2. Therefore
(iii) and (iv) are equivalent. m

4. The proof of Theorem 2. Since the plane curve F.(X,Y) = 0 may
have non-ordinary multiple points, its deficiency does not necessarily equal
its genus when F.(X,Y") is irreducible. However, if P(X) satisfies all the
conditions in Theorem 2 and there exists a pair of non-constant rational
functions (f,g) such that P(f) = cP(g), then the deficiency of the irre-
ducible plane curve F,.(X,Y) = 0 does equal its genus. We will deduce this
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fact by showing that there exists a sequence of linear and quadratic trans-
formations which takes F.(X,Y) = 0 to a curve which has only ordinary
singularities and has the same deficiency as F.(X,Y’) = 0. Furthermore, we
will show that Bézout’s theorem still holds in the sense of Lemma 4(2).

LEMMA 4. Assume that P(X) satisfies all the conditions in Theorem 2.
If P(f)=cP(g) for a pair of non-constant rational functions (f,g), then:

(1) There exists a sequence of linear and quadratic transformations which
takes F.(X,Y) = 0 to a curve which has only ordinary singularities and has
the same deficiency as F.(X,Y) = 0.

(2) If F.(X,Y) is reducible, say F.(X,Y)=H(X,Y)G(X,Y), then

deg H deg G = ngmg,
P

where the sum is taken over the intersection of H =0 and G =0, and mg
(resp. m$%) is the multiplicity of H (resp. G) at P.

Proof. From Lemma 1, we see that (o, ag1y), - - -, (ar, ay(y) are the only
possible singular points of F.(X,Y) = 0. Moreover, if P(a;) = cP(au)),
then |m; — my(;)| < 1. By assumption,

F.(X,Y) = v;(X — a;)™* + {higher order terms in X — ;}
+ (Y — at(i))mf“)H + {higher order terms in Y — ay;)},

where v, pu; # 0, and pfm; + 1 if p > 0. If m; = my), then (as, ay))
is an ordinary singularity. If [m; — my ;)| = 1, then it is not an ordinary
singularity and the multiplicity is min{m;, m;) } + 1. In what follows we
will perform a sequence of linear and quadratic transformations to obtain
a curve with only ordinary singularities and with the same deficiency as
F.(X,Y) = 0. We refer to [Ful, Chapter 5] for notation and terminology.
For simplicity of notation we denote by F.(X,Y,Z) the homogenization of
F.(X,Y). Suppose that m,;y = m; + 1. We first make a linear transforma-
tion which takes the curve in an excellent position, and the point (c, o))
to origin. Let

Qu(X,Y,Z)=F( X+ Z+Y,Y + oy Z,2)
=y (X Y )mitlgznmmi=l 4 (X 4 Y)mit2 gzn-mi=2
+...+X+Y)"+ Y mit2 gn—mi—2
- pp Y™t znmmim3 (X Y

where v;;’s and p;;’s are in k. We then perform a quadratic transformation
to get Qo(YZ,XZ,XY)=Zm+Q(X,Y,Z), with
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Q1(X,Y,Z) = (X + V)" (XY)n !
+ v (X +Y)™t2(Xy)rmi2g
+ (X +Y)zrm T XY
Fpa XY S22 e Xz

Similar to [Ful, Chapter 5], the three fundamental points (1,0,0), (0, 1,0),
and (0,0, 1) become ordinary multiple points of @Q1(X,Y, Z) = 0 with multi-
plicities n — m;, n —m;, and n respectively. It is easy to check that the only
non-fundamental point lies in the intersection of Q1(X,Y, Z) and the union
of three exceptional lines {X = 0}, {Y = 0}, and {Z = 0} is (1,—1,0).
Since
Ql(]-; Y, Z) = ,LLiYn_mi_2Z + Milyn_mi_3Z2 +...—cgnmiL
+ 1+ YY)ty o (1Y)

where v;;’s are in k, the multiplicity of this point (1,—1,0) is one.

For points of Q1(X,Y,Z) = 0 outside of the union of three exceptional
lines, this transformation preserves the multiplicities and ordinary multi-
ple points. One can easily show that the deficiency of @Q1(X,Y,Z) = 0
equals 0p, .

If (v, () is the only non-ordinary multiple points in F.(X,Y) = 0,
then we are done. Otherwise, there is another non-ordinary multiple point
(aj,aq(;)) in Fo(X,Y) = 0. Clearly, it does not lie in those three excep-
tional lines. For points of Q1(X,Y,Z) = 0 outside of the union of three
exceptional lines, we may write Q1(X,Y,1) = (XY)?"Q(1/X,1/Y,1) =
(XY)*"F.(1/X + o; + 1/Y,1/Y + ay()). This implies that the quadratic
transformation does not change the local expansion of points outside of
the union of three exceptional lines. To be more precise, in this step we
first make a linear change of coordinates of the form X’ = r; X — s; and
Y’ = ryY —s5 such that X/ = 0 and Y’ = 0 is a singularity given by previous
transformations of (a;, ay(;)), and the local expansion is of the form

1 1
Q2U(Xla Y/) 1) = Ql (E(X + Sl)a E(Y + 52)) 1>
— VJ (X/ + le)ijrl(lel)nfmjfl
+ le(X, + le)mj+2(X/Y/)n—mj—2 + ...
+ MjX/nY/nfmij + Mle/nY/nfmjf?; + ..
where ¢ is a non-zero constant. Therefore when we perform another quadratic
transformation to resolve the singularity corresponding to (a, ay(;)), there
is still only one non-fundamental point in the intersection of Q2 (X', Y’, Z)
and the union of three exceptional lines X’ = 0, Y’ = 0, and Z = 0, and
its multiplicity is one. Similarly, Q20(X’,Y’, Z) = 0 has the same deficiency
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as Q1(X,Y,Z) = 0. Since the number of non-ordinary multiple points is
finite, after finitely many linear and quadratic transformations we may ob-
tain a curve Q(X,Y,Z) = 0 with only ordinary singularities and with the
same deficiency as F.(X,Y) = 0. Therefore, the genus of the plane curve
F.(X,Y) = 0 equals its deficiency.

We now prove the second assertion. Let F.(X,Y) = G(X,Y)H(X,Y)
where H(X,Y) € k[X,Y] is a proper factor of F(X,Y’) of degree d. Since
F.(X,Y) = 0 has only finitely many multiple points, H(X,Y) and G(X,Y)
have no common factor. Clearly, (a1, ay(1)), - - -, (a1, ay()) are also the only
posmble points in the intersection of G(X,Y) = 0 and H(X,Y) = 0. Let m¢&
and m! be the multiplicity of (e, o)) in G(X,Y) =0 and H(X,Y) = O
respectively.

Recall the previous construction of resolving singularities where we first
transform F.(X,Y) = 0 into Q1(X,Y, Z) = 0 by linear and quadratic trans-
formations. Assume that in this step H(X,Y) and G(X,Y") are transformed
to Hiy (X, Y) and G1(X,Y) respectively. Then the degree of H;(X,Y) is
2d —mi | and the multiplicities of the three fundamental points in H; (X,Y)
= 0 are d, d — mil, and d — mi! respectively. Similarly, the degree of
G1 (X,Y) is 2n — 2d — mi, multiplicities of the three fundamental points
in G1(X,Y) = 0are n—d, n—d—m{, and n — d — m{ respectively.
Since the multiplicity of the only non-fundamental point in the intersection
of @1(X,Y,Z) = 0 and the union of three exceptional lines is one, it is
not in the intersection of Hy(X,Y) = 0 and G1(X,Y) = 0. Let m5* and
m$! be the multiplicity of the point P in H;(X,Y) =0 and G1(X,Y) =0
respectively. One can check easily that

(4.1)  deg Hydeg Gy — Zmp m$
P

= (2d — m)(2n — 2d — m§) — d(n — d)

—2(d — m)(n — d —m§) Zm

>2
— E mflmG

i>1

If the plane curve F.(X,Y) = 0 has only one non-ordinary multiple points,
then the multiple points of Q1 (X,Y, Z) = 0 are ordinary. Hence the left hand
side of (4.1) equals zero by Bézout’s theorem. In general, after a sequence of
linear and quadratic transformations F.(X,Y) = 0 can be transformed into
acurve Q(X,Y) = 0 with only ordinary multiple points. Since an equation of
the form (4.1) holds for each transformation, by Bézout’s theorem d(n—d) =
2z miim.
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LEMMA 5. Suppose that P(X) satisfies all the conditions in Theorem 2
and F.(X,Y) has no linear factor. Then F.(X,Y') has an irreducible factor
of genus zero if and only if

1
(n—1)(n—2) ei(e; — 1)
Op, = - E <
F. 2 v 2 I Oa
where e; is the multiplicity of F.(X,Y) =0 at (ay, ou)).

Proof. If F.(X,Y) is irreducible, then dp, is the genus by Lemma 4.1.
Hence the assertion is clear.

Assume that F.(X,Y) = G(X,Y)H(X,Y) where H(X,Y) € k[X,Y]
is a proper irreducible factor of F(X,Y’) and the genus of H(X,Y) = 0 is
zero. Since a plane curve of genus zero is parametrized by rational functions,
this implies that P(f) = ¢P(g) for some non-constant pair of rational func-
tions (f, g). By Lemma 4.1, we may transform F.(X,Y’) = 0 to another curve
Q(X,Y) = 0 with only ordinary singularities and having deficiency equal
to dp.. Suppose that H(X,Y) = 0 was taken to Hg(X,Y) = 0 under this
transformation. Since they are birational to each other and the deficiency é i
of H(X,Y) = 0 is preserved under this transformation, this implies g = 0.
Clearly, (a1, ay(1)),. .., (cu, o)) are the only possible singular points for
G(X,Y) =0 and H(X,Y) = 0, and are the only possible points in the
intersection of these two curves. Let m§ and mX be the multiplicities of
(ai, ay(5)) in G(X,Y) =0 and H(X,Y) =0 respectlvely Then

d—1(d-2) <~mfmf -1
(4.2) ozéHz%_z%’

i=1
where d > 2 is the total degree of H(X,Y’). Without loss of generality, we
may assume that m;’s are in descending order and exactly h of them are
non-zero. Since §y = 0, Lemma 2 implies either (i) m =d—1, mi = ... =
mf =1or (i) ', m# > d+h—1. Since " mHF+3"  m& <n+h-1,
we have Z? ,m& <n—d+1 for (i) and Zf ,m§ < n —d for (ii). Then
for (i), the following can be deduced from Lemma 4(2):

din —d) = (d—1)m{ +Zm (d —2)m¢ —}—Zm

Therefore
(d—2)ymf >dn—d)—(n—d+1)=(d—1)(n—d) — 1.

If d = 2, this implies that n < 3. Hence n = 3, P/(X) has two single
roots and dg = 0. Therefore F.(X,Y) has only ordinary singularities, and
dp, =0m +d0c—1<0.



196 J. T.-Y. Wang

For (i), if mi = mil = ... = m then by Lemma 4(2)
h
d(n —d) = mf? ZmZG <mi(n-d).
i=1

This implies that m{’ > d, which is impossible. Otherwise, we may assume
mi =m =...=mf | >mf > 0. By Lemma 4(2)

r—1 h
d(n —d) =mi? ZmlG + melmf
i=1 i=r

r—1
< (mf —mf)Zm?—i—mf(n—d).
i=1

This implies that

r—1

d—mH
E m?Z(n—d)ﬁ>n—d,
=1

which contradicts the fact that Z?Zl m§ <n—d.

Conversely, let F,.(X,Y) = [[]_, H;(X,Y) where each H; is irreducible
with total degree no less than 2. Similarly, H; are all distinct. One can check
easily that 6, > g, +...+0g;, —j+ 1. If dr. <0, then at least one of the
0m, is zero. Hence the genus of the plane curve H;(X,Y) = 0 is zero. m

LEMMA 6. Suppose that P(X) has no multiple zeros and S is the set of
zeros of P(X). Then S is affinely rigid if and only if neither F(X,Y') nor
F.(X,Y), ¢ #0,1, has a linear factor.

Proof. Since F.(X,X) = P(X)—cP(X) # 0, X —Y is not a linear factor
of F.(X,Y). It is not a linear factor of F(X,Y) either, because F(X,X) =
P'(X) is not zero, otherwise P(X) would be a pth power, contrary to the
assumption that P(X) has no multiple zeros. If r X +s—Y divides F.(X,Y)
for some ¢ # 0,1, or F(X,Y), then (r,s) # (1,0) and P(X) = bP(rX + s),
b=1orec.

Let S ={0,...,0,}. Then

(X =B1).. . (X=Ba)=brX +s—B1)...(rX +5—B).

Hence, r™™ = b and rS 4+ s = S. Therefore S is not affinely rigid. The
converse is clear. m

When the characteristic of k is zero, Khoai and An show that P(X) is
a strong uniqueness polynomial if it has no multiple zeros, satisfies condi-
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tion (I), { > 3, and
l
i=1
The following result shows that under the assumption of Theorem 2, if (G)
holds, then S is affinely rigid.

PROPOSITION 3. Assume that P(X) satisfies all the conditions in The-
orem 2.

(1) If F(X,Y) has a linear factor, then dp < 0.
(2) If F.(X,Y) has a linear factor, then Zi’:l P(a;) = 0.

Proof. The first assertion follows from the proof of Lemma 3. For the
second assertion, we will use the notation from the proof of Lemma 6. Let
H be a linear factor of F,.(X,Y), and mi =mil = ... =mf’ = 1. Then by
Lemma 4(2),

h
(4.3) > omf=n-1
=1

Since m¢& < min{m;, my;)} and 22:1 m; =n — 1, (4.3) implies h = [, and
for each 1 <14 <1, P(a;) = cP(oy(;y) and m; = my).

Without loss of generality, we may assume that H = Y — rX — s.
Clearly, 7 # 0 and (r,s) # (1,0). Then P(X) = cP(rX + s). Therefore,
P'(X) =crP/'(rX + s). Clearly, P(a;) = cP(ra; + s) and P'(ra; +s) = 0.
Since P(X) satisfies condition (I), this implies ra; + s = ay(;). Therefore,
22:1 P(a;) = 022:1 P(ra; + s) = 022:1 P(«;). Since ¢ # 1, this shows
that 320, P(a;) = 0.

Proof of Theorem 2. We first show that (i) is equivalent to (ii). Suppose
that f and g are two non-constant meromorphic functions on k satisfying
E(f,S) = E(g,5) and E(f,00) = E(g,00). Then P(f)/P(g) = ¢ for some
non-zero constant. If P(X) is a strong uniqueness polynomial for M(k),
then f = g. Hence, (5,{oc0}) is a bi-URS for M(k). Conversely, suppose
that f and g are two non-constant meromorphic functions on k such that
P(f) = cP(g) for some non-zero constant. Then E(f,oc0) = E(g,0). Let

S ={pf1,...,0n}. Then
(f=B1)..(f=Bn)=clg—PB1)...(9 = Bn)-

Suppose that ord,(f — 1) > 0 for some a € k. Since (1, ..., 3, are distinct,
we have ord,(f — 1) = ords (g — Bm) > 0 for some m, and ord,(f — 3;) =
ord,(g — B;) = 0 for i # 1, j # m. This shows that E(f,S) = E(g,5).
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Therefore, if (S, {oo}) is a bi-URS for M(k), then f = g. This shows that
P(X) is a strong uniqueness polynomial.
Similarly to Theorem 1, (ii) and (iii) are equivalent. By Theorem 1,

Lemma 5 and Lemma 6, (iii) is equivalent to S being affinely rigid, o > 0
and dp, > 0 for each ¢ # 0,1. Let e; be the multiplicity of F.(X,Y) =0 at

i, Qysy). Since e; < m; + 1, and L m; equals n — 2 if p|n, and n — 1
(1) =1
otherwise we have

l
(4.4) 5o = =D =2) 3 ei(ei — 1)

N 2 2
=1
I
(n—1)(n—2) m;(m; + 1)
- 2 ; 2
! !
(n—1)(n—2) mi(m; — 1)
N U
i=1 i=1
_J R if p|n,
| 6 — 1 otherwise.

Therefore, if p|n, then dp < 0 if and only if 6 < 0.

For p = 0 or p > 0 and ptn, if p > 0, then by (4.4) dp, < 0 only
if )p = 1 and e; = m; +1 = my) + 1 for each 1 < ¢ < [. Suppose that
miy>mg > ...>2mp >2>mpe1 > ... If h > 2, then by Lemma 2, jp = 1
implies that 22:1 m; > n—1+h—2. Since Zlizl m; <n—1,h <2.Ifdp, <0,
then m; = my(y) by (4.4). Since £(1) # 1, h cannot be 1. If b = 0 and ép = 1,
then n =4 and P/(X) = (X — a1)(X — a2)(X — a3), where o, i =1,2,3
are distinct; and P(a1) = cP(ag), P(az) = c¢P(as), P(as) = c¢P(aq), or
P(ay) = cP(as), Plag) = cP(a1), Plas) = c¢P(az). In either case, we
have ¢ = w where w? +w+1 =0.If h = 2, and dp = 1, then n = 5
and P'(X) = (X — a1)%(X — a2)?, where a; # ag; and P(ay) = cP(az),
P(ay) = cP(ay). Therefore, ¢ = —1. One could also check that 6p. < 0
for these exceptional cases. Together with Theorem 1, we see that (iv) is
equivalent to (iii). m

Appendix. URS for non-Archimedean entire functions. For the
sake of completeness, we include the following result on the URS of non-
Archimedean entire functions.

THEOREM. Let k be an algebraically closed field of characteristic p > 0,
complete with respect to a non-Archimedean absolute value. Let S be a finite
set in k, with n elements. Assume ptn if p > 0. Then S is a URS for
non-Archimedean entire functions over k if and only if S is affinely rigid.
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When the characteristic of k is zero, this result was obtained in [BEH] for
the case of polynomials and in [CY] for the general case. An important step
in [CY] is making use of Berkovich’s Picard theorem. Here we will include a
short proof which is due to Voloch based on Cherry and Yang’s observation.

Proof. Cherry and Yang [CY] have shown that S is a URS for non-
Archimedean entire functions if and only if S is a URS for polynomials
over k. Let f and g be two polynomials over k. If E(f,S) = E(g,S), then
P(f) = P(g) or P(f) = cP(g) for some ¢ # 0,1 € k. Clearly, deg f(z) =
degg(x) = d. Consider the curves F(X,Y) = 0 and F.(X,Y) = 0 which
have n — 1 and n distinct points at infinity respectively, if p =0 or p > 0
and pfn. On the other hand, (f(z),g(z),1) defines a morphism from P! (k)
to a plane curve in P?(k) which has exactly one d-fold point at infinity.
Therefore, (f(z),g(z)) can only be a solution of a linear irreducible factor
of F(X,Y) or F.(X,Y). Therefore F(X,Y) or F.(X,Y) must have a linear
factor, which is equivalent to S not being affinely rigid by Lemma 6. =

When p | n the characterization of a unique range set is more complicated.
In a recent joint work of Boutabaa, Cherry, and Escassut [BCE], they give
some examples and counterexamples concerning URS for non-Archimedean
entire functions.

References

[Ber] V. Berkovich, Spectral Theory and Analytic Geometry over Non-Archimedean
Fields, Math. Surveys Monographs 33, Amer. Math. Soc., Providence, RI, 1990.

[BCE] A. Boutabaa, W. Cherry and A. Escassut, Unique range sets in positive charac-
teristic, Acta Arith. 103 (2002), 169-189.

[BE1] A. Boutabaa and A. Escassut, On uniqueness of p-adic meromorphic functions,
Proc. Amer. Math. Soc. 126 (1998), 2557-2568.

[BE2] —, —, An improvement of the p-adic Nevanlinna theory and application to the
meromorphic functions, in: p-adic Functional Analysis (Poznan, 1998), Lecture
Notes in Pure Appl. Math. 207, Dekker, New York, 1999, 29-38.

[BE3] —, —, Property f~1(S) = g~ 1(S) for entire and meromorphic p-adic functions,
Rend. Circ. Mat. Palermo 49 (2000), 501-520.

[BEH] A. Boutabaa, A. Escassut and L. Haddad, On uniqueness of p-adic entire func-
tions, Indag. Math. 8 (1997), 145-155.

[CW]  W. Cherry and J. T.-Y. Wang, Non-Archimedean analytic maps to algebraic
curves, preprint.

[CY] W. Cherry and C. C. Yang, Uniqueness of non-Archimedean entire functions
sharing sets of values counting multiplicity, Proc. Amer. Math. Soc. 127 (1999),
967-971.

[EHV] A. Escassut, L. Haddad and R. Vidal, URS, URSIM and non-URS for p-adic
functions and for polynomials, J. Number Theory 75 (1999), 133-144.

[F] H. Fujimoto, On uniqueness of meromorphic functions sharing finite sets, Amer.
J. Math. 122 (2000), 1175-1203.



200 J. T.-Y. Wang

[Ful] W. Fulton, Algebraic Curves, Benjamin, New York, 1969.

[KA] Ha Huy Khoai and Ta Thi Hoai An, On uniqueness polynomials and bi-URS for
p-adic meromorphic functions, J. Number Theory 87 (2001), 211-221.

[V] J. F. Voloch, On the number of values taken by a polynomial over a finite field,
Acta Arith. 52 (1989), 197-201.

[W1] J. T.-Y. Wang, The truncated second main theorem of function fields, J. Number
Theory 58 (1996), 139-157.

[W2] —, A note on Wronskians and ABC theorem in function fields of prime charac-
teristic, Manuscripta Math. 98 (1999), 255-264.

Institute of Mathematics
Academia Sinica

Nankang, Taipei 11529, Taiwan
E-mail: jwang@math.sinica.edu.tw

Received on 20.7.2001
and in revised form on 2.10.2001 (4081)



