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Integers free of prime divisors from an interval, II
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ANDREAS WEINGARTNER (Cedar City, UT)

1. Introduction. Let I'(z,y, z) be the number of positive integers not
exceeding x which are free of prime divisors from the interval (z,y|. By ¥
and @ we denote the well-known functions given by ¥(x, z) = I'(x, z, z) and
&(z,y) = I'(z,y,1). See Tenenbaum [12] for an overview on results on ¥
and &.

Throughout we will use the notation

log x log x u  logz
= s v = s = —_— = .
logy log 2 v logy
For 0 < u < v, we let
u
(1) n(u,v) := o(v) + | o(tv/u)w(u — t) dt,
0

where ¢ and w denote Dickman’s function and Buchstab’s function, respec-
tively.
In [15] we have shown that, uniformly for z >y > 2z > 3/2,

2) I(z,y,2) = zn(u,v) + O (éy) .

Furthermore, we derived difference-differential equations for n(u,v), and
used these equations to study the behaviour of n(u,v) as u, respectively
v, grow unbounded.

In [13] Tenenbaum considered the more general problem of estimating
the number of positive integers not exceeding x which have exactly k£ prime
factors in the interval [z,y). For k = 0, his estimate in [13, Theorem C(v)]
is equivalent to (2).

In this paper, we will use the saddle-point method to sharpen the results
obtained in [15].

Let ©(z,y,z) be the number of integers not exceeding x, all of whose
prime divisors are in the interval (z,y]. This function has been studied by
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310 A. Weingartner

Friedlander [5] and by Saias [9-11]. The function
o(u,v) = Q —l—S (u——t)dw() (v>u>0,u#1)
0

arises in the study of O(z,y,z) (see [5], [9]). Let op(u) := o(u,u/r) for
0 < r < 1. The results on o and © obtained by Friedlander and Saias are of
crucial importance for our estimates.

Let
Lo(t) = exp{(log )"},
The conditions (H.(x,y)) and (V) are defined by

(He(z,y)) x>3, exp{(loglogz)®/**} <y <u,
and

(V2) 221, y>z(1+L7'(2).

By (G.) we denote the domain

(Gc) 2> 3/27 >y > ZlJrc (log(2u))/u‘

Let

et = § = a()

—0o0
if x = y" is not an integer and juy.(u) := py.(u+) if y* is an integer.
Throughout, cg, c1,... will denote some absolute positive constants. Define
logy 1
W (2,y,2) = wpy x(u) ; 11 (1 - —),
0g z p
z2<py

H,(u) = exp(umin?(1 - 7, (log(2u)) ™)),
E(z,y, 2) := (logy) " H, (u) = + e~ u(1-9).
The main purpose of this paper is to establish the following result.

THEOREM 1.1. There exists a positive constant ¢ such that for all € > 0,
under the condition (G.), we have

(©) I(x,y,2) = W(z,y,2) <c O(z,y,2)E(x,y,2) L7 () in (He(x,y)),
(ii) I'z,y,z) —x H (1 - —> <L O(x,y,z) elsewhere.

Note that outside the domain (G.) the asymptotic behavior of I'(x, y, z)
is completely described in [15, (4) and Theorem 3.2].
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If x =y, then
=T vo-()- T
= _OSO Q(U—S)d<[§> = @

Thus it follows directly from Theorem 1.1(i) that, for v > vy,

U(z, ) = Az, 2) igi‘: 11 (1 - %) + OE<¢L(:C(’ZZ))>.

z<p<lx

With the strong form of Mertens’ formula

(3) I1 (1—1> = B2y 0. (Le(2) 7)),

2<p<s P logy

we get, for v > vy,
(4) U(x,2) = Az, 2) + O(xL(2)71).

De Bruijn [2] introduced A(z,z) as an approximation to ¥(z,z). He
showed that (4) holds for z > 1, y > 2. Saias [8] improved that result by
showing that, for € > 0,

W(x,2) = Az, 2)(1 + O(Lo(2)™1))  for (x,2) in (H.(z, 2)).
Let

L(w,y, 2) == 2n(u, ) logi 11 <1 - 1).

We will derive the following corollary from Theorem 1.1.

COROLLARY 1.2. There exists a positive constant c such that for all
e > 0, under the conditions (G.) and (H:(z,y)), we have

i)  I'(z,y,2) = L(z,y,2) + O (:mr( )(HE(()?;I + G_LZ(;;)>>7
(i)  I'(z,y,2)

= zn(u,v) + O <$0r(“) <H7i<(:>1;)y_61 * e_Ls((lz_;)> i (log y:;:Le(z))
(i) I'(z,y,2)

" (1) vt

2<p<ly
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The following are sample consequences of Corollary 1.2. Under the con-
ditions (G.), (H:(x,y)), and (Hc(y, 2)), we have

a:ar(ul)(g?«y(u)_cl >

I'(z,y,z) = L(x,y,2) + Og(
and
F(o302) = anu,0) + 0. 1 (0r 107 + L)) ),

which is an improvement of (2) if z and u grow unbounded. Under the
conditions (G.), (Hs(z,y)), (H:(y,2)), and = > yz, we get

F(2,9.2) = L.y, 2) (1 +0. (%))

and

Hy(u)" + Lg(z)*))

I'(z,y,2) = zn(u,v) (1 + O <UT(U) log 2

since n(u,v) < u/v for x > yz, according to [15, Lemma 3.4].
Saias [9, p. 351] showed that, under the condition (G.), we have

u —u(14+0((loglog(3u)) /log(2u)))
(5) o () = ( ) .

1—7r

In Section 2 we calculate the Laplace transform of 1, (u) = n(u,u/r) and
estimate the inverse Laplace integral
o+1i00
i S nr(s)e™ ds,

O—100
which converges to 1, (u) for Re(s) > 0.

We will use two different approaches to approximate I'(z,y, z). First,
the Mobius inversion formula gives

Pes) = u(@)| 5]

d|P

where P = [],_,<,p. The main term in Theorem 1.1(ii) is obtained by
ignoring the square brackets and extending the sum to infinity.
Let

sy =TJa—p)"

p<t
and let ((s) denote Riemann’s zeta function. With

o = I 1 ifpln=pd(zy,
" 0 else,
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the series

((5,2) _ o= an
¢(e) ((s,y) “n

n=1

is the Dirichlet series associated with the counting function I'(z,y,z) =
Y n<y @n. Perron’s formula (see for example [12, Theorem II.2.1]) shows
that

1 e ((s,2) z*

6 r = — — - —d > 1 N).
(6) @y=gz ) ooy T >Legl)

K—100
This will be the starting point of the proof of Theorem 1.1(i). We will make
use of the saddle-point method to evaluate the complex integral in (6).

~

2. Study of 7n(u,v) by the saddle-point method. Let f(s) denote
the value of the Laplace transform of the function f at s, that is,
[e.e]
fls) = S e " f(u) du.

0
Let I,(s) be the entire function defined by

s 1 o
= a1 L

For 0 < r <1, let n(u) = n(u,u/r) and o, (u) = o(u,u/r). We put no(u) = 0
and og(u) = e Vo(u).

LEMMA 2.1. For 0 <r <1 we have

(i) o(s) = exp{y + Io(—s)} (s € C),
(i) O(s) = [sexp{y + To(=s)}] 7' =1 (Re(s) > 0),
(iii) or(s) =exp(l(—s)) —r (s € C),
(iv) n(s) = r exp(—I(—s)) (Re(s) > 0).

Proof. The Laplace transforms of g, w and o, have been calculated by
Bovey [1, Lemma 1], Fouvry and Tenenbaum [4, (6.14)], and Saias [9, Lemma
1], respectively. We only show (iv). From the definition of n(u,v) in (1) we

have
U

ne(u) = n(u,u/r) = o(u/r) + | o(t/r)w(u — t) dt.
0

Hence, for Re(s) > 0,
nr(s) =ro(rs) +ro(rs)w(s) = (W(s) + 1)ro(rs).
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Together with (i) and (ii) this gives

. r T

(s) = L exp{In(—rs) — Io(~s)} = _ exp(~1,(~)),
for Re(s) > 0.

REMARK 2.2. @(s) and 7),(s) extend to analytic functions on C except

for a simple pole at s = 0, given explicitly by the expressions in Lemma
2.1(ii), (iv), for s # 0.

COROLLARY 2.3. We have, foru >0 and 0 <r <1,

u u/r
(1) Snr(t)g(u —t)dt=r S o(t) dt,
0 0
(ii) Sw(t) dt +1=n.(u) + %Sm(u—t)w(t/r) dt,
0 0
(i) Ve (t)o(u —t) dt = r(1 — ne(w)).
0

Proof. By Lemma 2.1 we have, for Re(s) > 0,

PR r o w(s)+1 N

o)in(s) = Zatrs), LI 5 () @0rs) 1)
JUNR 1
o)) = (3 () ).

The result follows.
COROLLARY 2.4. We have

V() —r}dt =r(1—1).
0

Proof. We derive the expansion of 7),(s) at s = 0 of order 1 as follows:

i) = Lo (= 1 St ar) = Tew (< { (1 0 )

—Trs —Trs

= “exp{(1 = 1)s +O(s))} = {1+ (1= 1)s + O(s)}
- g +r(1—7r)+0(s).

Since 7 = r/s it follows that

—

(nr = r)(s) =r(1 =7)+O(s),

which implies the result.
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It follows from Corollary 4.6 of [15] that n].(u) is of bounded variation on
any bounded interval. Together with the rapid decrease of n/.(u) at infinity
(Proposition 5.3 in [15]), this implies that the inverse Laplace integral

1 a-+100 R
g = | e ds
a—100
converges to the value of nl.(u) for u # 0,1, for any abscissa of integra-
tion « (see [16, I1.7.3 or I1.7.5]). We will evaluate (7) with the saddle-point
method.

According to the saddle-point method (see [3, Chapter 5]), the integral in

(7) will be dominated by the contribution from a small neighborhood of the

real point «, if we choose a to be a zero of the derivative of the integrand.
We have

m(s) = siir(s) — 1 = rexp(—I,(—s)) — 1.
If we temporarily ignore the influence of the term —1 in the last expression,
a zero of the derivative of the integrand in (7) is a solution of the equation
(8) eV —e " =uw,
which has no real solution other than w = 0. We consider instead the related

equation

eV —e " = —yuw.

Following Saias [9], we write w = —¢ and define, for u > 1 —r, {.(u) to be
the unique positive solution £ of the equation

9) e = e +ug.

We let &.(1 —r) = 0. The following result, due to Saias [9, Lemma 3|, shows
that (8) has a solution which is close to —&,(u), suggesting that a = —&,(u)
is a good choice for the abscissa of integration.

LEMMA 2.5 (Saias). For 0 <r <1, s€ C and |s| > co, the equation
et = e 4 s¢
has a unique solution satisfying
€ = &r(Js]) —rarg(s)] < 1.
We are thus able to define a function & = &.(s) which is analytic for
{s € C:|s| > cp,arg(s) # 3m/2}.

The following asymptotic formula for o, (u), due to Saias [9, Theorem 1],
will allow us to bound 7/.(u) in terms of o, (u).

LEMMA 2.6 (Saias). Let n and k be integers > 0. If u > 2, then there
exists a constant ¢ = c¢(n, k) such that, under the condition (G.), we have
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U?mozofxmy<%%§”2

x exp{ - § & (t) dt} (1 + frn(u) + Onk<%>>

1—r
where f,, denotes a C* function satisfying

1

() _
rn <Lnyl ES] (l = O)'
REMARK 2.7. With (9) we can transform the main term in Lemma 2.6

using the identity

u &r(u) S
- | eydt = —uge(w) + |

1—r 0

_ 67’8

ds = —u&p(u) + I (§(u)).

LEMMA 2.8 (Saias [8, Lemma 7]). For s € C\ [0,+c0), we have
To(s) = ~log(~5) — 7 + O(¢*/5).

LEMMA 2.9 (Saias [9, Lemma 4]). Let 0 < r < 1, u > 1 and n > 1.
Then

(i) & (u) = logu + log <log(2u) + 1—:) +0(1),
ii (") (y) = (1) (n — 1)! 1 u>c
e v o(mmy)) oo

LEMMA 2.10 (Saias [9, Lemma 5]). Let 0 <r <1,u>1, s =& (u)+ir
and let n be an integer > 0. Then we have, for 7 < 1,

196 = (1400 gy 7))

LEMMA 2.11. Let r,u € R satisfy 0 < r <1 and u > 1. Let s,7 € C
satisfy s = &-(u) + i1. Then

2

O O sen] - Lew) + 1O GeR),
() 10 < expl (GO (R 7] <)

3
(iii) e T = —ge7 <1 + O(e— + 7"7')) (ef < |1| < r7h),
T

3 &3
(iv) e I = l<1 + O<e— + 6—)) (J7] > €5, 77> 1).
r

T rT
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Proof. (i) Since (1 — cos(t7)) < (t7)%/2, we have

Loteq _ 1 e 2,0 2
1(€) ~ Rl (e + im)) = | SO gy [ = T,

which implies (i).
(ii) Let

1
J:=1.(&) + Re(I.(§ +i1)) = S{eét(l + cos(tr)) — 2} %

r

We need to bound J from below. First consider the case r < 1/2. Let J;
be the contribution to J from the domain r» < t < 1/2 and let Jo be the
contribution to J from the domain 1/2 <t < 1. Since |7| < e,

1/2 T/4

dt dt dt
J1 > S (cos(tr) — 1) 7= -2 S sin?(t) 72 > -2 S sin?(t) n
r r7/2 0
‘ o at
> 2Stdt—2§ = —1—2log(|7]) > —c1logu — c2,
0 1

by Lemma 2.9. Also,

P T PP O )| e
5 > e +cos(tT)) — - pdt = | — + Re - — log
1/2 ¢ § §+17 /110

1 cos A es/?
=8 -+ ——= 1+ 0| — |,
§ /€412 §
where A = 7 —arctan(7/£). There exists some absolute constant 7 such that

cos A > 0 for |7| < 7p. For such 7 the lower bound for J5 is thus > ef /€. For
|7| > 70, we have

1 1 £/2\  ef 2\ of
nzd{z-—g=bro(F) > Gro(F) > 5
£ e +72 £ & 3 &
From Lemma 2.9 it follows that J3 > u/(logu)?, which shows the result in
the case r < 1/2.

If r > 1/2, we have
(10)  I.(€) + Re(I.(€ +iT)) = \ (1 + cos(tr)) % +2logr

et —1
t

> (14 cos(tr)) dt — 2log 2.

N =S ey
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We put
Logt

(11) Q(r) =

T

L (1 + cos(tr)) dt.

By the second mean value theorem we have

1
eEt _

S

T

! cos(tr) dt > —(e* — 1)

I’
since (et — 1)/t < ¢ — 1. Thus, for |7| > 1 and k a positive integer, we
obtain
2(e — 1)
k||

ot
12) Q) = L (1 & cos(hrt)) dt > 1,(€) —

r

> u<1 — c_eg)

ku )’
by Lemma 2.10. One easily verifies by induction that the inequality

|1_|_eika| < k‘1+eia|
holds for all odd positive integers k and a € R. Squaring both sides implies
(1 + cos(ka)) < k%(1 + cosa), which gives
(13) Q(kr) < K*Q(7),
for any odd positive integer k. We choose k = 1 + 2[coe®/u]. Then (12) and
(13) imply \

Q(r) > ng) > % > .

From Lemma 2.9, we have e¢ < u(log(2u) + 1/(1 — 1)), hence

u . 9 1
Q1) > (loa(2m) + l_ir)Q > umin <1 -, M)

Together with (10) and (11), this gives the desired result.
(iii) We write —I,.(s) = —Io(s) + Ip(rs). Since rs < 1, we clearly have
Iy(rs) < rs. To estimate Iy(s), we apply Lemma 2.8. This gives
—I,(s) =log(—s) + v+ O(e’/s +1s),
which yields the result.
(iv) Here we use Lemma 2.8 to approximate both Iy(s), and Iy(rs). We
obtain

S

67‘8
—1I1,(s) = log(—s) — log(—rs) + O< + E)
This shows (iv) and hence concludes the proof of Lemma 2.11.

REMARK 2.12. Note that e +¢e"¢/r = O(ef +1/r). Indeed, if €™ /r > €&,
then ¢ < (1 —7)"!log(r~!), which implies that "¢ < 1.
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LEMMA 2.13. We have

~ 3
S n.(s)e*ds =0 (e‘“g e_) .

) u—1
s=—&+iT
|T|>es

Proof. Note that 7/]\;(5) = siy(s) = 1 = rexp(—I,(—s)) — 1, by Lemma
2.1. Using integration by parts, we can write

S (rexp(—I(—s)) —1)e"*ds = S (rexp(—I.(s)) — 1)e”“ds

s=—&+iT s=E+iT
I7|>ef |T|>e8
1 _ ot r e’ —e" _
=~ [(re” ") — 1)e b e S e~ Ir(s)=us g
U = U , s
s=E&+iT

|7|>es
Let A denote the first term and let B denote the integral in the last expres-
sion. To bound A we consider the two cases 1 < re¢, and 1 > ref, and apply
Lemma 2.11(iii) respectively (iv) to obtain A < e~% /u. To bound B we
assume first that re¢ < 1. The contribution to B from the interval [e¢, 1/r]
is, by Lemma 2.11(iii), bounded by

T S e’ — e’

3
O(s)e " ds =0 <e_“§ 6—).
es<|r|<1/r Y

Finally, the contribution to B from 7 > max(e¢, 1/r) is bounded by

r S co 1+ Olet +1/r) e ds < e + L e et
T ufu—1) wu

|7|>max(et,1/7)
by Lemma 2.11(iv). This concludes the proof of Lemma 2.13.

PROPOSITION 2.14. Let u>1 and 0 <r < 1. Then
(14) n(u) < e O~ WHE g (),

Proof. If 1 < u < 3/2, then Lemmas 2.9 and 2.10 show that the right
hand side of (14) is > 1 — 7. On the other hand, n/.(u) = 0 if r > 3/4 and
1 < w < 3/2. This follows from Proposition 5.3(ii) of [15] and the fact that
o(u,v) =0if u > 1and 1 < v < 2 (see [5, Theorem 2(B)]). If r < 3/4 we
clearly have n/.(u) < 1 — r. This shows the result for 1 < u < 3/2.

Now let u > 3/2. By (7) we may write

—&+ioco &+ico
2min).(u) = S n.(s)e"ds = S (re 1) — 1)e7" ds
—&—io0 E—ioco
Eriet —ute
= S (re () —1e " ds+ O ¢’
u—1)"

E—ieé
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by Lemma 2.13. We clearly have
Etiek
S e U ds = Oe ™).
E—ief
Lemmas 2.10 and 2.11(i) show that exp{—1I,(s)} < 1 for |7| < 1. This yields
S re”Ir($)7us gg — O(e74).

Ir|<1
s=E+iT

Lemma 2.11(ii) finally allows us to write

| ore MO ds < exp{T(€) — ué + &} H,(u) ™,

1<]r|<ef
s=E&+iT

which completes the proof of Proposition 2.14.

COROLLARY 2.15. There exists a positive constant c such that, under
the condition (G.), we have

My (u) < o (w) Hy (u) ™.

Proof. If u < ug, the result follows from [15, Prop. 5.3(ii)]. Let u > wg
for some sufficiently large constant ug. By Lemma 2.9 we have £.(u) > 1/u
and €& < u(log(2u) + (1 — r)~1). Thus, in the domain (G.), we have

(€(w) ™25 M Hy (u) =0 < Hp(u) ™7
The result now follows from Lemma 2.6 and Proposition 2.14.
We now turn our attention to 7, (u). We start with the following lemma.

LEMMA 2.16. Let u > 2. Then

—ug
c min(1, ret).

Ji= | f(s)e"ds < -

Proof. Integration by parts shows that

|7|=00
(15) J = e or e Ir(=s)
u- S |7|=€
T <1 _ i) ds.
o U S s s
|7|>e

Lemma 2.11(iii) and (iv) shows that the first term in (15) is < re "¢ /u.
Let J; denote the contribution to the integral in (15) from the domain
et < |7| < max(ef, 1/r) and Jo the contribution from |7| > max(ef, 1/r). To
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bound Ji, we may assume that e¢ < 1/r, otherwise J; = 0. Lemma 2.11(iii)
shows that

us 3 1 —s _ ,—7Ts
Ji = S sl 14+0(E +0r S8 T s
¢ u S T S S

o=
et<|7|<1/r
e ug 1 e ue e~ ué
<r : +r et < min(1, re),
u u

since ¢ < 1/r. Lemma 2.11(iv) allows us to write

Ty — X 6_.20<1><1_l>d3
u S T S S

o=—¢&
|7|>max(ef,1/7)
—ug 3 —uf
<. ‘ =< min(1, ref).
u  max(es, 1/r) u

This completes the proof of Lemma 2.16.

PROPOSITION 2.17. Let uw > 2. Then
e (u) — 7| < rée O H, (u) =,

Proof. Let s = o +it. Then the inverse Laplace transform
1 o+100
37 S nr(s)e"® ds
0—100
converges to 1, (u) for o > 0, according to Widder [16, I1.7.3]. Now 7,(s) =
rs~texp{—1I.(—s)} has a simple pole at s = 0 with residue r. Also, Lemma

2.11(iv) shows that 7),.(s) < 1/s for |7| > max(e$,1/r). This allows us to

move the abscissa of integration to 0 = —& to obtain
—&+ico
ne(s) —r = 1 S nr(s)e" ds
" 271 o '
—&—i00
We have
S C G_IT(_S)—HLS ds < 7"6_“£,
o=—¢ o
IT[<1

since exp{—1I,(—s)} < 1 for |7| <1, by Lemmas 2.10 and 2.11(i). Also

[ DeMeorus gy « reexp{I,(€) — u€}Hy(u) ™.

S
o=—¢
1<|7|<es
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By Lemma 2.16, we have
—ué

S nr(s)e" ds < c min(1, red).

o=—¢
|T|>eé

Thus it suffices to show that ! min(1,7e®) < r&. If r < 1/2 note that
&-(u) = logu + logy u + O(1). Thus ret/u < r&. If r > 1/2 we have 1/u <
£/2 < r&. This completes the proof of Proposition 2.17.

COROLLARY 2.18. There exists a positive constant ¢ such that, under
the conditions (G.) and u > 2, we have
nr(u) —r < rop(u)Hy(u) ™.
The proof is analogous to the proof of Corollary 2.15.

3. Proof of Theorem 1.1 and its corollary. To prove Theorem 1.1
we will establish the following propositions.

PROPOSITION 3.1. Let € > 0. Under the conditions (Hs(x,y)) and (Vz),

we have
L&) g —c2
e r(u) 1) .

L(2) ( logy
PROPOSITION 3.2. There exists a constant ¢ such that under the condi-
tions (G.) and u > logy we have

I'z,y,z) —x H <1— —) < O(x,y, 2).
Z<p<y
Proof of Theorem 1.1. We first assume that (z,y,2) € (H:(x,y)). If
y < yo(e), then (H.(x,y)) implies that x < zo(e) and the result is trivial.
Thus we may assume that y > yo(e) for some sufficiently large constant
yo(e). Theorems 1 and 4 of [10] show that, under conditions (H.(z,y)) and
(G.), we have

F(xvya Z) - W(SU, Y, Z) <<8

6_u§+17‘(£)
o Vulogz

For a suitable constant ¢, condition (G.) implies that cou(1 — )% > logu.
Also note that conditions (He(,y)) and (G.) imply (V/5) for ¢ large enough.
Applying Proposition 3.1 with £/5 in place of € yields the result.

If (x,y,2) & (H:(x,y)), the result follows directly from Proposition 3.2.

O(z,y,2) =<

LEMMA 3.3. There exists a constant ¢ such that for all € > 0, under the
conditions (G.) and (He(z,y)), we have

2 (0) = 7y () + o(m)

logy
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Proof. Using integration by parts, we can write

{z}

X

fy,z(u) = nr(u) — —{ni(u—1) {z—t} dt.

We need to estimate

Since 7,.(u) < 1, we have

u/2

1 U/ T

- S n.(t)y' dt < Tf < x5,
0

This is clearly acceptable since the conditions (G.) and (H.(x,y)) imply
that )
H —ca —2u
SWH, )
logy logy

according to (5).
Note that if (u,v) is in (G.) then (u/2,v/2) is in (G./2). By Corollary
2.15 we have

V' dt < | Ho(t) " or(w)y' dt < Hy(u)" | o (u)y" dt.
u/2 u/2 0

Saias [10, p. 297] showed that, under the conditions (G.) and y > (logz)?,
we have
xo,(u)

logy

SUT(u)yt dt <
0

This completes the proof of the lemma.
Proof of Corollary 1.2. (i) By Lemma 3.3 and Mertens’ formula we have

xar(uf(fgf,;u)—61 ) |

The result now follows from Theorem 1.1 since, under the conditions (G.)
and (Hc(z,y)), we have

W(z,y,z2) = L(z,y,2) + O<

xor(u)

according to Saias [10, Theorem 2].
Part (ii) follows directly from (i) since

L(z,y, z) = an(u, v)(1 + Oc(Le(2) 7)),

due to the strong form of Mertens’ formula (3).
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(iii) If 1 < uw < 2, the result follows since I'(z,y,z) < ar according to
15, Theorem 3.1]. If © > 2 we combine Lemma 3.3 and Corollary 2.18 to
[15, y
get

W(z,y,2) = x<1_[< (1 - —) + O(2roy(u)Hy(u) ™).

The result now follows from Theorem 1.1.

4. Proof of Proposition 3.1. Before we are able to evaluate the inte-
gral in (6) we need several auxiliary results. In the following, we write (H.)
to mean (Hc(z,y)).

LEMMA 4.1. Let € > 0 and write s = 0 + i1 with 0,7 € R. There ezists
a constant to = to(e) such that, under the conditions

t>to(e), 2>o0>1—(ogt) 2>~ |7| < L(t),
we have

i C(st) sy | £ 1
) (s - ) +s—1+Of<L€<t>>’

(i) C(s,t) = C(1,t)(s — 1)¢(s) exp{Lo((1 — s) logt)} (1 + O: (%(5))

Proof. The estimate in (i) is equivalent to the estimate in [12, (67) in
Chapter I11.5]. We obtain (ii) by integrating both sides of the equation in
(i) on the straight line between 1 and s and subsequent exponentiation.

LEMMA 4.2. Let € > 0. There exists a yo = yo(e) such that under the
conditions

y=yo(e), 2202=1-(logy) > 7| < Le(),

we have

o (i e ey (1 0:(15) )

Proof. We have

() () -3 %2
$Y $Y

C((s,2) C(sy)

We apply Lemma 4.1 with ¢ = y and £/3 in place of € to obtain, under the
given conditions,

(5,V <5y 27—y ) Clsiz) | A 1
<<(Say)> C(S,Z) B s—1 S C(S,Z) 3_1+OE<LE/2(y)>.
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We integrate both sides of the last equation along the straight line between
1 and s and subsequently exponentiate both sides of the equation. This gives

ggz ;; _ 58 Z; exp{—1.((1 — s) log y) (1 + G(s, 2)) (1 +o. <L1(y)>> ,

with
G(s,2) == exp {g (CI(“”Z') _Clw) AT )dw} Y

! ¢(w, z) w w—1

If z > 29(g), we integrate the formula in Lemma 4.1(i) between 1 and s to
obtain

G(s,2) < Le(2)/Leja(2) < 1/Le(2).
If z < zp(e), we have, under the given conditions,

Clws)  Cw)
C(w,z) w w-—1 <1

uniformly for w on the straight line between 1 and s. Thus G(s,z2) <
(s —1) <. 1 in this case. This concludes the proof of Lemma 4.2.

LEMMA 4.3. Let € > 0. There exists a yo = yo(e) such that under the
conditions

l1—0o
y>w(e), o >1-(logy) 77, lyoﬂ < |7 < L(y),
we have o
S,z
C(s : < log z - 610((1*0') log z)'
&) o)

Proof. We have
[C(s,2)| < ((0,2) < log z - efollI=082),

where the last estimate is from Lemma 4.1 and Mertens’ formula. Lemma
4.1 allows us to write, under the given conditions,

¢(s) e~ To((1=3)logy)

16 .
(16) o) S G- Dlogy
We have

e(l—0)logy
- <1
7| logy

Thus, Lemma 2.8 shows that the right hand side of (16) is < 1, which
concludes the proof of the lemma.

LEMMA 4.4. Let € > 0, r < 1/2 and let the conditions (H.) and (V;)
be satisfied. Then, for s = 3+ it and &/logy < || < exp{(logy)®/>~¢}, we

have (5.2) _ C(Bry)
5,2 Y L —cu
) SCBo) ¢
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Proof. An easy calculation shows that
_ B _ 2(1 + cos(rlog p)) \ '/
1—p A -p A =1-p#)[(1-
(L=p™)A—p ") =1 -p ) pP(1+pP)?

1 1
< exp {__+ CO:;; 0gp) }

This implies that

C(s,9) C(By)
with
1+ cos(log p)
p’ '

<
I
]

2<p<y

We need to show that V' > u. The result holds trivially when v < ug, since
V > 0. Thus we may assume that u > ug. We have

1
> _ - -5
(17) V425> " Z A(n)(1 + cos(rlogn))n™",
2<n<y
where A denotes von Mangoldt’s function and

IOgy v>2p¥<y
since (3 > 1 — (log @/)_2/5_‘E We have
(18) )(1 4 cos(tlogn))n ="
n<z
3zl_ﬁ 3e"¢
A(n — 4+ 0(1 +O(1).
logy; — B)logy = 3 @)

Lemma 6 of [6] shows that, for ¢ < 1 and |7| < exp{(logy)®/?>~¢},

1-B8—ir 1 1-8
Y y
D Amn™ = g+ OE(l e (1 " e<logy>f/2>>‘

n<y
Since (1 + cos(tlogn))n=? = Re(n™" + n=F~i) this gives

Z/l (1 4 cos(rlogn))n ="

n<y

! yl=s yl—Bir
N logyRe{l—ﬂ+ l—ﬂ—iT}
ot (v’
N 6<(1 — B)logy < " exp{(logy)w}))
s ( cosd > (1 + exp{{ — (log 9)6/2}>
= + O; )
V1+ (r(logy)/¢)? §

log Y
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with § = —7logy — arctan(—7/(1 — (3)). Together with (17) and (18) this
shows that

es 1 3e’t 1
s o R - —( 5/2
= f( V14 (7 logy/f)) § o <1+£exp{§ (log ) }>
> et /> u,

for |7| > £/logy. This completes the proof of the lemma.

LEMMA 4.5. Let € > 0. Under the conditions (H.) and (Vz) we have, for
1< 7| < Le(y),

C(B + i) < (log(|7] + 1)),
Proof. Korobov [7] and Vinogradov [14] established the upper bound
Clo+it) < (14 76(1_0)3/2)(log 7)2/3

for 0 > 0, 7 > 2 and for some positive constant c¢. According to Lemma 2.9,
the conditions (H.) and (V) imply that

&r
logy

B=1-="—>1-(logy) */°

Hence
(B+ir) < {1 + exp (c a()g;%%) }(log |17))%/3
for || > 2. This yields the desired result since
log |7| < log(Le(y)) = (logy)*/*~
and ((f+i7) < 1for 1 <|7] <2.

LEMMA 4.6. Let € > 0. Under the conditions (H.) and (Vz), we have

1 —I.(—s)4us
Eg::a:C(’Z) S {(1—1— i >e ds
o=—¢

¢(1,y) logy) s+logy
|TI>Le/4(2)logy

e~ ué (elr(g)CQu/logQu
Lz + 1> .
LE/Q(Z) logy

Proof. Define M := max(L.4(z)log y,et). Let E31 denote the contri-

bution to Ej from the domain L. (2)logy < |7| < M and let E32 be the

contribution from |7| > M. We first study F3. Since |7| > € and 7> 1/r,
Lemma 2.11(iv) yields

£ ot
e Ir(=8) = l(1 + O(e— + e—))
T T rT
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Thus, by Mertens’ formula,

eyt l S ds
+O<:ve (e +1/7“)TiMTC(lJrlogy)erlogy)
= | < %Sds + O(:ﬁeug(e5 +1/r)

o=1-¢/logy
|T|>M/logy

1
\/Mlogy>’

since ((1+s/logy) < .Nowlet f =1-¢/logy and let T := M /logy =

log Y’
max(L. 4(2), e*/logy). In order to estimate the last integral, we approximate
((s) using Corollary I1.3.5.1 of [12]. This gives

S C(S)%Sdsz S (Zn*s—i-O(M*U))%Sds

|T|>T [7|>T n<|7|

> x\°% ds P
= 1 (5) Tro(m)
n=1 |7|>max(n,T)

o=p

The last term is clearly acceptable. The estimate (7) in Chapter I1.2 of [12]
allows us to estimate the sum over n by

< Z (n) 1+ ( n+T1)|log($/n)|

The contribution from positive integers n with |z — n| < z°/* is clearly
< 234 If |z — n| > 2%/%, one easily verifies that nP|log(z/n)| > /n, since
B > 3/4 for y > yo. Hence the last sum is

3/4

+23/4 « 3:163 <Lz e ,
T / T/ La/2(z)

8
x 3/4
<<Z:1n3/2+ +a3 <
n=

since T' < . Thus Ej3 2 is acceptable.

We now turn to E3 ;. We may assume that e > L€/4(z) log y, otherwise
we have Es3; = 0. This implies that » < 1/2 and £ < logu. It follows from
usual estimates for the zeta function that

1
1+ -2 < |s|7Y2.
logy ) s +logy




Integers free of prime divisors, I 329

Thus, Lemma 2.11(ii) allows us to write

s e—b(—s)—l—us
B3y < ar Us_g C(l + logy) S loy ds
Ley4(2) log y<|7|<et
exp{/(§) — uf} Hy(u) ™
<ar S |5]1/2 ds

o=—¢
L, /4(2)logy<|r|<ef

e—u§+Ir(£)—02u/log2(2u)
Lc/y(2)logy

which is clearly acceptable. This completes the proof of Lemma 4.6.

< xrexp{€ —ué + I (€) — ciuflog?(2u)} < =

LEMMA 4.7. Let € > 0. Under the conditions (H.) and (V.) we have
v (1) e 5\ e lel-s)tus
Cl1+
logy /) s-+logy

Ey = : |
e <exp{lr(€)}Hr(U)‘” +1>.

dls|

L 1
6/4(2) C( ay) —f—iLE/4(z) logy
Lz

Lc/a(2) logy

Proof. Let L := L.4(2) and let

—&+iLlogy T
I/(iu5 S e Ir(—s)
J = B < | oelr+ dls|,
re , logy ) s+ logy
—¢—iLlogy

by Mertens’ formula. We divide the interval [0, L log y) into four subintervals
determined by the endpoints

0, 1, min(Llogy,e®), max(min(Llogy,e®),1/r), Llogy.

Let Ji, Jo, J3 and Jy denote the corresponding contributions to .J.

To bound Jp, note that it follows from Lemmas 2.10 and 2.11(i) that
exp{—1I;(s)} < 1 for || < 1. Also, {(¢) has a simple pole at ¢ = 1. Finally,
|s + logy| > logy under the conditions (H.) and (V). Thus

Jp < 1.
For Js we make use of Lemma 2.11(ii) to obtain

¢(1 + s/logy) ‘ dls|.

(19) Jo < O H, (u) = S s+logy

1<|7|<min(Llogy,e®)
Due to the pole of ((¢) at t = 1 we subdivide the domain of the last integral

again. Let Jo 1 and Ja 2 be the contributions to the integral in (19) from the
domains 1 < |7| < min(logy, €¢) and min(logy, e¢) < |7| < min(Llogy, %),
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respectively. Then

S logy dr

Jg,l <
7 logy

= min(loglogy, ).
1<|r|<min(logy,e¢)

If e¢ <logy, then Joo = 0. If €& > logy, Lemma 4.5 implies that

1 1 1))%/3
hew f llriesrore,
log y<|7|<min(L log y,e$)
1 1 2/3
= S (log(|7] + 1)) dr < (log L)*/? < log 2.

-
1<|7|<min(L,e¢ /log y) I

If loglogy < log z, we have J; 1 < logz. Otherwise J 1 < £ < logu. Hence
Jy < (log z)el™ ) H, (u) =<2,

To bound J3, we may assume that e¢ < Llogy and e < 1/r, otherwise
J3 = 0. This means that |7|/logy < 1/logz and hence ((1 + s/logy) <
(logy)/s. By Lemma 2.11(iii), we have

S ¢(1+s/logy)

Jz K
3 s+ logy

sldls] < | ldr<1/r.
et <|7|<1/r

et<|r|<1/r
To bound Jy, we may assume that e¢ < Llogy, otherwise J;, = 0. By
Lemma 2.11(iv), we have
1
—dr
,

o owe [

s+ logy

max(eé,1/r)<|r|<Llogy

Due to the pole of ((t) at ¢t = 1, we subdivide the domain of the last integral.
Let Jy1 and Jy2 denote the contributions to the integral in (20) from the
domains max(e®,1/r) < |7| < max(logy, e, 1/r) and max(logy, e, 1/r) <
|7| < Llogy, respectively. If logy < €, then Jy; = 0. Otherwise, we have

1 1 1
Ji1 < = | —dr <

1
— (loglogy — log(1/r)) = —loglog z.
| 7] r r

max(eé,1/r)<|r|<logy
Lemma 4.5 shows that

1 log(1 1 2/3
Jis < L S (log(1 + [7]/log y))
r 7]
max(logy,eé,1/r)<|r|<Llogy
1 log(1 2/3
1 S (R
T

max(L,e€ /log y,1/log 2)<|r|<L

1 1
< . (log L)*/? < 8%
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Therefore, we have

log 2
Ji1 < f .

Since J1 + J3 < Jy, we have J < Jo + J4 and hence
By < :L‘T‘e_u£(l]2 + J4)/L5/4(Z).
Thus,

FEy < x

e " [elrOH, (u)=e
( + 1>,
La/?(z) logy

which concludes the proof of Lemma 4.7.

LEMMA 4.8. Let € > 0. Under the conditions (H.) and (V) we have

Ey = S ¢(s) Cs,2) o ds

=1t /logy C(s,y) s
71> Le/a(2)

< Texp{=ug +1,(§) — min(eu, (logy)*° )}
(logy)Le(2) '
Proof. We write § =1 — ¢/logy. Define

T= maX(L8/4(Z)7 LE/3<Z> min(La/2<y)7 exp{u + (log IOg y)l—i-a/S})).
Let Ej; and Ej 2 denote the contributions to Eq from the domains |7]| > T
and L, /4(z) < |7| < T, respectively.
We begin by studying Ej ;. Corollary I1.3.5.1 of [12] enables us to write,
for s = B+,

()= Y n*+0(7 7).
\

n<|r

Since

we have

L e D MDD - SRl o e

We clearly have

' ((s,2)
¢(s,9)
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Furthermore, Lemma 4 of [10] shows that, under the conditions (H.) and

(Vo).
((By)  el"®
(B2 S T

Thus, the contribution from the error term in (21) to Ey; is

sy ¢ dr P O rexp{ut 4 L(©)
cw,>S PP ST T T

(22) <=

The estimate (7) in Chapter II.2 of [12] enables us to write, uniformly
for z > 0,
28 2P
—ds K ————.
S s TS 1y T|log z|
o=p
|7|>T
The contribution to E;; from the main term in (21) can therefore be esti-
mated as follows:

w % % oam | (5)E

n=1 p— o=
P+ (m)<y |7|>max(T,n)

(z/(mn))?
< Z Z L+ (T + n)[log(x/(mn))|’

n=1 P~ (m)>z
P+( )<y

Note that the contribution to the right hand side of (23) from pairs (m,n)
such that [log(z/(mn))| > 1 is

) &1 5By 1
@4 € G T < (B VT

since > 1/2. For the remaining pairs (m,n) with |log(xz/(mn))| < 1, let
Sy, So denote the respective contributions to (23) corresponding to the cases
m < xz/T, m > z/T. We have

x
log <—) ‘ >n
mn
which gives

(25) 51 < Z Z m < Z log (i:;)

m<z/T x/(em)<n<ze/m m<z/T
P~ (m)>z P~ (m)>z
Pt (m)<y Pt(m)<y

A

(T +n) o
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Using partial summation, we have

(26) 3 1Og< ) > O(m,y,2) (log<%>—log(mejc_l>>

m<x/T m<x/T
P~ (m)>z
Pt (m)<y

+ @(a:/T Y, 2) log(eT)

m b
< Z A2 +0O0(x/T,y,z)logT.
m<z/T
To bound © in the last expression, we make use of Rankin’s inequality for ©:

N
2 O@y)= Y 1< ), <E> :xﬁggg,zi'

1<m<zx m>1
P~ (m)>z P~ (m)>z
Pt (m)<y Pt (m)<y

Thus, by (25)-(27), we have

¢(8,9) mf1 1 10 a7 ((B,y)
@) Si< cw,z)(m;T lgT> RV

since > 3/4.
When (m,n) is counted in Sy, we have m > x/T and 1/e < z/(mn) < e,
hence n < €T'. From this we obtain

1
S DD D e PR

n<el z/(en)<m<ezx/n
P~ (m)>z
Pt (m)<y

(ex/n,y, z)
<> { + > 1}.
n<eTl \/_ |m—z/n|<z/(nVT)

P~ (m)>z
Pt (m)<y

We use (27) (Rankin’s inequality for ©) to get

B
o se gty (2 G

n<eT n<eT (
T ((By) CB.w)
CU—pVT U5, ><<T1/4 ((B.2)

It remains to bound

with
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If r <1/2 and
u < (loglogy)'*/* + (log 2)3/57%/5,

we use the trivial bound R,, < z/(nvT) to obtain
xzlogT exp{—ué + I(§) — u/2}

VT T (ogy)Lop(z)
according to Lemma 2.9. Thus, we may assume in the following that
(31) u > (loglogy)'+/* + (log 2)*/572/
if r < 1/2. From the proof of Lemma 7 in [10] we have

(30) So2 K

o el 3 N6 )
1AL <VT
B
() G5
We have

)\ ¢By) 1 PT0By) 2’ (By)
w2 (3) @5 T < aogrn g < T 5 g
To bound the first term in (32), we consider two cases, 7 > 1/2 and r < 1/2.

If r > 1/2, then T' = L.;4(2). Lemma 6(i) of [10] states that, under
conditions (He), (Vz), Le(2) < |7| < Ley3(y), 7 > 1/2 and y > yo(e),

¢(s,9) < et 1 >
= O, .
) T\ ogyl T2

Applying this result with /3 instead of € shows that, for » > 1/2, the first
term on the right hand side of (32) is

) < <%>ﬂ(ﬁlo;(m/n) i \/l;gliiy ! Lai(Z)) © <%>ﬂ®
hus,
(34) T;T%‘ oiﬁ Eﬁiii (%) (1 - %) ds‘

TYA4<|7|<VT

x A 1 P T1-8
<2 <ﬁ> Ley3(2) < L(z) 1-p

n<eT

Lo wem{-utt 1(e) ~ (o))
Leya(2) (logy) Le(2)
In the last estimate we made use of the fact that L. o(2) > Le(2)Lsc/a(y),

since r > 1/2.
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If r < 1/2 we make use of estimate (5.3) of [10]: under the conditions
(He), (Ve), Le(2) < |7 < Leys(y), < 1/2 and y > yo(e), we have

(s.) _ C(BY) e
((sr2) S C(B2)¢

for some positive constant c. This shows that, for » < 1/2, the first term on
the right hand side of (32) is

(o) B

Since { < logu for 7 < 1/2, this implies that

1 C(S7y) X ® |7"
SR e B I () ()
< TYVAL|7|<VT
5T )
<5 G
(CBY) e e ((By)

< 27 (logy)et

e < . .
4(167 ) (logy)QLE/Q(Z) C(/Ba Z)
The last estimate follows from (31).
Now Lemma 4 of [10] shows that, under the conditions (H.) and (V;),

1()
C(B,y) Py

¢(8,2) r
Thus, (30) and (32)—(35) show that

(36)

— £ exp{—u§ + Ir(g) — min(cu, (log y)3/5—5)}
e 2 e ~

Finally, (29), (28), (24) and (22) allow us to conclude that

z exp{—ué + I,(€) — min(cu, (logy)>/°~)}
(logy)Le(z) ’

El,l <

for some positive constant c.
To conclude the proof of Lemma 4.8, we need to bound

Epo= | ¢(s) C(s:2) 2° 4

o=

C(s,y) s
Leya(2)<|T|IST

from above.
If 7 = logz/logy > 1/2, or if both conditions, v < (loglogy)'+e/? +
(log 2)%/°=¢/2 and (log 2)*/>=¢/2 > loglogy, are satisfied, choosing ¢ suf-
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ficiently small and yo(¢) sufficiently large gives T = L./4(2) and hence
Eio=0.

If u > (loglogy)'*%/3 + (log 2)3/°~%/2 and r < 1/2, Lemma 4.5, Lemma
4.4 and (36) show that

5C0BY) e (log 7)%/3
¢(6,2)

Eio <z dr < 2% (logy)2elr&—c,

Ls/4(Z)ST§T

which is clearly acceptable.

Finally, we consider the case where u < (loglog y)1+5/3 + (log 2)3/5_6/2
and (log z)%/°=¢/2 < loglog y. We define

¢(s,2)

A(s,y, 2) == ((s) 5.9)

Integration by parts applied twice yields

(s, v, z)} ImI=T n 1 S

1slogx r|=Le/a(2) log x o

Leya(2)<|7IST

Eip= [

1 d

- S )‘,(Sayaz)xs _T

log x omp s
Leja(2)<|7|I<T

and

5N(s,y, 2) iwsk’(s,y,zqﬂﬂ

E =
(37) 12 [islogx s(log z)? |7|=Le/a(2)

pof (Mewa Yewsys,

2 2
ois log x (log x) s
Leja(2)<|7I<T

N'(s,y,2) dr
+ UE (log z)? T
Leja(2)<|7|I<T

We apply Lemma 4.3, with /4 replaced by ¢, to obtain
A(s,y, z) < (log z)elo((1=F)logz),

Now (H.) and (V%) imply that 1 — 3 < (logy)~%/°~¢. Since (log z)3/5~¢/2 <
loglogy this shows that (1 — )logz < 1 and hence exp{I((1 — 5)logz)}
< 1. Thus,

A(s,y,2) < logz
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in this case. Cauchy’s formula allows us to write
k!
(k) -
|w—s|=(logy)
< (log 2) (log y)**/5+<),

for L./4(2) < |7| < T. Applying (38) to the expression (37) leads to
log = (logT)(log 2)
(logy)Leya(2)  u?(logy)/>=¢ )

which is acceptable. This concludes the proof of Lemma 4.8.

Mw, y, z)

(w— s)ktl dw

—2/5—¢

ELQ < :L'ﬁ (
u

Proof of Proposition 3.1. By Perron’s formula (see for example [12, The-
orem I1.2.1]), we have, for all real K > 1 and z ¢ N,

- B K+1i00 C(S,Z) e
(m,y,Z) - % H_Xioo C(S) C(S,y) : ?

The residue at s = 1 has value z((1, z)/((1,y). The integrand is an analytic
function of s for s # 0 or 1, and tends to 0 as |7| — oo in every vertical
strip 0 < 09 < 0 < 1. We can therefore move the abscissa of integration to
the left as far as

O]
g:=1 logy
Set L := L./4(z). We obtain
e 1T C(se) o
(39  Ilawz)=zirs Z_MSMC(S) (o) 5
L) 1 L dse) a
_xC(l,y) + TmﬁSiLC(S) (5,9 —ds + Fh,
with ((6.7)
s,z) x°
FEy = : —ds.
' Jxﬁ o) () 5 0
|[=L
The conditions (H.(x,y)) and (V;) imply that [ satisfies
(40) B>1- (logy) 2>,

according to Lemma 2.9. Using Lemma 4.2, we approximate the integrand
in (39) by

¢d,2) 2* g ((1—s)logy) ¢(1,2) ( il > e~ Ir(=8")+us’
- —_— T — 1 + ,
() C((Ly) s ‘ x((l,y) ¢ logy ) 1+ s'/logy
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where s’ = (s — 1) logy. We obtain
(41)  I'(z,y,2)
—¢+iLlogy —I(—s)+us
1 1 T
C(,Z)+ z C(az) S C(1+ S >€ ds

= —_—
CLy)  2mi C(LY) 7, logy) s+logy
+ O(E1 + E»),
with
E _E C(l,Z) —§+l§110gy <<1+ S )e_Ir(—S)-i-us d|8|
2T L (L) logy/) s+logy | "

—¢—iLlogy
We extend the integral in (41) to infinity by writing
(12)  I(z.y,2)
¢(1,2) . En C(1,2) —EJSriooC<1 . s )elr(s)+us
C(Ly) 2w ¢(Ly) logy ) s+logy
+ O(Ey + Eo + E3),

¢(1,2) s e o
Es = 1 ds.
L S S logy /) s+ logy y

ds

—£—i00

with

o=—¢
|7|>Llogy

Set E := Ej + F3 + E3. The integrand in (42) has a simple pole at s = 0
with residue z((1,z)/¢(1,y). By moving the line of integration of (42) to
the right as far as ¢ = k > 0, it follows that

—fi00 —Ir(—s)+us
F(m,y,z):i.g(l’z) S C(H— ° )e - ds+O(FE)

21 ((1,y) logy ) s+logy

Cx (L) TP s S
C2mi r¢(1,y) ) C<1+logy>8+10gym(s)e ds+O(B),

—K—100

—K—100

since 7j,(s) = rs~le~Ir(=%) by Lemma 2.1. Now, it is easily verified that, for
all complex s, we have

s s T [yt]>
1+ = stal === ).
C( logy>8+logy _&oe (yt

R
r(:c,y,z>—ﬁ‘g(1,y> S

Since 7, (u) = r+ O(po(u)) it follows that p, »(u) < 1. Therefore the inverse

Thus

Ly.=(s)e"* ds + O(E).

—K—100
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Laplace integral
—K~+100

(43) fhy,=(u) = S [iy,-(s)e"* ds
—K—100
converges whenever £ > 0 and y* ¢ N. When z = y* € N, the integral (43)

converges to

1 1
o () - py = (u=)) = oy () +
Lemmas 4.6-4.8 complete the proof of Proposition 3.1 by showing that,

under the given conditions, £ = F; + E5 + Ej3 is acceptable.

5. Proof of Proposition 3.2. Let o = a(z,y, z) be defined to be the
solution of the equation

logp
(44) Z e =logz.
Z<py
We will first establish three auxiliary results.

LEMMA 5.1. Let a > 1, u > ug, y > yo and (z,y,2) € (G.) for some
suitable c. Then

O(az,y,z) < a"O(z,y,2),
where a = a(x,y, z) is defined in (44).

Proof. Let a1 := a(az,y,z). Then a; < a. Following Saias [11, Theo-
rem 1], we can write

_ (am)alg(ahyvz) l o 2VY—Z2
(45) @(aw,y,z)—al\/m{l+0<u+(l gy) —y )},

C(s,y,2):= H (1—p 7Y, o(s,y,2) :=1logl(s,y,2)

z2<p<y

where

and, for k > 1,
0
¢k(5a Y, Z) = @ ¢(87 Y, Z)‘
By definition of a; we have
(ax)QIC(ah Y, Z) < (CLIB)QC(O[7 Y, Z)'
A routine calculation shows that o — «a\/d2(a, y, z) is a decreasing func-

tion of a. After replacing a1 by a on the right hand side of (45) we apply
Theorem 1 of [11] a second time to obtain the desired inequality.

LEMMA 5.2. Let ¢ > 0. Let y > yo, 2 > 1 and = >y > z + 2712 with y,
sufficiently large. Let s = a+ it with T € R and u = min(u, (y — 2)/logy).
Then:
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(i) of [7] < 1/logy,
C(S

.2) ' < C(ay, 2) oxp{—cq},

i) if 1/logy < !TI < e><p{(10gy)3/2 “} and y > max(2z, yo),
¢(s,2) ’

C(s,9) a)2+72+(10g(y/2))‘2}’
(iii) if 1/logy < || < coy/logy,
z)

(i

< ((a,y,2) exp {—01(5) 1-

‘Cgsvy)
< ¢y, 2) exp {_c

log(y/(|7|logy)) ur?

logy (L= a)?+ 72 + (log(y/2)) 2 }
Proof. An easy calculation shows that
2(1 + cos(tlogp)) ) 1/2

1= = (1= 2y (1= 2l

< exp{—l —|—cos(¢10gp)}.

This implies that

¢ v
° S € )
'C(S,y) (v, y)
with
V. Z 1+ Cos(Tlogp).
pCV
z<p<y
If |7|logy < 1, we have
1 1 l-a _ 11—«
ve_— Y Bl Y ">,
logy 2= p (1—a)logy

by Lemma 1(ii) and Lemma 8 of [11].
To show (ii) and (iii) we argue as in Lemma 10 of [11], where
Z 1 — cos( log p)
z<p<y pe
is bounded from below. The calculations are identical and we obtain the
desired bounds.

LEMMA 5.3. Let y — z > logz, u > (loglogy)? and (x,y,2) € (G.) for
some suitable c. Then
1 Y—z
Map.2) = 3 ) < OGo) (1 + g V=2 ),

n<z
n|P

where P := ]

z<p<yP
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Proof. We only sketch the proof since it is almost identical to the proof
of Theorem 1 in [11] by Saias. The result being trivial for u < ug or y < ypo,
we may assume that v and y are sufficiently large. The first effective Perron
formula (see for example [12, Theorem II1.2.2]) enables us to write

(46) M(z,y,2) = a—giT C(s,2) 2° ds + O (xa Z |p(n)| )
e AT C(s,y) s ye n®(1 4 Tllog(xz/n)|) )’
where P := Hz<p§y p. Following Saias, we choose o = a(x,y, z) as defined
n (44) and
[exp{—(logy)*/*=°} + exp{—ciu(log(2u))~*}] ! (y > 22),

T:= [c M + (log(2u)) exp {—c - H B
Ty * (log(2u) +log y/log(y/2))?
(y < 2z2).
From the proof of Lemma 12 in [11], we see that the error term in (46) is
1
< T (@(1‘7 Y, Z) + (10gT)LEaC(Oé, Y, Z))

Let s = a4 i7. The contribution to the integral in (46) from the domain
1/logy < |7| < T is < z*((e,y, 2)/T by Lemma 5.2. This is shown in the
same manner as in [11] or [6]. It remains to estimate the contribution to the
integral in (46) from the domain |7| < 1/logy. Lemma 5.2 allows us to write

S C(S’Z)

dr
C(s,y) )

a+T
|T|<1/logy
— 2 C(ay, 2o log (1 ¥
<L 2%C(a,y, 2)e”

%
< T C(aa Y, Z)a

‘/BS
c—ds < z%((a,y, z)e”
|T|<1/logy 5

alogy)

since alogy > 1 for y — z > log z, according to Lemma 4 in [11]. Following
the proof of Theorem 1 in [11], we conclude that M (z,y, z) is

< 00,009 (1 + llogy? YL=2),

which is the desired inequality.

Proof of Proposition 3.2. Let P =[] p. Then

2<p<ly

rn -S| 5 - po )

n|P n|P
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= 11 (1) = X5 - w5}

z<p§y n>x n<x

n|P n|P
=x H <1—1> —xz M—l—O(@(a: Y, 2)).
p n ) M
2<p<y Zig

If y < yo for some fixed o then the last sum vanishes for z > Hp<y0
Since the result is trivial for bounded x we can assume that y > yo for some
sufficiently large yo. By partial summation, we have

dt
Z - <<$ S ’M(t’y72)| t_g)
n>x x
n|P
with
M(z,y,2) = 3 o).
n<x
n|P

Let a = a(x,y, z) be as in (44). If y — z < log x then o < 1/logy according
to Saias [11, Lemma 4]. Thus Lemma 5.1 allows us to write

T dt T dt T
T S |M(t,y,2)| o) <Lz S O(t,y, z) o) < z'7%0(x,y, 2) S 272 dt
1

= 0(z,3,2) <O(x,y,2).

If y — 2z >logz and u > up = logyp then (1 — a)logy > 1 according to
Saias [11, Theorem 2|. Thus Lemma 5.3 and Lemma 5.1 yield

0 dt z dt  al~@ o
Mt — ot - <K< —0 t 2 dt
x §E [M(t,y, 2) 5 < Togy §E (t.y.2) 5 < ogy (2,y,2) §
O(z,y,%)
—— K O(x,y, 2).
< (1 —-a)logy < O(,9,2)
With o = a(z,y,2) and a@ = a(eV"*,y, z) we have, by Lemma 5.1,
o0 o0
dt dt
r S ’M(tﬂy7z)’t_2<<x S 8<m7yaz)t_2
ey—= ey—=
~ c0 ~
< ze” WG (V7 y, 2) S t 2 qt
ey—=
< -2 9(er,y, 2)
6y_z 6 7y7z

11—«
<<< v > O(x,y,2) < O(z,y, 2),
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since @ = a(e¥V™?,y,2) < 1/logy, by Saias [11, Lemma 4]. This completes
the proof of Proposition 3.2.

[16]
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