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On the number of primitive Pythagorean triangles
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WENGUANG ZHAI (Jinan)

1. Introduction. A primitive Pythagorean triangle is a triple (a,b,c)
of natural numbers with

a>+bv*=c a<b, ged(a,bc)=1.

For a large real number N, let P(N) denote the number of Pythagorean
triangles with area less than N. Many authors studied the asymptotic be-
haviour of P(N).

J. Lambek and L. Moser [3] proved that

(1.1) P(N) =¢NY2 + O(N'/3)

with ¢ = (27°)~V/2I'%(1/4).
R. E. Wild [10] proved that

(1.2) P(N) =c¢N'Y2 — /N3 4 R(N)
with
,_le/3)l + 2713
C(4/3)(1 +471/3) 7
The best known bound for R(/N) depends on the estimation of

M(x) = pu(n),

n<zx

where p(n) is the Mobius function. Using the bound M (z) = O(JL‘e*‘”"gl/2 ),
J. Duttlinger and W. Schwarz [1] proved (1.2) with

R(N) = O(N/4e01og"* Ny,

The same argument with the bound M(z) = O(ze—0l0s”" zloglog™
yields

R(N) = O(N'Y*1log N).

1/5

")
R(N) = O(N/1¢=108°" N1oglog™/* N
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Under the assumption of the Riemann Hypothesis (RH), J. Duttlinger
and W. Schwarz [1] proved
(1.3) R(N) = O(N®%/%2%¢),

The exponent 5/22 can be replaced by 137/604, 127/560, 37/164, 269/1238,
as proved respectively by Menzer [4], Miiller—Nowak-Menzer [6], Miiller and
Nowak [5], Nowak [7].

In this paper, we shall prove the following

THEOREM. If RH is true, then

(1.4) R(N) = O(N127/616 log963/308 N).
Numerically, we have
5/22 =0.22727..., 137/604 =0.22681..., 127/560 = 0.22678...,
37/164 = 0.2256..., 269/1238 =0.21728..., 127/616 = 0.2061...

Notations. N denotes the set of all natural numbers. Define
N =+v2N, N'=+2N-+v?2/2.
{t} denotes the fractional part of ¢,
o) ={ty —1/2, ¢*(t) = {t}*/2 - {t}/2+1/12.
d~ D means D < d<2D.

2. Reduction of the problem. J. Lambek and L. Moser [3] reduced
the problem of calculating P(N) to that of counting the number L(N) of
lattice points inside the planar domain

D={(v,y) eR?:ay(z®* —y*) < N,0<y <z}, NEeR".
They established the formula
2.1 P(N) = 3 (X
(21) ()=S0 ()
k=0

where L'(N) is the number of primitive lattice points in D. Thus the problem
is reduced to estimating L’(IN). By a usual device, we have

(2.2) L'(N) = Zu(d)L<%>.
d=1
L(N) can be written as
(2.3) L(N)=ENY? — K'N'3 4+ F(N),
where
p= DA a4 ),

4(2m)1/2’
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Suppose 1 <y < N4 g a parameter. We write

(24)  L'(N)=>p(d)L (d4>+z“ ( ) Si + S,.

d<y d>y
By (2.3), we have

(25)  Si=kNYZY Mcgz — KN d4/3 - >_nd ( )

d<y d<y d<y
_ 1/2 M( 1/3 *
= kN Z d2 — KN Zd4/3 +51.
d<y d<y

Now the problem is reduced to estimating ST and Ss.

3. Properties of F(IN). In this section we study the error term F(N),
which is very important in our proof.
For a large real number N, let

Y = Y(N) = V2sin(r/8) N4,
For any 0 < y <Y, let {(y) denote the unique solution of the equation
23y — 3z — N =0.
By Cardano’s formula,
1 1 2
(o) (3-7)" -l
In particular, £(y) >y and £(Y) = (vV2+1)Y. Let a = v/2 — 1. Define

= Y w(ew)). -y w( >

y<Y y<Y
yeN yeN’

R = 3 o2 )

y<Y
yeN”/

J. Duttlinger and W. Schwarz [1] proved that
(3.1) F(N) = —Fi(N) = Fo(N) = F5(N) + O(N*/%9).
We first prove the following
LEMMA 3.1. We have
F(N) = —Fy(N) — F5(N) — F3(N) + O(log® N).
Proof. We begin with formula (2.2) of [1], which reads
(3.2) L(N)=H, — Hy — F, — Fy — F3 + G,
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where

Hi= ) &y+—7= > &y > &),
y<Y f y<Y f y<Y
y€eN yEN’ yeN”

Hy= > a'y+— Z y+ﬁ > aly,
y<Y y<Y y<Y
yeN GN/ yENN

_ o y

G= > vly+ Y ¢ + ) v
y<Y y<Y y<Y
yeN yeN’ yeN”’

In order to estimate H;, we use the following Euler—-Maclaurin formula:
suppose f(u) is three times continuously differentiable on [1, U]; then
U

(33) ). fln S fu)du— fO)U) + f(1)/2+¢*(U) f'(U)

1<n<U
U
— " () f'(1) = " () £ () du.

This formula can be found in [8, Chapter 2].
We first evaluate the sum >y y&(y). By (3.3) we have

Y
(34) > &) = [ du—EV)p(Y) +£(1)/2+ 0" (V)E(Y)

yEN
Y

— (1) (1) = | ¢ (w)g” (u) du.

1
Miiller, Nowak and Menzer [6] proved that for 1 < u <Y, the estimate
|£(r)(u)‘ - N1/3u—1/3—r

holds for r = 1,2, 3. This implies that £”(u) is monotone and £”(u) < 1 for
u>NY7 &(YV) < 1.

We write
Y N7 Y
35 Vv wdu= | ¢*w¢ (Wdu+ | ()¢ (u)du.
1 1 N1/7

By partial integration, we get
Y
(3.6) | v (¢ (u)du < 1.

N1/7
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For 0 < u < N'/7 it is easy to check that

391

N1/3 u7/3
(3.7) €)= o(N—/)
1 N1/3 ud/3
38) €0 = 5 S +0( )
4 N1/3 U1/3
So we get
N1/7
310) | ¢ (¢ (w)du
1
1/7 1/7
4N1/3 N N
= S O (w)u” 3 du—I—O(N*I/?’ S u'/? du)
1 1
1/3 1/3 ©
= 4N9 | o (w)u™/3 du — AN | v (wu™/? du+ 0(1)
1 N1/7

= ¢oNY? +0(1),

with
47 y7/3
=\ du=¢(1/3) + 14 1/36,

(3.11) 94

(1)/2=N"/2+0(D),
From (3.4)-(3.11) we get

(g1

)= —N3/36 +0(1).

Y
(3.12) Y ) = e du+ e N2 —¢(V)u(Y) + 0(1),
hen '

where ¢; =1/241/36 — co.
Similarly we get

(3.13) f > &y

y<Y
yeN’

Y/V2

Sl -

1

()

)du+ ¢ I N3
“ V2

§(u

l\Dll—‘

Y
)
V2

S 5(\/§u)du+c’2N1/3 —

%) +0(1)

()
V2

Y
V2

‘

) +0(1)

“
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S &(u) du+ hNY3 — Q w<£> +0(1)

Dyt enis Y)Y
&(u)du+ coN \/51/1(\/5)4-0(1),

(3.14) f25 \/5 > {(ﬁm—?)

y<y m<Y/V2+1/2
yeN"’ meN

Y/VE11/2 (f f) Loy ) w(i " 1) +0(1)

o K = e
DO |
g

1

v

V2 T\V2 2

>~<

Dyt ens &Y (Y 1
E(u) du + N3 \/§¢<\/§+2)+O(1)

| =
¥ e—

/2
1

1 iavis Y)Y
£(u)du+§\/§/2£(u)du+c3N 3_W¢<ﬁ+§)+0(1)

Il
N | =
= —

Y
Y) Yy 1

u) du + csN/3 — () <—+—>+O 1),
§£ Ut s 5 5T o
where ca, ¢}, c3, cg are constants.

From (3.12)(3.14) we get
Y

(3.15) Hy =2 | &(u)du— K'N'Y3 = £Y)p(Y)
1

- wqp(i) - @¢<L+1> +0(1).

L\’)Ir—t

V2 T\V2/) 0 v2 \v2 2
For 81 u) du, we have
Y 2 —1y72
(3.16) §£(u) du = }LN” ’ ;22(771)/32 = QY .
This is contained in [1].
It is easy to check that
(3.17) Hy=a Y2 —a (Y)Y

() e oo
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— v - - o ()
§Y) (Y 1
() o,

if we notice £(Y) = (vV2 +1)Y.
For G, we have
(3.18) G = O(log® N).
This is formula (3.8) of [1]. Now Lemma 3.1 follows from (3.2), (3.15)—
(3.18). m
LEMMA 3.2. Suppose T > 10. Then
T
V [F(u)]? du < T°/*1og* T.
1
Proof. By Lemma 3.1, it suffices to prove that
TH+eT
(3.19) | [Fi@)Pdu<T*log"T (i=1,2,3)
T
for a small € > 0. We only consider the case ¢ = 1. The proofs for the other
two cases are the same.

We write
(3200  Fi(u) = > Uy, u))
y<v/2sin(m/8)ut’*
yeN

-3 3 (E(y.w) + O(T?),

J=1 yar/2sin(n/8)ut/4 /27
yeN

where J = [log T'/(81og2)], and £(y, u) is the unique solution of the equation

£3y - y35 =u,
where
(u,y) € {(u,y) : T <u<T+eT, 0 <y < V2sin(r/8)u/*}.
Thus
Fi(u) < ’ Z Y(E(y,u))|log T + T8
y~x/§sin(7r/8)u1/4/2j0
yeN

for some 1 < jo < J.
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We use the following expression (3.21) of () to transform the above
sum into the exponential sum: for any Hy > 2,

(321) W)= > a(h)e(ht)+ o( 3 b(h)e(ht)) +O(1/Ho)
1<|h|<Ho 1<h<H,
with a(h) < 1/|h| and b(h) < 1/Hy. This is due to Vaaler [9)].
Take Hy = T"/*2770 in (3.21). We get

Fi(u) < Z %‘ Z e(g(y,u))‘logT—i-Tl/S.

1<h<H, y~/2sin(m/8)ut/* /270
yeN

By Cauchy’s inequality,
|y (u)|?

2
< < Z # : #‘ Z e(h&(y,u))D log® T + T*/*

1<h<Hp y~V2sin(m/8)ut/* /2790
yEN

1 2
< > E‘ > | e(hf(yyw)‘ log T +T'/*,
1<h<Ho " yey/Zsin(r/8)ul/* /290
yeN
Thus
THeT
(322) log*T | [Fi(u)?du
T
T+eT

< ¥ % | 3 e(heCy )| du+ T/

1<h<Hp T y~/2sin(m/8)ul/ /290
yeN

T+eT

- Z % S Ze(hf(ylau)—hf(yg,u))du+T5/4

1<h<Hjg T y1,92

T+eT

< eT' Ny Z %4— Z %‘ S Ze(hf(yl,u)—h{(yzju))du‘+T5/4

1<h<Ho, '~ 1<h<Ho T yiys

1 5/4
< 30 X |1 et - helsw) du| + TN 10g T,
1<h<Hg Y17Y2 I(y1,y2)
yi~No,y; EN
where I(y1,y2) is a subinterval of [T, T + T, No = v/2sin(x/8)T'/* /2%,
In order to estimate the last integral in (3.22), we need the following
well known result (see, for example, [8, Chapter 21]): suppose f(t) is a real-
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valued function defined on [a,b] such that f’(¢) is monotone on [a,b] and
|f'(t)| > § > 0; then
b
(3.23) Ve(f(t))at <ot
Let D(u) = h&(y1,u) — hé(y2,u). We need to compute D,,.
From the equation &3y — y3€ = w it is easy to get

1 3y’ - &°
= 3¢y —y3’ gy_3£2y—y3'
Thus
D = Wealn. ) = &l 0) = gy g ).
“ w wee 3y, u)lyr —yi 3E(ya, u)y2 — 3

For fixed u € [T, T+¢eT), let D1(y) = 3&(y, u)?y—y>. By Lagrange’s theorem,
there exists a yg ~ Ny such that

Du = hguy(y()vu)(yl - y2)
It is easy to show that

Di(y) 3 2_ 2
buy = ——5% = — 26y&y + & —y
V=D T DRy :
3@+ 38+
Di(y) y? (362 —y?)*’
which implies that (notice £ < N1/3y_1/3)
hly: — yal
Thus by (3.23) we get
T2/3N4/3
§ o elhé(yr,u) = hé(yz,u) du < 0
hly:r — yo
I(y17y2)
which leads to
TH+eT
(3.24) log™®T S |Fy(w)]? du
T
1 T2/3N4/3
< B o T e T < T log T,
s i, el
yi~No, y; €N

if we notice Ny < T"/4. Thus, (3.19) holds for i = 1. In the same way we
can prove the cases i =2,3. m
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4. Estimation of S7. In this section we shall estimate ST by an argu-
ment similar to one of Huxley and Nowak [2].
Since L(N) is increasing, we get L(u) > L(v) for any v > v > 1, which
implies that
F(u) — F(v) > k(v'/? —u?) — k' (v}/? — u!/3).
So, if V' is some positive number and ¢ > 1 is a value for which |F(t)| >V,
there exists an interval I of length > #'/2V /100 containing ¢ such that

[F(u)| = V/3

forall wu e I.
For positive real parameters D < NY4and vV > (N/D4)1/8, let

M(D,V)={deN:D <d<2D,V <|F(N/d")| <2V},
R(D,V) =#M(D,V).

For any d € M(D, V), by the above considerations, there exists an interval

J C N N
(d+1/2)* (d—1/2)*
of length |J| > min(N'/2V/D? N/D?®) such that
[F(u)| = V/3
for all u € J. By Lemma 3.2 we have
N2y Ny NP NO/4
VZR(D,V) min (7’ﬁ> < S |F(u )\Qdu<< E log* N.
1
Thus we get
N3/4  N1/4
(4.1) R(D,V) < (DS—W + ) log* N
By a familiar device, we get
N
(4.2) > F<d—4> ‘
D<d<2D
< N'V/8p1/2 4 > V min(D, R(D,V))
V=2i>N1/8D-1/2 jeN
N3/4 N1/4
< NV8p1/2 4 Z min (DV D3V2 v ) log* N

V=2i>N1/8D-1/2 jeN

< NYAD™Y310g* N + NY/8DV21og! N.
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For F(u), we have the estimate (see [7, p. 176])
(4.3) F(u) < u23/14616g315/146 |
which implies

(4.4) >

D<d<2D

F(%) ’ « N?23/146 54/146 |,,315/146 ;.

Suppose 1 < y; < y is a parameter. From (4.2) we have

(4.5) > F(%)

y1<d<y
N 23/146, 54/146 1 315/146

< N1/4y1—1/3 log4N+N1/8y1/2 log4 N

From (4.4) we get

(4.6) >
A<y,

Combining (4.5) and (4.6) we get the estimate

47 Sr= Zu(d)F<%) 2 F<%>‘+ 3

d<y d<y1 y1<d<y

o()

< N23/146y?4/146 log?15/146 7
+ N1/4y1_1/3 log? N + NY/8y1/210g* N
< N127/616 10g963/308N+ N1/8y1/2 10g4N

on taking y; = N8/616 16g807/398 N7 The estimate (4.7) is true for any 1 <
y < N4,

5. Estimation of S; and proof of the Theorem. In this section we
shall estimate Sy and give the proof of the Theorem. We first study the
properties of

Z(s)=> r(n)n=, Rs>1/2,

where 7(n) is defined by

r(n) = Z 1.

n=xy(z*—y?)
z,yeN

LEMMA 5.1. We have the following estimates:

(1) o~ 7(n)
E — 1 E — k1 >1/2;
<1l o <l o /2

nU g
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r(n r(n Y
Z£<<log:n, Z(f')<<:c1/2 , O0O<o<1/2.
n<x n<x

Proof. These estimates follow from (2.3) by partial summation. m

LEMMA 5.2. Z(s) has the following properties:

(1) Z(s) has an analytic continuation to o > 1/8 with two simple poles
at s =1/2 and s =1/3.

(2) We have

1

(3) The estimate
Z(o +it) < |t|21/2=) 3 10g |t
holds uniformly for 1/8 < o1 <o < 1/2,|t| > 2.
(4) For any real parameter T > 10, we have
27
\ 12(24/73 + it)|* dt < Tlog" T.
T

Proof. Suppose X > 2 is a parameter. For o > 1/2, by Stieltjes integra-
tion we get

(5.1) Z(s)= > @ + | wdL(w)

n<X X

= 3 T [ d(k? - K 4 Flw))

n<X n X
r(n)  k XY2=s  k X1/3-s _ T F(w)

= - - _XT°F(X .
2w t3 s—1/2 3 s-1/3 (X)+s ) e
n<X X

From Lemma 3.2 we get
M
(5.2) V [F(u)] du < M?®1log® M.

1
This shows that the integration on the right side of (5.1) is absolutely con-
vergent for ¢ > 1/8. So the first assertion of Lemma 5.2 follows.
The second assertion follows from (5.1) and Lemma 5.1.
Suppose 1/8 < 01 < 1/2. Then from Lemma 5.1 and (5.1) we get

Z(oy +it) < X270 4 | X/E7 « |y 801/270)/3

by choosing X = [¢[3/3. Now the third assertion of Lemma 5.2 follows from
the Pragmén—Lindel6f argument.
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Now we prove assertion (4). We always suppose s = o +it, T < t < 27T,
24/73 <0 <1/2,and T < X < T3 is a parameter to be determined. From
(5.1) we have

2T

(5.3) X Z(o +it)2dt < Wi+ T2Wa + T71X1720 4 T,
T
where
2T ) I )
) P()
Wy = S Z notit dt, Ws = S S i dw| dt.
T nsX T X

We first estimate Wj. Squaring, integrating and then using Lemma 5.1
we get

2T it
(5.4) Wy = ; m;X %)(G) <g) dt

n<X n2e m#n mn)" “Og %
<T+ Y T(m)r(f) min (T, L >
mitx (mn) log

=T+ X1 + X + X3,

ety 2 T
B _ r(m)r(n) . 1
Yo = n;){el/TnZ:nSQm (mn)®  log %7
r(m)r(n 1
>3 = Z Z ((m)n)(‘f) . log &°

m<X n>2m m

where

By Lemma 5.1 again we get

(5.5) S5 < ( > %)2 < X%

m<X
For ¥y, by Lemma 5.1 and (4.3) we get

(5.6) S <T Y 7;7(;? > rn)

m<X m<n<el/Tm

=T Z % (L(e’Tm) — L(m))
m<X
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rim
7y % (o€ @D/ _p1/2) 1 (M GT) /3 _ p1/3y)

m<X
r(m
+7T Z % (F(eTm) — F(m))
m<X
< X'V 4 Tlog T

if we notice o > 24/73.
It remains to estimate 5. Let n = m + r and notice
1 1

log(n/m) — log(1+r/m) < ™/"
Hence we get
r(m) r(m+r)
(5.7) Tp < Y s

m<X

where ¥4 sums over max(1, m(e/T —1)) <r < m.
By a splitting argument and (4.3) we get
r(m+r)
(5.8) Yy < logm - max Z -
a<r<2a
1
< logm - max — Z r(m+r)

am @q
a<r<2a

1

< lo . —

gmemax— 3 r(r)
m+a<r<m-+42a

1
< logm - max — ((m+ 2a)Y? — (m + a)*/?)

1
+ logm - max — (m+ 2a)'3 — (m + a)/?3)
am @

1
+ logm - max — m?3/ 16 1og3 m
alm @q

71/2 logm + Tm23/14671 10g4 m,

<m

if we notice a > m(e'/T —1) > m/T.
Inserting (5.8) into (5.7) we get

(5.9) Yo K Z nng—)l (m~Y2logm + Tm?3/15~ L 1og* m)
m<X

< X729 10g T 4+ Tlog” T.
From (5.4)-(5.9) we get
(5.10) W, < X% logT + T'log” T.
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Now we estimate W,. We have

2T 00 00 F(wl) F(WQ)

(5.11) Wo= | dt| | i e e dws
2

T x x ¥
o0 00 2T it
F F
- ] R | (2)
X X (wiw2) T \¥1
o0 OO 1
< S S (w1w2)23/146*”*1(10gw1 log ws)? min (T, o ) dwq dws
XX 08 o7
< S w%g/MG_U_l log3 w1 dwy
X
w1 1
X S wg?’/l%’fafl log® wo min (T, —w) dwo
log =t
X w2
ShR!
1 2 3
where
[e’e) w1
S =T S wf?’/lmfofl log® wy dwr S w§3/l467‘771 log® wo dws,
1 X 671/T(4)1
[e’e] eil/Twl 1
S — S w%3/146_0_1 log?® wy dwq S w§3/146_a_1 log® wo og ot dws,
2 X e=1/3w, 08 &y
[e%e] 5_1/3w1
S — S w53/1467071 10g3 w1 dwl S w§3/1467071 10g3 w2 =) 2.
log =t
3 X X w2
Trivially we have
e 2
(5.12) S < ( S wf?’/l%*o*l log® wy dwl) <« X146/146-20 1556 X
3 X
For { , we have
[e%e] w1
(5.13) S <«T S wf6/14672072 log® wy duwr S dws
1 X e*l/Twl
< TV —1) S w6201 16506 )1 duwy
X

< X46/146-20 log® X.
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For {,, we have

[e'e] eil/Twl

(5.14) S<< S wf6/146 2772 1og8 wy duw, S Tog 21 dws
2 X e~ /3w, vz
0o e VT
< S w46/146 202 10g6 wy duwr S w1 dws
w1 — W2
X 671/3w1
S A6/146720 114506 1 (— log(wr — e~ T wy) + log(wi — e~ 3w1)) dwy

< X46/146—20’ 10g7 X.
From (5.11)-(5.14) we get
(5.15) Wy <« X146/146=20 1007 X

Combining (5.3), (5.10) and (5.15) we get
2T
(5.16) | [Z(o+it)|? dt < X727 log T+T?X*0/146727 1097 X + T'log” T.
T
Now the fourth assertion of Lemma 5.2 follows from (5.16) by taking
0 =24/73 and X = T'46/50, u
In order to estimate S5, we also need the following lemma. Its proof is
contained in [7].

LEMMA 5.3. Suppose RH is true. If

2T
\ 1Z(0 +it)|? dt < T'**
T

for some o > 1/4, then
o+e
1/2 M 173\ M) g2
kN Z KN dA/3 +0 yl
d>y d>y
for1l <y < a4,
From Lemmas 5.2 and 5.3 we immediately get
ProposiTiON 5.1. If RH is true, then
1/2 N( 1/3 24/73+¢, —119/146
kN / Z d2 KN Z d4/3 N Yy )
d>y d>y

for1 <y < N4,
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Now we give the proof of the Theorem. Take y = N'19/768 By (2.4),

(2.5), (4.7) and Proposition 5.1 we get

/ _ 1 G p(d) /a7l G p(d)
(5.17) L(N)_kN/Q;?—kN/?’;

d4/3

4 O(N127/616 10g963/308 N),

which combined with (2.1) yields the Theorem.
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