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Diophantine approximations related to
rational values of G-functions

by

MAKOTO NAGATA (Kyoto)

1. Introduction. A G-function, introduced by Siegel, is a solution of
a linear differential equation satisfying some conditions. For example, al-
gebraic functions over a number field and the Gauss hypergeometric series
with rational parameters are G-functions. The detailed definition is given
below.

In this paper, we will consider Diophantine properties related to rational
values of G-functions.

Some irrationality results and some irrational measures for values of G-
functions are known ([G], [C] et al.). First of all, we recall the results on
special values of G-functions. We may say, in brief, that the results are like
this:

Let f(z) be a G-function and let € be any small positive real. Let p,q €
Z\ {0} with q large. If log|p| < O(elog|ql|), then under some assumptions,
the value f(p/q) is irrational.

See [G], [C] for more details.

Unfortunately, the condition “log |p| < O(elog|q|)” seems artificial but
indispensable. This is simply a technical reason: handling G-functions like
E-functions. (See [Sh] for E-functions.)

Now we consider a question: “Find alternative natural conditions for
statements relating to values of G-functions.”

In this paper, we abandon regarding G-functions as an analogy of E-
functions. From the viewpoint of radii of convergence, G-functions seem to
be near algebraic functions, not near E-functions. Viewing G-functions as
something like near-algebraic functions, we will introduce naively a set of
their “rational points”. We will then consider some Diophantine approxima-
tions on this set as properties related to rational values of G-functions. By
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312 M. Nagata

virtue of this approach, we will obtain some Diophantine properties under
natural conditions.

Since algebraic functions defined over a number field are G-functions, the
results obtained are extensions of Diophantine properties of rational points
on algebraic curves.

Throughout this paper, K denotes a number field with finite degree
(K : Q] < oo.

1.1. Some results of the algebraic cases. In order to compare the alge-
braic cases and ours, we recall Liouville’s inequality about rational points on
algebraic curves and an estimate on the number of rational points on them.
First, we recall the so-called Liouville inequality. To simplify, we consider
only special cases with genus 0.

PrOPOSITION 1 (Liouville’s inequality). Let g(y) € K(y), n:=deg, g(y),
f(z,y) ==z —g(y) € K(z,y). Put
S1={g9(y) e K |y € K}
= {x € K | there exists y € K such that f(z,y) = 0}.

Fiz t € K with (d/dy)g(t) # 0. Put a := g(t). Then there exists a positive
constant ¢ > 0 such that

c
o= al > Frrgmarm
for all a € S; with a # a. Here the symbol |...| means the usual abso-

lute valuation, and H(a) is the absolute Height of «. We note that c is
independent of «.

Proposition 1 is a slight extension of the original Liouville inequality.
It is easy to verify it by using some properties of the height function (see,
for example, [Se, 2.6]). One of the assertions of Proposition 1 is that this
Diophantine approximation for rational points on an algebraic curve depends
on the degree of the curve.

We remark that some sharper bounds for positive genus cases are known
which use the Weil height, like Roth’s theorem (see, for example, [Se, 7.3]).

In this paper, we will consider only the Liouville-type bound and its
variants.

Some of our main results in §1.3 below (Theorem A and Corollary C)
are extended versions of Proposition 1 for G-functions.

Next, we also recall an estimate on the number of rational points on
algebraic curves.

PROPOSITION 2 (estimate on the number of rational points on algebraic
curves). Let f(z,y) € Qlz,y] be an absolutely irreducible polynomial, and
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let n = deg, f(x,y). Put
Sy :={x € Q| there exists y € Q such that f(x,y) = 0}.

Then for any closed interval [a,b] C R which does not contain singular
points of So, we have:
— log#{C € 5> [ H(¢) < B, ( € [a,b]}

|
Bl log B

IN

2
o

The upper limit in Proposition 2 has a trivial upper bound 2 by Scha-
nuel’s estimate (see [Se, 2.5]).

We remark that, due to Néron, Mumford and Faltings, it is well known
that the upper bound is 0 if the curve defined by f(x,y) = 0 has a positive
genus.

The rest of our main results are Theorem B and Corollary D in §1.3,
which are weaker but extended versions of Proposition 2 for G-functions.

1.2. G-functions and G-operators. Before stating our results, we recall
the notions of G-function and G-operator. A G-function is a local solution
of a linear differential equation, and a G-operator is the linear differential
equation itself.

First, we recall the definition of G-functions.

DEFINITION. A G-function is

(1) a power series solution € K[[z]] of a linear differential equation de-
fined over K (z) such that

(2) the Height of the tuples of Oth, 1st, ..., ith coefficients of the power
series grows at most geometrically in ¢ € N.

It is known that algebraic functions defined over K (which have a power
series expression), polylogarithms, and the Gauss hypergeometric series with
rational parameters are G-functions. Since algebraic functions are G-func-
tions, the general properties of G-functions are also the properties of
algebraic curves defined over a number field. For more information on
G-functions, see e.g. [A], [B], [C].

Next, we recall the definition of G-operators. In brief, a G-operator is a
linear differential equation satisfying an arithmetic condition. We consider
the linear differential equation

d
(EQ) = Am,
where A € M, (K(z)), a matrix of rational functions. In this paper, we

always assume that m is a column vector solution.
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DEFINITION. We say d/dxz — A (or simply (EQ)) is a G-operator if
10d L\
—|—+"A) 1
2! <d:17 * >

where [ is the identity matrix, v in Ev*oo runs over all non-Archimedean
normalized (in the sense of §2.1 below) valuations of K. Here

< 00,
v

e ;
2 el
vfoo -

t t
d  N\ip. [ d
(% + A) B := <de +BA) for B € M, (K (x)),

and |...|, is the so-called Gauss norm.

For more information on G-operators, see e.g. [A], [C], [N1].

It might seem that the definition of G-operators depends on the choice
of coordinates, but see [N3].

We note that G-functions are defined as power series; on the other hand,
G-operators are defined by A in (EQ), which is a matrix of rational functions.
In other words, G-functions are local objects and G-operators are global
objects.

Here we recall a fundamental fact: the notions of G-functions and of G-
operators are equivalent under some conditions. In particular, under some
natural conditions, if m, which is a local solution of (EQ), is a vector of
G-functions, then (EQ) is a G-operator. We will use this fact in §4.3 below.
See [C], [A], [N1] for details.

1.3. Results. Now, we state our results. We will give their proofs in §4.

Let d(z) € Z[z], a polynomial over the rational integers, be a common
denominator of the components of A in (EQ), that is, d(z)A € M, (Ok|z])
where Ok is the ring of integers of K.

We say that a function f is analytic on a closed disk D C C if there
exists an open disk U with D C U such that f is analytic on U.

THEOREM A. Let D be a closed disk C C centered at (o € K with radius
< 1/2. For a vector solution m(z) = *(f1(z),..., fo(x)) of (EQ), suppose
the following:

(0) (EQ) is a G-operator with n > 2.

(1) m(x) is analytic on D and f1(x),..., fu(x) are linearly independent
over C(z).
(2) There exist no solutions of d(x) =0 on D.

Put
Sk :={C € DN K | there exists k¢ € C, # 0 such that kem(¢) € K"},
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where k¢ depends on m(C). If (o € Sk, then for any small ¢ > 0, there
exists an effective constant ¢ < oo such that
1
160 = ¢l = Fromarame

for any ¢ € Sk with H(¢) > c. Here ¢ depends on H((y), A, ¢, D and is
independent of .

THEOREM B. Under the assumptions of Theorem A, we have

log#{Ce Sk [HQO B} _ 4,
Blgnoo log B = n K Q.

The trivial upper bound in Theorem B is 2[K : Q] by Schanuel’s esti-
mate.

We recall §1.1. Although the meaning of n is different, Theorem A cor-
responds to Proposition 1 and Theorem B to Proposition 2.

We also obtain non-algebraic cases as corollaries.

COROLLARY C. Under the assumptions of Theorem A, assume moreover
that:

(3) fi(x),..., fa(z) are homogeneously algebraically independent over
C(x).
(4) fi(x),..., fo(z) are G-functions.

If (o € Sk, then for any small € > 0, there exists an effective constant

c < oo such that )

KO_C‘ZW

for any ¢ € Sk with H(¢) > c. Here ¢ depends on H((y), A, e, D and is
independent of (.

COROLLARY D. Under the assumptions of Corollary C, we have

= log#{Ce Sk | HO B} _
B—oo IOgB

We remark that the estimates in Corollaries C and D (non-algebraic
function cases) are similar to the cases of algebraic curves with positive
genus (non-rational function cases). See §1.1 again.

1.4. Exzamples. Here we show some examples. Example 1 concerns alge-
braic functions, and Example 2 deals with non-algebraic functions.

EXAMPLE 1 (Fermat’s curves). Let k be a natural number > 2. We con-
sider the curve z* 4+ y* = 1. Thus, y = v/1 — 2 is not a rational function.

Moreover,
dx <1> ( kil ) (1)
dr \ Yy 0 = y)’
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Now let n be 2, let ¢y be in K with [(y] < 1/2 such that {/1—¢*F € K
(e.g., o = 0), and define D := {z € C | |z — (o] < 1/3}. The set Sk in
Theorem A is

Sk:={CeDNK|y=+v1-¢keK}.
Therefore for any small € > 0 there exists an effective constant ¢ < co such
that
N 1
o - ¢l 2 H(¢)IKQI(1/2+e)

for any ¢ € Sk with H(() > c.

We remark that the effectiveness of ¢ in Example 1 should be distin-
guished from the ineffective finiteness results on the number of rational
points on some curves.

Next, we show examples concerning the Gauss hypergeometric series.
We consider the Gauss hypergeometric series with parameters a, 8,7 € Q

(v # —1,-2,...),

= (@)i(B):
F(Oé,ﬁ,’)’;x‘) = %xn.
; (7)q !
Let F' denote F(a, 3,7;x) for simplicity. The function F' satisfies the linear
differential equation

(hyp) z(1-2)y" = (1+a+ Pz -7y +afy.

EXAMPLE 2 (rational values of the logarithmic derivative of the Gauss
hypergeometric series). Let D be a closed disk with radius < 1/2 which is
contained in the open disk centered at the origin with radius 1. Assume that
D does not contain the origin. Set

Sk:={xeDNK|F(z)#0, F'(z)/F(z) € K}.

Assume that there exists a solution of (hyp) which is not an algebraic func-
tion (this is obviously the case if F' is not algebraic), and assume that

o, B,y —a,v— B &Z. Then:

(a) If (o € Sk, then for any small € > 0, there exists ¢ < oo, effective,
such that

1
1o = ¢l > 7=7 for any ¢ € Sk with H(¢) > c.

H(¢)

(For transcendental properties of values of the Gauss hypergeometric
series itself, see [Wo].)

Proof of Example 2. The radius of convergence of F' at the origin is 1.
Since F' satisfies (hyp), the vector m = (F, F’) is a solution of (EQ) with
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n=2, Ae My(Q(x)), d(z) = z(x — 1). Moreover, by Theorem 5 in [BMV],
F and F' are algebraically independent over C(z). Since the set Sk of
Example 2 corresponds to Sk of Corollaries C and D, we obtain the assertion
of Example 2. m

For the readers interested in periodic functions, we add an example of a
special case: elliptic integrals of the first and second kind. Let
1 1
1 dt 1 1—tx
y(z) = —S , w(z) = —S dt
Tt —t)(1 — tx) Tt —t)(1 - tx)

and let D be as in Example 2. Set

Sk :={Ce DNK [w(x) # 0, y(¢)/w(() € K}.

Then the estimates (a) and (b) of Example 2 hold for this Sk.

It is easy to verify this special case. We consider the case of a = —1/2,
B =1/2, v =1 in Example 2. Then the second assumption in Example 2
holds. The first assumption in Example 2 also holds, since there exists a
solution of (hyp) with a logarithmic singularity at the origin. Moreover,

y(z) = F(1/2,1/2,1;x), w(z)=F(-1/2,1/2,1;x), xw’:—%(w—y).

Therefore for ¢ € K with 0 < || < 1, the conditions w’({)/w(¢) € K and
y(0)/w(¢) € K are equivalent, that is, the Sk in Example 2 and here are
the same. This completes the proof of this case.

The content of this paper is the following: In §2, we will show some
properties of G-operators, and recall some known results which will be used
in §3 and §4. Next in §3, we will give a fundamental inequality (Lemma 3.4).
This section requires long calculations, but the inequality makes our proofs
simple.

In §4, we will give the proofs of Theorems A, B, and Corollaries C and D.
We will also show Liouville’s inequality for G-functions on moving targets
(Theorem E).

2. Preliminaries. In this section, we recall the height functions, show
some properties of G-operators, and state some related results which are
necessary for the later sections.

2.1. Heights. We use the symbol |...| for the usual absolute valuation:
|s++/—1t := Vs2 + 12, s,t € R. Let K be a number field with finite degree,
and set di := [K : Q]. If v is a place of K, the symbol |...|, denotes the
valuation at v, and K, the completion of K at v.

We use the notation v | p if v is an extension of a prime number p which
is a non-Archimedean place on Q. We also use the notations v | 0o if v is an
Archimedean place, and v{ oo if v is a non-Archimedean place.
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We assume that |...|, is normalized as follows: If v|p, then we put
dy, = [K, : Q,] and define |p|, := p~%/9x_If v | oo, then for a € K and for
a Q-homomorphism o : K — C such that |o(a)| and |...|, induce the same
topology on K, we put

p ._{1 if o(K) CR,

2 ifo(K) ¢ R,
and we define |, := |o(a)|%/?. Here |...| is the usual valuation.

In the latter case, we will use the symbol |...|, (resp. d,) instead of
| o (resp. dy): | ... |o == |o(...)|%/4 = |o(...)|%/9. In particular, in the
case of 0 = id (the identity homomorphism), we write |...|; (resp. d)
instead of |...[iq: |...|1 = |- [ig:=]...[H/d = . |d/d,

The following is obvious: for a € K, if |a| < 1, then |a|; = |a|%/dx
< |a|Mdx,

From now on, let My be the set of all normalized valuations of K, and
set MY = {v € Mg | vtoo}, M = {v € Mg |v]|oo}, M} = {v € Mg |
v] oo, v #id}.

The following is the product formula on a number field: if « € K \ {0},
then [],car, lalo = 1.

Next, for a non-negative integer n and @ := (apg, a1, . . ., o, ) € K1\ {0},
we define

H max(|aolv, - - -, |anlw),

vEMEK
h@) = > logmax(|agly, ., |om|.).

VEMK
=h((1,y/x)) if 2,y € K and = # 0.

For o € K, we call H(o) := H((1,0)) = [[, max(1,|al,) the Height
of , and h(a) := h((1,0))) = >, logmax(l |a],) the (logarithmic) height
of a. Thus h(a) = h(1/a) if @ € K \ {0}. We note that h(«) is different
from h((a)) (h((a)) =0 if a # 0).

We use the notation log™ a := logmax(1,a) if a € R. Thus h(a) =
ZUEMK 10g+ lat]o.

For a polynomial P := ag + cyx + ...+ a,z™ € K|z|, we put

[T max(aole, .-, lanlw),

vEMK

h(P):= > logmax(|aoly, ..., |anly).
VEMgK

By the product formula, h((z,y))

Let M, (K [z]) be the set of s x t-matrices whose components are in K [x].
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For ¢ := Ag+ A1z + ...+ Apz™ € M, (K[z]), (a; ;1) = Ar € M, (K)
for k=0,1,...,n, a; ;, € K, we put

H(¢):= ][] max(laijirl), (@) = > log max(Ja.jklv).

veEMg vEM

We note here that in the definition of the height of polynomials log™ is
not used, and of course v in the summation runs also over v | co.

2.2. G-operators revisited. We denote by K () the rational function field
in one variable over K. For n € N, and for an n x n-matrix A € M,,(K(x))
of rational functions, we consider the linear differential equation

d
E — m = Am.
(EQ) -
Here, we assume that m is a column vector solution.
Moreover we denote by O the integer ring of K, and we fix a polynomial

d as a denominator of A:

(2.1) d=d(z) € Z]z] such that dA € M, (Ok]|x]).
Let v1 be the geometric (logarithmic) height of A in (EQ),

(2.2) ~v1 := max(degd, degdA).

Here deg dA means the maximal degree of its components.

We note that d is just one of the denominators of A. In this paper, it is
not necessary that v; be minimal. This remark will be used in the proof of
Corollaries C and D.

Now we go back to valuations. For P = ag + a1x + ... + a,a™ € K[x],
we put

|P|y = max(|ao|ov, - - -, |an|ov)

for v € Mg. Thus h(P) =} s, log | Pl

For v{oo, it is known that |PQ|, = |P|,|Q|, for P,Q € K[xz]. This fact
is the so-called Gauss lemma ([L1, p. 55, Proposition 2.1]).

Let I be the identity matrix.

If we defined a geometric G-operator to be such that the degrees (as
the logarithmic geometric height) of J, in Lemma 2.1 below grow at most
arithmetically, the lemma would state that every (EQ) is a geometric G-
operator. (Therefore this definition is redundant.)

LEMMA 2.1. Let A be a matriz in (EQ), and let d be a common denom-
inator of A as in (2.1). For p=0,1,..., put

d s
‘]/—L:: %—'— A I,
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where Jo = I, (d/dx + *A)J, = (d/dz)J, + *AJ,, that is, J, = 'A, Jy =
(d/dx)*A + *A*A, ... Then for u=0,1,... we have

L d d s
(2.3) d JrIJM—H = _M<% d) (d"Jy) + d<% * tA) (d"Ju),

(2.4) d"J, € M, (Oklz]), deg(d"J,) < pum.
Proof. Since d is in the center of M, (K (x)), we have

d d d
<—+%yﬂmz<%w>@+wa@+%W%

dx
d d
=ul — Pl 4 dr | —+ A .
M(dm d>d utd <dl’ )J”

By multiplying the last relations by d, we obtain (2.3).
Next, for p =0, (2.4) holds as Jy = I. For =1, from

dJq :al<i + tA)I:th
dzx

and by (2.1), (2.2), both dJ; € M, (Ok[z]) and deg(d.J1) < 1 hold.

We continue by induction on . We assume that (2.4) holds for p > 1
Since d € Z[z] and dA € M, (Ok][z]), we obtain d"*'J, 1 € M,(Ok|z])
by (2.3) from the assumption d*J,, € M, (Ok|z]). Moreover, by (2.3),
deg(d" J41)
< max(max(y;—1,0)+deg(d"J,), y1 +max(deg(d"J,)—1,0), v1+deg(d"J,)).

From the assumption deg(d”.J,) < uvyi, we obtain deg(d*t1.J,41) <
(H+1)m. =

By Lemma 2.1, we have (d"/u!)(d/dx + *A)*I € M,(K|z]), a matrix
of polynomials, and thus for m € N U {0}, we can define the real-valued

functions Gy, G, G1 by
d* [ d O\
Go(m) = H #:61’112?.)?7”1 ﬁ <% + A> I

i

vfoo v
#fd o\

" I
i<i+%>1
w! \ dx

Gi(m) = H Mzgnla.).(. .

vfoo

v#£1

REMARK. (0) Since the number of v € Mg with |(d"/u!)(d/dz+ *A)*I|,
# 1 is finite, each product above is finite.

v



Rational values of G-functions 321

(1) Since (d"/u!)(d/dx + *A)*I = I for p =0, for v € Mk we have

a#(d N\
+'A) I
i )
Therefore each Go(m), Goo(m), G1(m) is an increasing function of m. In
particular, Go(m) > 1, Goo(m) > 1, G1(m) > 1. Moreover it is obvious that

m
d <d tA) 7
,u,‘ dx

(2) Since d € Z[x], we have |d|, < 1 for v{oco. Hence by Gauss’ lemma,

for p=0,1,... we have
1/d H
<|l=(—=+%A) 1T
_‘u!<dl’+ )

ald
A) 1
(i) ]

Go(m) < max 1<d tA>MI

p=0,1,..,m | u! \ dz

max > 1.
n=0,1,....m

v

Gi(m) < Gy(m) max

n=0,1,....m

= Goo(m).

1

v

Therefore

)
v

vfoo
that is, if (EQ) is a G-operator, then there exists a finite constant ¢ < oo,
independent of m, such that Go(m) < C§* for m =0,1,...

Again we could define an Archimedean G-operator to have G o, (m) grow-
ing at most geometrically for m = 0,1,... The following Lemma 2.2 states
that every (EQ) is an Archimedean G-operator. (Therefore this definition is
also redundant.)

LEMMA 2.2. There exists a constant C' < oo, independent of m, such
that Goo(m) < C™ for m=0,1,...

Proof. From (2.1), (2.2), let d; € Z and o; € M,,(Ok) be such that

71 71
d:Zdjmj, th:Zajmj.
§=0 §=0

According to (2.4) in Lemma 2.1, we define 4; , in M, (Ok) by

HY1

ATy =) A,

=0

Since (d/dx)d =311, jdjzi=t, we have

d Y1 (b+1)m
(2.6) <%d>(d“Ju) Zjd a ZA,W:U = Y > jdjAgua’T
t=0 j+k=t
0<j<m

0<k<pm1



322 M. Nagata

Next, since (d/dz)(d"J,) = 352 jA; 27—, we also have

122051
(2.7) d(d d*J,) > dekawa

(/J'+1)'71

D> kdjAg !

t=0  j+k=t
0<j<m
0<k<pm
Finally, we have

HY1 (B+1)y1

(2.8)  d'A(d"J,) Za] ZA;WQJ Z Z o Ag ot

t=0 Jjt+k=t
0<j<m
0<k<pm

By (2.3) and (2.6)—(2.8), we obtain
d d
p+1 —_ _ i tA 14
A" J M(dxd>d J“+d(da:+ )(d Ju)

(p+1)m

. t—1 t—1 t
E E —pjdjAg '+ kdjAg T 4 oAyt
t=0  jrk=t
0<ji<m
0<k<pm

For t =0,1,..., (s + 1)y1 — 1, the coefficient of z' in the last equation is

(2.9) = Y (A —kdjA) + Y A
J+k=t+1 j+k=t
0<j<m 0<j<m
0<k<pm 0<k<pm

For the remaining case: t = (u + 1)1, the coefficient of z* is

(2.10) Z Ak = Oy Ay
JHk=(p+1)m
0<j<m
0<k<pm
Now, for v € M, we define
d(v) := max |djly, (v):= max |y,
=0,...,m J=0,...,m

=0,...,

A(p,v) = k_éna);% | Ak, o

-----

We consider only the cases of v|oco. As o; € M,(K) and v|oo, for
7=0,....7, k=0,...,711, we have
|1idj Arulo < lplolmlod(W)Ap,v),  |kdjAkulo < [plolnilod(v)A(p, v),
05 Al < nlva(v) A(p, o).
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For any ¢, the number of terms in

D

jk=t+1
0<j<m
0<k<pm
is at most 1 + 1 because 0 < j < ;.
Now we will estimate (2.9) and (2.10). The value of | ... |, at (2.9) satisfies
(2.9)[v < [y + o3y max(|plo|y1]od(v), [n]va(v)) A, v).

The value of |...[, at (2.10) satisfies
(2.10)] < |y + 1o |nloc(v) A(p, v).

We note that these are estimates of the coefficients of z* in d**1.J, 4.

Now, let Aj 11 € M, (Ox) be such that d#+1J, .y = SV A ad.
With the above arguments, we obtain

max |4 » < max(](2.9)]o, [(2.10)],
k=o,...,(u+1m| a1 (12:9)]0, 1(2.10)].)

< Im o+ o3l max([plo |1 lod(v), [n]ua(v)) Ay, v).

Put
= |1 + 1]y max(|y1]vd(v), [0y (v)).
Then
A(p+1,v) = max A o < |3|vBulpt]oA(p, v).
(L) = max Al < 318l Al )
Therefore

A, v) < (13loB)* (1 — D! A(L, ).

Since dJ; = d 'A = 3771 aja’, we have A(1,v) < f,.
The aim of this proof is to estimate
A"

di(i_,_tA)H[ — Ju| < —— A(p,v).
pl \ da N R T
Since [3|, > 1 for v | oo and since |u|, > 1, we have an estimate
T Al 0) < (31,8,)" o < (31,6,)"
Therefore
) < H max , (13080 (Hmax (13 ﬂv)))
oot P

This implies that there exists a finite constant C, depending only on A, but
independent of m, such that Go(m) < C™. =
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If (EQ) is a G-operator, Lemmas 2.1 and 2.2 assert that there exists a
finite constant C' such that

exp(deg(d™J,m)) < C™,  Goo(m) <C™,  Go(m) <C™

form=0,1,...

The fact that “a geometric property holds together with an arithmetic
property” is one of the most important features of G-operators; here a geo-
metric property means exp(deg(d™J,,)) < C™, and an arithmetic property
means Goo(m) < C™ and Go(m) < C™.

This fact will be worked out effectively in §3.

The next proposition is due to Chudnovsky—Chudnovsky. We will use it
for our proofs of Corollaries C and D.

We note again that a G-function is defined as a local object (a power
series solution); nevertheless Proposition 2.3 shows that it involves a G-
operator which is defined as a global object.

ProOPOSITION 2.3 ([C]). Let m = (f1,..., fn) be a vector solution of

(EQ). If all f; are G-functions, and if they are linearly independent over
C(x), then (EQ) is a G-operator.

See [C] and [A] for the proof.

2.3. Some known results. We recall a variant of Liouville’s inequality,
which is stated in function-theoretic terms.

The following Proposition 2.4 is a special case of [O, Theorem IV(ii)],
and it is an extended version of a special case of Shidlovskii’s main lemma
([Sh, Chapter 3, §5, Lemma 8]).

We remark that it is possible to obtain weaker estimations about some
of our results, however Proposition 2.4 brings us sharper results. See [N2].

PROPOSITION 2.4 (Shidlovskii-Osgood’s inequality [O]). Let D be a sim-
ply connected domain in C, and suppose that D does not contain singular
points of A in (EQ). Assume that a vector solution m := (f1,...,fn) of
(EQ) is analytic on D, and f1,..., fn are linearly independent over C(x).
Then there exists a constant ¢ < oo, independent of N and D, such that

Zmax(ordx tZsz (n—1), )gnN—i-c

teD
for any N € N and any Pl,...,Pn € Klx] with max;—y, . ,degP; < N.
In particular, if 'V is a finite set C D, then there exists a constant ¢ < oo
satisfying

Z (01“de< zn:Pifi> <nN+(n—1)#V +ec.
i=1

2%
See Theorem IV in [O] for the details.
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The following is the so-called Siegel lemma, which is due to Bombieri [B].

PROPOSITION 2.5 (Siegel’s lemma [B]). Let D be the discriminant
of K, and v := 4d28%|Dg|'/?. Let M,N € N with M < N and a;; € K
for i =1,...,M, j = 1,...,N. Then there exists a non-trivial solution
Z = (11,...,2n5) € KN\ {0} of the system

N
E a;jx; =0 fori=1,..., M,
=1

which satisfies

M
_ 1 M
M@ <y ar 2 2 e losleisl + Ty og(2NY) + log
1=1v K

See [B] for the proof.

3. An inequality. The aim of this section is to show a fundamental
inequality (Lemma 3.4 below) which will be used in the proofs of our results.
The idea of the proof is to consider Padé approximations of m in (EQ) using
Siegel’s lemma, and combine them with two product formulas, the product
formula in a number field and Jensen’s formula.

According to §2, we may say the following: Padé approximations and
Jensen’s formula are function-theoretic (i.e., geometric), while Siegel’s lem-
ma and the product formula in a number field are arithmetic. We recall §2:
“a geometric property holds together with an arithmetic property”. There-
fore they can be combined into an inequality. That is Lemma 3.4.

We need long calculations in this section, but each calculation is simple.

3.1. Padé approximations. In this subsection, we will consider Padé ap-
proximations at several points and estimate coefficients of the Padé polyno-
mials by Siegel’s lemma.

Let ¢ be a column vector of infinitely differentiable functions: ¢ € (C*)™.
For A in (EQ), we put

d .\, d N\ . _ d
(o) oo (L) o Lorus

d . S d d s—1
— 4+t =—+U4)(—+1*4 fors=1,2,...
(dm+ ) ¢ <da:+ )(dm+ ) ¢ fors T

LEMMA 3.1. Let m be a wvector solution of (EQ), and suppose that
¢ € (C>®)". Then for s =0,1,... we have

A (IR



326 M. Nagata

Proof. Since (d/dx)m = Am, we obtain (3.1) from

d t d t t _ ’ d t
%( ¢m) = <% ¢)m+ PAm = <(@+ A)¢>m- =

LEMMA 3.2. Suppose that ¢ € (C>)™. Then for s =0,1,... we have

o g e 2 ()

H,v>0

Here I is the identity matrix.

Proof. For s = 0, the left side of (3.2) is ¢, and the right side is I = ¢.
For s = 1, the left side of (3.2) is (d/dz)¢ + *A¢, and the right side is
I(d/dx)¢ + *Al¢. Thus we have (3.2) for s =0 and s = 1.

We use induction on s. Assume that (3.2) holds for a given s. Then

R (R L
() 2 ) )

V=s

(@)
ISR

Here we used the following simple formula: if A is a Q-algebra and
{ai}i, {b;}; C A, then by induction

k! (k+1)!
Z 2‘—]' (ai+1bj + aibj+1) = A Z 1'7]' aibj' u
i+j=k i+j=k+1
4,50 4,720
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Now, let N be a parameter in N, take P, ..., P, € K[z] with max; deg P;
< N as Padé polynomials and put

. N-1 N-1
e B . .
¢ :="(P1,...,P,) = ( E a;xt,. .., E amjx]).
Jj=0 Jj=0

We also let a¢ € Z>(o be parameters, and we assume that
ord;—¢ tom > o,
that is, for s =0,1,..., ¢ — 1,

(i) com) =

Here, m is a vector solution in (EQ), D is as in Theorem A, and we sup-
pose that ¢ in D N K satisfies the following: there exist k¢ € C\ {0} and
01,...,0, € K such that

Mygee = k¢ (01,...,00).
Moreover we assume that ¢ is not a pole of
()
dx

for p=0,1,... The last assumption holds if d(¢) # 0 by Lemma 2.1.
Now, since m is a solution of (EQ), by Lemma 3.1, the condition

(5(G) com) =0
G (o) o)) o
S (D).

p+rv=s
H,v>0

is equivalent to

and also to

by Lemma 3.2. Clearly, the latter is equivalent to

rfd N\ N/ d\ )\ B
2 (Gl )a@) o)) -
w,v>0

We put

(ai,j (M))i,j=1,...,n :

I
A~
?L|h
7N
| =

_.|_

Ny
~__

=
~
~_
)
Il
o~

m

=

=
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Since ( is not a pole, we have

(G ) GE).
I O OR

N1 [\ riew
> =0 ()& var,
(i j ()i j=1,...,n :

> () an,

SN () () ¢V

Yico Soret Oénjk(u) ()¢ an,
Hence
(G (G ), Jmme)

Therefore
t W v
1 d " 1/d 1
om0 (Gl 9) )al) o))
pt+rv=s |z=¢
H,v>0

where (Z) =0if j <.
We regard (3.3) as linear combinations ay, ;. Each coefficient of ay ; is

(3.4)

n

Yo Y i) (i) ¢

i=1 pt+v=s
H,v2>0

.., N-1.

We will find an upper bound of (3.4) for each k = 1,...,n and j = 0, ...
We consider two cases.
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9l

Case v{oo: We have

Bk < max [0iain(ol,

2ty
7=0,...,N—1
pt+rv=s
H,v>0

Since ‘(iﬂ < 1, we obtain

H|34|”<H max |0|”H max la; ;i (p |UHmax y|Clw)

.....

vtoo vfoo vioo j j= 1’ o vtoo

G,

¢ o

Case v | co: We have

|(3.4)], < max In(s 4+ 1)|o|0i]o] 0k (1)

J'ZZ,OT..’,.]'\.I’—1
ptr=s
H,v2>0
As ‘(i)‘v < |27],, we obtain
111341,
v|oo
<2¥a(s+1) Hgnax i1, [ [ max i j (1) [ max(t, [¢]o) ¥
vfoo vfoo i,j= 17 o oo

In (2.5), we established that

S (L) <o T

vtoo v|oo

and by Lemma 2.1,

< Goolp),

v

e (d
a(dra)

" 1
w \ dx

Since d({) # 0, for v{oo we have

‘( 1 (dc; tA>MI> o=l

w
<dthI
p! \ dz

max(1, [Cl,)""* max(1,[1/d(¢)[,)".

v

Therefore
1/d . \"
Hmax|a” max|( —(—+"A| I
n<s M' dz _
vfoo vfoo z=Clv

< Go(s) [ [ max(1,|¢)3) [ [ max(1, [1/d(O)f3).

vfoo vfoo
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For v | oo, we have

"

dm o=c v
afd o\
o=l —+"A) I
u!<dw+ )

max(1, |Cl,)"7* max(1, [1/d(C)]n)"-

v

Therefore
1/d #
Hmax |l (1 max ( < tA) I)
ofoo Va0 PS° dx jo=clv

< (7 + 1)Goo(s) [ [max(1, [¢[57) [ [max(1, [1/d(C)[3)-

v|oo v|oo

To summarize the above calculations, we arrive at the following: Let D
be as in Theorem A, let ¢ € K N D with d(¢) # 0, and a¢ € Z>(. Suppose
that m is a vector solution of (EQ), analytic on D.

Moreover suppose that there exist k¢ € C\ {0} and 64, ...,6, € K such
that

Mizg=¢ = Hgt(el, ey Hn)

We consider
. N-1 N—1
= (E ayx’, ..., E andajj)
j=0 j=0

with parameters ay j, k =1,...,n,7=0,...,N — 1. Then the system

(@)
| = (¢m)> =0, s=0,1,...,a;—1,
(s! dz |o=¢

multiplied by nc_l is equivalent to
the right side of (3.3) =0, s=0,1,...,0¢—1.

These are linear equations in ay, ; over K. The coefficient of aj, ; equals (3.4)
and satisfies

[T 1341 < Golae = 1) ] [ max |6l ] [ max(1,[cl,) ™=+

vfoo vfoo vfoo

x [ max(1,[1/d(¢)|w)* ™,

vfoo

and
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[T134) < (ac — D + 125 nagGac(ag — 1) [ max |61l

v|oo v|oo
x [ [ max(1,[¢lo) Ve T max(1, [1/d()])*
v]oo v|oo

We note that 61, ...,0, are independent of NV, a¢, and Gg, G, 71 are inde-
pendent of (.
To combine them into one inequality, we have

35 [ 164l
< ((a¢ — Dy + 12V tnacGolae — 1)Goo(ae — 1)

(T sl ) BN+ H (1 /()

vEM K

We will apply the above argument to Siegel’s lemma.

Let o,...,¢; be I + 1 distinct elements in D N K with d(¢;) # 0 such
that m is analytic at x = (; for t = 0,...,l. Moreover for t = 0,...,[, we
assume that there exist k, € C\ {0} and 61 4,...,0, € K such that

m|x:<t = Htt(th, e 7‘9n,t)'
Now let ¢ be as above, and let ay,...,q; in Z>q be given. We consider the
condition
ordy—c,(‘¢pm) > oy fort=0,...,1.

These inequalities are equivalent to the homogeneous linear equations
over K:

(LAY
. —— = f =0,...,04—1,t=0,...,L
30 0 (5(g) Com) =0 fre=0 w0

Here, the number of equations is Zizo oy, and the number of unknowns
(i.e., the coefficients of x% in ¢ for i = 0,..., N — 1) is nN.

Now recall Siegel’s lemma of §2.

From (3.5), the value corresponding to Zf\il > venr, max;logla; jl, in
Siegel’s lemma is

l
> o (logGo (¢ = 1) +log Goo (¢ — 1) + Y logmax [0; 4,

t=0 ’UEMK

+ (N =1+ (g — 1)) Z log™ [Celo + (o — 1) Z log™ [1/d(¢y)lo

vEMK vEMK

+ (N —1)log2+log((ay —1)y1 + 1) +logn + logat).
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Since h(a) = h(1/a) for a € K \ {0}, applying (3.6) in Siegel’s lemma, we
obtain:

LEMMA 3.3. Let [ be a given non-negative integer, and let (g,...,(; be
I+ 1 distinct elements in DN K with d(¢p) # 0,...,d(¢;) # 0. Suppose that
there exist ky € C\ {0} and 614,...,0,+ € K such that

M|z=(s :,‘qttwlyt,...,en,t) fort=0,...,1.

Let o, ...,a; € Z>o, and let § be a positive number with
!
(n—0)N = Z Q.
t=0

Then for any N € N, there exists a non-trivial ¢ € (K[x])™ \ {0} with
deg ¢ < N such that

ordy—c,(*¢m) > oy fort=0,...,1

and
l

(3.7) )< o Z <logG0at—1)+logG (ar — 1) + (N — 1)log 2
t=0

+ (N =1+ (. — 1)y1)h(Ce) + (o — 1)A(d(Ce))

+ Z log max [0 ¢|, + log(((cy — 1)y + 1)”%))
VEMK ¢

+ 2 0 log(2nN+) + log .

4]

Here ~v is defined in Siegel’s lemma.

3.2. Jensen’s formula. In this subsection, we recall the classical Jensen
formula ([L2, p. 162]). We will then combine it with Lemma 3.3 in the last
subsection.

Let R > 0 and € > 0 be given. For ¢ € C, we put A((,R) := {2z € C |
|z—(| < R}. Let g be a meromorphic function on A(0, R+¢). Then Jensen’s
formula reads:

R 1 2
- Z ord,—,(g) log Tal —Alog R—log|ea|+ o S log |g(ReY=1%)|dg =0
a€A(0,R) 0
a#0
for g(2) = cxz* + a1 2™+, e #0, N EZ.

Now let {«;}; be the set of zeros and poles of g(z) on A(0,R). Put
f(2) == g(z — ¢). Then f is a meromorphic function on A(¢{, R + €) with
f2)=cx(z=O +ear1(z=OM+ ..., exn #0, and {a; + (}; is the set
of zeros and poles of f(z) on A((, R).
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Putting 3; := «a; + ¢, we have by Jensen’s formula

— Z ord,—g, ( log’ ]i q — Alog R —log e, |

Bi#¢
2m

| log|f(ReY™1? 4+ ¢)|do = 0.
0
We note that log(R/|5; — ¢|) > 0 because R > || = |3 — (|-
If f(z) is analytic (i.e., has no poles) on A((, R+ ¢), then for any subset
Z C {B;} we have

(38)  — ) (log.—, f(2))log a}_%

ac”Z ‘ C’
a7

tor

— Aog R — log ey

2

5§ log|f(ReY™1" + ()]df > 0,
T
0

where f(2) = cx(z = O +exp1(z —OML 4+ ..., A >0, cx #0.

Now we consider ‘¢m for ¢ as in Lemma 3.3. We suppose that ¢y belongs
to D. We choose R satisfying A((p, R) C D and assume that (g,...,(; €
A(Co, R) N K. We put

B¢ :=ordy—c,(‘¢m) fort=0,...,1L.

Obviously, 6; > a3 for t =0,...,1.
If 3; = oo, then *¢m is 0 on a neighborhood of (;, and thus *¢m is 0 on
D by the uniqueness theorem. This m does not satisfy the assumptions of

Theorem A.
Bo
_ 1
o = kg " <$—_4> :

Set ¢ := (p and put
Since OI"dx—c(wo t¢m) = 0 and g *¢m # 0, by (3.8) we have
27

1
Zﬁt log ——— T C\ ~log [0 ¢mye—c|+ 5 | log 1o omyy_pev=ro | d0 >0,
0

Where we assume that R satisfies A((,R) C D.
Now, we will find an upper bound of
2

o S log Wot¢m|x=3e¢——19+g| do.

0
“°1<x—<>

Since

1o ‘pm| =
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we have
2T

1 t
o § log [0 ' ¢m |, pev=ro (| df

27

1 _
=5 g log |kg ' ¢my,_pev=ro | d0 — Bolog R.
0

From now on, let T}, € R (v € Mg) be such that
|¢|v S TU'

Using the usual absolute valuations |...[, for v =id = 1 we obtain

o] = o3~/ < Ty /™.

Hence
.y . N1 ' N-1 '
%%X\ai7j| < TlK/ tofor ¢ = ( Z a;x’,. .., Z an,j;ﬁ).
7=0 7=0
We put m = *(fi(z),..., fu(z)) in D. Since
n N-—1
t¢mzz Q5T fz(x)7
i=1 j=0
we have
n N-—1
kg " B pevroncl <D D lail(RHIC Ing | max | fi(ReV"T4()].
i=1 j=0 ogé{z’w
Now set
M(R,Q) = |my!| max |fi(ReV™M 4 ).
0<6<2
Then

27
1 —1t
% (S) log |K’O qulw:Re\/__le-‘rC’ do
d
< d—K log T} + logmax(1, (R + |¢|)N ") + log nN + log M (R, ().
1

We note that M (R, () is independent of N.
By (3.8), we conclude that

R ¢
g Lol oyl

d
+d—K log T} + logmax(1, (R + |¢)N ™) + lognN + log M (R, () > 0.
1

l
(3.9)  —fBologR—> Bilog
t=1
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3.3. Product formula in the number field. In this subsection, we will find
upper bounds of

do
D log o' dmp—cly and 37 S log (v dmis—c).

veMY ceM}

Here o(a) is the image of a € K under o.
Now, since By = ord,—¢(*¢m), we have

(%%l <dix>’6°(t¢m)> T (10 $m)ja=c.

From Lemmas 3.1 and 3.2, we have

kol [ d P k 1/d p 1/d\ B
() Com- <£&, Gi(@+4) D (G(Z) o))t
w,v>0

We recall that |¢|, < T, and deg¢p < N.
We note that

1 d v N-1 N— A
(310) J <%> ¢ = < Z <I/> CLl’]CU Z < >an,jx]> .
=0 =0
From Lemma 2.1, let A;(n) € M, (K) be such that
du d ¢ Ky )
A(p) == — (% + A) ZA ! € M, (K|z]).

Since d(¢) # 0, we have

1 d t . A(N)m:g

(2 ity _ \Plr=6

(u!<dw+ >I)x:¢ aQr
and

(3.11) (IE;I (di)ﬁo(%m)) |z=¢

5 (G, (@, e

p4v=0o
H,v >0

We consider two cases.
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Case vioo: We have

WL g\ P
aomya—cl = | (%2 (1) (t‘i’m))w U

d“ d a 1
< max +'%A) T max
u=0,...,80 da: o | #=0200 d(Q)m .
1/d\" 4
x U:Igl,?ffﬂo (J (%> ¢> |z=¢ U‘HO mlz:dv'
Here \ﬁalm|w:<|v = max; |6;,0|,. From Lemma 2.1, since
d* [ d 1/d\"
(3.12) deg —( — +"A|I < Boy1, deg—|—) ¢d<N -1
w \ dx v\ dx

for u, v < By, we have

H|¢0 ¢m) z=clv < Go(Bo) Hmax(

vfoo

)HT T "

x [ max(, \cmN*l*ﬁm.

vfoo

We rewrite the last inequality as

1
(3.13) > log (v '¢m) a=clo < log Go(fo) + Bo Y log™ @'
vfoo vfoo v
+ ZlogTv + Z log |kg ' miz—c|o
vfoo vfoo
+ (N =1+ Bom) > _log™ [¢lo.
vfoo

Case v | oo: Note that

d* ([ d " 1/d\" _
< (dﬂl’ t14> I>|x=§’ (J <ﬂ> ¢>|x=§’ "o 1m|I:C

are n X n-, n X 1-, 1 X n-matrices respectively, with entries in K. By (3.11),
1 Bo
t _|{ Ko i t
= (5 (4) eom),_|
w I
(el G ), )
>|“0 M|z= C’U

() o).

< Vo + 1]oJn? |v<max

X max
v<fo
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By (3.12), we obtain
(3.14) ) log|(vo ' pm) o]

vEMk

<Bo Y log™ [1/d(Q)]w +1og G1(Bo) + > logT,

vEME vEMEL

+ Z IOg |Ralm\z:C|v + Z 10g |(ﬁ071 + 1)N(ﬁ0 + 1)n2’7}

vEME vEMEL
+ (N =14 8m) Y log*[¢ly + (N —1)log2,
vEMk
by (3.10) since (/) < 2N-1,
Since (o ‘¢m)j,—¢ € K \ {0}, the product formula reads

(3.15)  log (3o ' dm)e—cli + Y log (3o ' ¢m)je—clu

vEM}
+ > log (o "ém)ju—clo = 0.
veEMY

In the next subsection, we will use the last equation together with the
estimates obtained in this subsection.

3.4. A fundamental inequality. Multiplying (3.9) by dy/dk, and com-
bining it with (3.13)—(3.15), we obtain

! di/dx
Bolog R%/M 43 B log ———— i
P ¢t —Ch
dy N-1
< ) logT, o (log™ (R+[¢))V ! +lognN +log M(R,())
vEMEK
1
+10gG0(ﬂo)+10gG1(ﬁo)+ﬂo Z 10g+ m
vEM g v
v#id
+ 3 loglig 'mya—cly + (N =1+ Bon) Y. log" (¢l
vEMK vEMK
v;ﬁid ’U;éid
+(N—Dlog2+ > log|(Bors + )N (Bo + L)n?l,.

veEM}

Applying Lemma 3.3 to the last inequality, since the T, can be supposed
to satisfy > cap. log T, = h(¢) and by (3.7), we obtain the long inequality:
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l
Rdl/dK
(3.16) o log R4/dx 4 Z B¢ log & —Ch
Ce —
l

Z (logGo ar — 1) +log Goo (g — 1) + (N — 1) log 2
t=0
+ (N =1+ (ar — Dy1)h(Ge) + (ar — D)A(d(Cr))

+ Y logmax|fl, + log((a: — 1)1 + Dnay))
vEMg

+ 2=
5

0 log(2nNv) + log~y
+ S Qo (R4 [GDY )+ log(n) + log M(R. )

+1og Go(Bo) +log G1(o) + Bo Y log™ [1/d(Q)].
’UEMK
v#£1

+ Z log |kg "myz—clv + (N — 1+ Bom1) Z log™t [¢],
vEMK vEMK
v#1 v#1

+ (N —1)log2+ Z log|(Boy1 + 1)N(Bo + 1)n?|,.
vEM}

We remark that (3.16) holds in the following sense: for any N = 1,2, ...
and any o, ...,q; with Zfﬁ:o a; = (n — )N, there exist fy,...,0 € Z>o

such that
!

Be>oy fort=0,...,1, > B <nN-+c(l+1)
t=0
and (3.16) holds.
Here the inequality Zfs:o By < nN + ¢(l + 1) comes from Shidlovskii—
Osgood’s inequality of §2 and c is a finite constant depending only on m.
Now, we assume that (EQ) is a G-operator, and thus we assume that
there exists a constant C' < oo, depending only on A, such that Go(u) < C*
for u=0,1,...
From §2, for a given ¢ > 0 and N € N, there exist Cy, C, C1 such that
log Go(aN) log Goo(alN) - log G1(aN)
N N - N
Let ag,...,a; € R>g and b, ..., b € R> satisfy
Ot :(ItN, ﬁt:th-

< aCy, aCu, < aCh.
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We assume that R+ [(| < 1. We note that 0, ; and M (R, () are independent
of N.

Dividing the long inequality (3.16) by N, and letting N — oo, from
R+ [¢] <1 we have

Z by log R%/dx Z by log ———

t=0

|Ct C’l

[

!
g Z ((Co + Cs)ar +1og2 4 (1 4 ayy1)h(¢r) + ash(d((r)) + €)
t=0

+ 2e 4+ (Co + C1)bo + boh(d(Co)) + € + (1 + boy1)h(Co) +1og2 + €

for any positive € > 0.

Since degd < 71, there exists 72 such that h(d({)) < v1h(¢) + 12 for any
¢ € K (e.g., see [Se, p. 15]).

Consequently, we arrive at:

LEMMA 3.4 (The fundamental inequality). Let D be as in Theorem A
and let m be an analytic vector solution of (EQ) satisfying the assumptions
in Theorem A. Assume that (y,...,(; € DN K are such that there exists
ke € C\ {0} with kym(¢) € K". Assume that d((;) # 0, t = 0,...,1.
Let R be a positive number with R+ |(o| < 1 and assume that (1,...,( €
A(Co, R) C D. Then under the assumptions of Theorem A, for any 6 > 0
with 6 < n and for any ao,...,a; € R>o with Zi:o a; = n — 0, there exist
bo,...,by € R>q with by > a; for t = 0,...,1 satisfying the following: For
any positive € > 0,

l
th <n-+e
t=0

and

3.17 belog RM/ 4% N " p, 1o

( ) Z g Z t g~ |Ct Coh

I —

!
< =D ar((1+2071)h(G) + ar(Co + Coo +72) +10g2 +¢)
t=0
+ (1 + 2b071)h(Co) + bo(Co + C1 + 72) +log2 + &
Here 1,72, Cy, C1,Cx are finite constants depending only on A.

REMARK. The condition R+ |¢| < 1 is not essential for two reasons. One
can assume without loss of generality that |(| < 1/2, because the definition
of G-operators is independent of the choice of coordinates. Moreover large
R’s make only slight changes in (3.17).
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4. Proofs

4.1. Proof of Theorem A. First, we will show an ineffective version, and
next we prove the effectiveness.

We use Lemma 3.4. Put [ := 1, fix {, and put ag := 0. Dividing (3.17)
by h((1), we have

(bo + by) log RH/dxc log(1/]¢o — ¢il1)
h(¢1) ! h(¢1)

aq ((1 +2a1m1) +

< a1<Co+Coo+72)+10g2+5>

h(¢1)
+ (1 + 2bov1)h(Co) +bo(Co + C1 + 72) +1og2 + ¢
h(¢1)
If h(¢1) is much larger than n, h(¢y), R, Co, C1, Cs, 71 and 72, we obtain

log(1/I¢o — G1lv)
(41) —€+b1 h(gl)

We can assume that log(1/]¢; — (o|1) > 0 because if [(; — (p|1 > 1 we need
to do nothing. Since b; > ay, (4.1) implies that

log(1/[¢1 — Col1)
h(¢1)

We assume that a; > 0 and divide the last inequality by a; to obtain

log(1/¢1 = Gol1) _ 2¢
@ 0 <5 <<1+2am) )+ e

Now, let 1 > 0. We put aq := €1, and thus e; = a1 = ag+ay =n — 9.
We can assume that & < £2; consequently,
log(1/1¢ — o) _
h(¢1) T n—e

Therefore, for any given small e5 > 0, if A((y) is large, we have

log(1/|¢1 — Col1)
h(¢1)

| =

< %1 (1+2a17m) +¢) +e.

ay < %((1—1—2@171)—1-6)—1—25

(I+e1(271 + 1)) + 2¢4.

1
S _+€2)
n

that is,
1

11— Golt

Because we just need to consider the case of [(; — {p| < 1, we can assume
that |1 — Col1 = |¢1 — Co|B/4% < |¢1 — oY/ ¥ . Therefore we conclude that
the ineffective version of Theorem A holds.

< H(G)'mree.
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Now we show the effectiveness. From Lemma 3.4, we can assume that
bo+b1 < n+ey. Here we can assume that ¢ = 51 Since y; > 1, the inequality

1
(I+e(@n+1)+2e < —+e
n—e n

holds if we put £1(2v1 + 1) = £2/4 for small ¢;.

We have to find a sufficient condition (which involves €3) for the following
three inequalities to hold:

< (bo—i—bl)longl/dk a1(Co+ Coo +72) +1og2 + ¢ <.

- h(¢1) ’ h(¢1) -
(1 +2b971)h(Co) + bo(Co + C1 + 72) +log2 + ¢ <
h(¢1) -

It is easy to verify that there exist ¢1, co > 0 such that these three inequalities
hold if

c1h(Co) +c2

2 )
€3

h(¢) >

where ¢; and co are obtained from n, R, Cy, C1, Cw, 71 and 7o, that is,
they are effective constants depending only on A and R. =

4.2. Proof of Theorem B. One can say that Theorem A is a Liouville
inequality for G-functions on fixed targets. In this subsection, we consider a
variant of Liouville’s inequality on mowving targets. Here we use Lemma 3.4
as well.

We consider only the cases where (o, ..., (; are close to each other in the
topology of |...|;. We replace the index 0 of (p in Lemma 3.4 with another
index 4, that is, we consider Lemma 3.4 with (; (resp. A({;, R)) in place of
Co (resp. A(Co, R)). Under the notations of Lemma 3.4, we have

by log R4/ + N " b, log ————
Z Z G- c@h
t;éz

!
Z (14 2a71)h(¢) + at(Co + Coo + 72) +1log 2 + )
=0

I =

(5
+ (1 4 2b;v1)h(&) + bi(Co + C1 4 72) + log 2 + €.

Now let @ be a large real number and assume that h((;) < Q for ¢t =
0,...,1. We also suppose that |(; —(;|1 < 1. Since 0 < a; < b, fort =0,...,1
and since Zizo by < n+ ¢, the following inequality holds if @ is sufficiently
large:
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l

_€+Z logl/\{t Gil1)

t;éz

l
% Z < (1 + 2a;71) hgt) + s) + (14 2b,71) hgi) +e.

Now we put a; := (n—9)/(l+1) for t =0,1,...,1.
Because by > 0 and tho by < n + ¢, there exists 79 such that b;, <
(n+e¢e)/(l+1). Since h((;)/Q < 1, we have

n—24 zl: log(1/[Ct — Giol1)

I+1 = Q
t#40
1 2(n —8)°n 2(n+e)n
< — —9)(1 _ 14 ——F—— 2e.
_5((11 J(1+¢e)+ 1 +(1+ 1 + 2¢
We put
M = t:r%inllog(l/mt — Giol1)
t#io.
and 0 :=n/2, and thus we have
n | M (Bn+2e)m
. T <9 Wrr e
2 Ix1 g STt T

Therefore there exists L, which depends only on &,n, 1, such that if [ > L,
then

M 4
noM e thatis, M< 1T
2 Q
We conclude the following: if h((;) < @ for t =0,...,[, and if
44 8¢
tnolm log(1/|Ct = Gigl1) = M Q
t;é’z’o’
then [ < L. In particular, if
. . 4+ 8¢
_min . min log(1/|¢e — Cigl1) > Q
10=U,..., =U,...,
t£io
then | < L. Therefore if
4+¢
Zi%axllOng Gl < — -Q
t=0,...,1
i#t

then [ < L. Here g1 := 8¢. Consequently, we obtain:
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THEOREM E. Suppose that B is an arbitrary large number. Under the
assumptions of Theorem A, let Dy be an arbitrary closed disk with radius
B~404e)/n /2 (in the topology | . .. |1) with Dy C D. Then there exists L such
that the number of (’s which have the following properties is at most L + 1:

(e DsNK, H() < B and there exists k. € C\ {0}
such that kKcm(¢) € K™.

Here L depends only on £,n,v1 (independent of B and the choice of the
center of Dy).

Now, we give a proof of Theorem B.

Proof of Theorem B. We have to consider two cases: | ... [, = |...|/IK:Q]
and |...[; = |...|*/[K*Q] We only consider the second case. The first case
is similar.

Let R be the radius of D, the closed disk € C in Theorem B. It is
easy to see that D is covered by 8R? B*(1+e)lK:Ql/n gmall disks with radius
B~40+)[K:Q1/(2n) /2 Tn each of the small disks the number of (’s satisfying
the conditions of Theorem E is at most L + 1. Thus the number of (’s in D
satisfying the conditions of Theorem E is at most (L + 1)8R?B*(1+e)[K:Ql/n
Therefore we obtain

i e #CE S | HO S B) _4(1+2)
B—oo logB n

K : Q).

Since the last estimate holds for any e, we get the conclusion of Theo-
rem B. =n

4.3. Proof of Corollaries C and D. Let m = *(y1,...,yn) be a vector
solution of (EQ). We denote by my the vector whose components are all
monomials in y1,...,y, with degree N. For example, if m = Y(y1,y2), then
my =m, ma = (y2,y1y2,y5), and so on.

Put N/ := ("';N) From [Sh, Lemma 18, p. 118], there exists an N’ x N'-
matrix Ay whose components are linear combinations of components of A
in (EQ) over Z, such that my satisfies

d
(EQN) %mN =Anymn.

Therefore one can take d in Theorem A to be a common denominator of
the components of Ay.
If there exists ¢ € C\ {0} such that xcm(¢) € K™ then k}my(¢) €

KN/, and thus
{¢ € K | there exists k¢ € C\ {0} such that kcm(¢) € K"}
C {¢ € K | there exists x € C\ {0} such that kmy(¢) € KV}
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Under the assumptions of Corollaries C and D, the elements of my
are linearly independent over C(x) and from Proposition 2.3, (EQy) is a

G-operator.

Applying Theorems A and B to (EQy ) for large N, we obtain Corollaries

Cand D. =
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