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1. Introduction. Hurwitzian continued fraction expansions have the
form

[CO;Clv cee ,Cn,Ql(k'), ) Qp(k)]zozl
= [CQ;Cl,. . .,Cn,Ql(l), .. .7Qp(1),Q1(2), . ,Qp(Z),Q1(3), .. ]

where cg is an integer, ci, ..., c, are positive integers, Q1,..., ), are poly-
nomials with rational coefficients which take positive integral values for
kE = 1,2,... and at least one of the polynomials is not constant (see e.g.
[1], [8], [9]). Well-known examples are

e=1[21,2,1,1,4,1,1,6,1,.. ] = [2; 1,2k, 1|2 |,

e2—1 .
tanh1 = e [0;1,3,5,7,...] = [0; 2k — 1]324,
tanl=[1;1,1,3,1,5,1,...] = [1;2k — 1,1]$°,.
The forms
a62/9+ﬁ ]
m with o, 3,7,8,g € Z, g #0, ad — 3y #0

are called Hurwitz numbers ([4], [5]). But the general relation between Hur-
witz numbers and Hurwitzian continued fraction expansions has not been
discovered yet (see [15, p. 129], e.g.).

Tasoev [13], [14] proposed a new continued fraction which is like Hur-
witzian but @Q;(k) includes exponentials in k instead of polynomials. The

author [6] obtained the closed form of [0;a®, ..., a*]?° | by using the method
——
m
2000 Mathematics Subject Classification: Primary 11A55, 11J70.

[161]



162 T. Komatsu

of Wall [16]. When m = 1 or 2, its closed form is simple with the fraction of
two infinite sums. In this paper some more general cases are treated. Fur-
thermore, in each case a continued fraction expansion can be obtained, by
using the negative continued fraction.

The same technique can be applied to Hurwitzian continued fraction
expansions. Once we get a continued fraction whose partial quotients consist
of arithmetic progressions (we call it of tanh type), we easily deduce its
counterpart (called tan type) with the negative continued fraction instead
of the simple continued fraction. More extended cases will also be mentioned.

2. The simple and negative continued fraction expansions. As
usual, @ = [ag, a1, as,...| denotes the simple continued fraction expansion
of o, where

a=ap+by, ao=1[0],
1/0h-1=an+0n, a,=11/0,_1] (n=>1).

The nth convergent p,/q, = [ag;ai,...,a,] of a is given by the recurrence
relations

Pn = GnPn—1 + Pn—2 (n > 0)7 pP—1 = ]-7 pP—2 = 07

n = ApQn—1 + qn—2 (TL > O)a qg-1 = Oa qd—2 = 1.
We now introduce the negative continued fraction expansion. We use the
definition and notation in [10] with a change of the position of the minus
sign, because it is more convenient when 0 < « < 1. The usual definition
can be found in [3]. The negative expansion of a real « is denoted by

_ 1
a="[0;a1,az2,as,...] = T

=71

ag —

az — ...

where the integers a; > 2 are generated by ceiling functions rather than
floor functions in the continued fraction algorithm:

00 = {Oé},
]./Qn,l = Qyp — Hn, Ay = ’—1/0n71~‘ (n > 1)
with corresponding convergents p,, /g, = ~[0;a1,...,a,] given by

Pn = GnPn—1 — Pn—2 (n > 1)7 Po = 07 pP-1= _17
dn = OGnQn—1 — Gn—2 (n > 1)7 do = 17 qg—1 = 0.

A simple continued fraction expansion can be transformed into a negative
continued fraction expansion by the following rule.
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LEMMA 1 ([10]).

[07 ai,az,as, 4, as, 0e, A7, .. }

= [0jay +1,2,...,2,a5+2,2,...,2,a5 +2,2,....,2,a7 +2,.. ].
——— ——— ———
a2—1 (l4—1 a6—1
Proof. We refer to [11, p. 227]. Since
[...,a,b,c,d,...]=1[..,a,0,—1,1,—1,0,—b, —c,.. ]
=[..,a—-1,1,-b—1,—c,..]
or
[...,a,b,c,d,..]=1]..,a,0,1,—-1,1,0,—-b,—c,.. ]
=[..,a+1,-1,-b+1,—¢,..1],
we have

[...,a,b,c,dye,...]=[..,a+1,—-1,-b+1,—c,—d, —e,..]
=[..,a+1,-2,1,b—2,¢c,d,e,..]
=[..,a+1,-2,2,—-1,-b+3,—c,—d, —e,.. ]
=[..,a+1,-2,2,...,(=2) "L, (=Db(c+ 1), (=1)bd, (—1)’e, .. ].

b—1

3. Tasoev’s continued fractions

THEOREM 1. Let a be an integer and w a rational with a > 1 and ua €
7. Then

Zoo . u—2s—1g—(s+1)* Hf:1(a2i _ 1)—1

Yepu e [ (a® = 1)71
REMARK. If u = 1, then we have the first relation of the main theorem
in [6].

[O;W]ZO:I =

Proof of Theorem 1. Let the power series
fn(z) =rno+rniz+ ?"n,222 + ...
satisfy the relation
fn(2) = ua™ fry1(2) + 2fni2(2)
forn=20,1,2,... Then from
fn(z) n+1 z

= ua
fnt1(2)
fn+1(z) Fri2(2)
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we obtain the desired continued fraction expansion as

Si(1)

fo(1)
By comparing the constant and the coefficient of 2° (s > 1), r,, ; must satisfy
the recurrence relations

= [0; ua, ua®, ua®, .. ).

_ n+1
T'n,0 = UG T'n+1,0,

_ n+1
Tn,s = UG Tn+1,s + Tn4+2,5—1-

By the first relation we have 7o = u”a”("“)/an,o. We can assume that
ro,0 = 1. Otherwise, any of 7, s will be multiplied by ro ¢ and finally 7
will be cancelled in f1(1)/fo(1). Hence,

(].) ’["n70 e u_na_n(n+1)/2'

By the second relation we have

2) ro.s = ua? D2y 4 Z uF LDk
k=1
By induction we shall show

s
2 .
Trs = u—n—ZSa—n(n+1)/2—25n—s | |(a22 . 1)—1'

i=1
For s =1 by (1) and (2) we have

roq = uta”m /2y 4 Z WP (F—1k/2),—k—1 ,— (k+1) (k+2)/2

k=1

n
_ unan(n-l-l)/QT,n,l +U_2 § a—2k-1
k=1

— unan(n+1)/2rn71 +u_2a_1(1 o a—2n)(a2 . 1)—1.

Separating the terms including n from the constant terms without n, we
have

ol = ufanafn(n+l)/272nfl(a2 _ 1)71'
Assume that the assertion is valid for s — 1 and s. Then by (2) we have

rO,s—i-l

— unan(n+1)/2rnvs+1

+ Z b Lq(k=Dk/2,,—k=1-25 = (k+1)(k+2)/2—2s(k+1)—s> H(azi _ 1)—1
k=1 i=1
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s

n
_ unan(n+1)/2,’"nvs+1 4oy 252 Za72(s+1)k7(s+1)2 H(a% . 1)71

k=1 =1
s+1
_ unan(n+1)/2rnvs+1 + u72(s+1)a—(s+1)2(1 . a72(s+1)n) H(aQi o 1)71‘
=1

Separating the terms including n from the constant terms without n, we
have

s+1
fn72(s+1)afn(nJrl)/272(s+1)n7(s+1)2 H(a% _ 1)71.

i=1

Tn,s+1 = U

Therefore, we obtain the desired form

_ fi(1) _ D eeo s

fo(1)  3Zo7os

THEOREM 2. Let a be an integer and u a rational with a > 1 and ua €
ZF. Then

[OSW]zil

Z:io(_l)suf2sflaf(s+1)2 H;?Zl(azi N 1)71
o Sy —25,—52 s I —
Zs:o(_l) u=2q Hi:l( 2 — 1) !

Proof. Let the power series f,,(2) = rp.o+7n12 +7n 222+ ... satisfy the
relation

[0;ua — 1,1, uak+l — 2|32, =

fn(z) = uanJrlfn—H (z) - an-‘rQ(z)

instead of f,,(z) = ua™ ! fr11(2)+2fni2(2) in Theorem 1. Then r,, ; satisfies
the recurrence relations

_ n+1
T'n,0 = ua T'n+1,0,

_ n+1
T'n,s = UG Tn4+1,s — Tn42,5—1-

Thus, in a similar manner to the proof of Theorem 1, we can have
S
Tns = (_1)su—n—ZSa—n(n+1)/2—2sn—52 H(a% . 1)—1.
i=1
Therefore, from

fi(2) z

fo(2) ua — i

and Lemma 1 we obtain

[0;ua — 1,1, uak+ — 23, = ~[0; ua*]
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THEOREM 3. Let a and b be integers and v and v be rationals with
a,b> 1 and ua,vb € ZT. Then

Zzio T1,s

[,UCL , U ]kfl Z;X;Oro,s’

where for s =0,1,...,

2s
2 .
70,26 = quS,UstROQSafs(erl)bfs | |(azbz _ 1)71’
=1
2s+1
2 .
702641 = ’11,725711}72871R0’25+1CL7(S+1) bfs(s+1) | | (azbl o 1)717
=1

2s
Tios = u—25—1U—2SR1’28a—(5+1)2b—s(s—‘,—l) H(aibi . 1)—1’

=1
2s5+1
2 ..
T12s41 = U_25_20_28_1R1725+1a_(s+1)(s+2)b_(s+1) H (azbz _ 1)—17
i=1

with Roo = R1,0 =1 and for s =0,1,...,
Ro2s = a’b°Ro2s—1 + Ri 251,
Roast1 = a®T1b°Ro a5 + Ry 25,
Ri2s = Ro2s—1 +a’b° Ry 251,
Ri 2641 = Ro2s + asbs+1R1,2$-

Proof. Consider the power series f,,(2) = Tno + Tni12 + rn22? + ...,
satisfying
fon(2) = ua" foni1(2) + 2 font2(2),
f2n+1(z) = Ubn+1f2n+2(z) + Zf2n+3(z)'

Thus, f1(1)/fo(1) = [0;ua®, vb*]3 ;. By comparing the constant terms we
have

_ n+1
T2n,0 = UG T2n+1,0,

_ Ubn-f—l

T2n+1,0 = T2n42,05

yielding

Tono = ufn,ufnafn(n+1)/2b7n(n+1)/2’

Foni1.0 = u "ty g (M (H2)/2=n(n+1)/2,

By comparing the coefficients of z® we have

+

n+1
T2n,s = UA T2n41,s + T2n42,5—1,

_ n—+1
Tont1,s = V0" " Topyo s + ronts.s—1,
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yielding
ro.s = unvnan(n+1)/2bn(n+1)/2
+ Z(ukkalak(k+l)/2b(k71)k/2r2k+1 oy
k=1
1k Ly g (k= 1k/2p(k—1)k/2

T2n,s

T’2k,s—1)-

When s =1, we get

o1 = unvnan(n+1)/2bn(n+1)/2r2n’1

i Z(ukvk—lak(k+1)/2b(k—1)k/2u—k—lv—ka—(k+1)(k+2)/2b—k(k+1)/2

k=1
i uk—1vk—la(k—l)k/2b(k—1)k/2u—kv—ka—k(k+1)/2b—k(k+1)/2)

— unvnan(n+1)/2bn(n+1)/2r2n’1 + wtp~ 1 Z(a—k—lb—k + a—kb—k)
k=1
a+1
alab—1)

Separating the terms including n from those without n we obtain

— unvnan(n—f—l)/Qbn(n—&—l)/??ﬂz”’l + u oL (1 - a—nb—n).

7n7lv—nflROJafn(n+1)/2fnflbfn(n+1)/27n(ab _ 1)71’

Ton,1 = U
where Ry 1 = a+ 1. Then
_ . —1_—(n+1
on+1,1 = U ~a ( )(Tzn,l —T2n+2,0)

= u a0 (u Ly LRy gD 2o (i D /2 (g )7

_ ufnfl,Ufnflaf(n+1)(n+2)/2b7(n+1)(n+2)/2)

_ ufan,UfnflRLlafn(n+1)/272n72b7n(n+1)/27n71(ab o 1)717

where Ry 1 = b+ 1. In general, we can prove that

—n—2s, —n—2s —n(n+1)/2—2sn—s(s+1
Tonzs = U~ "2 0T T2 Ry g a” M/ (s+1)

2s
% b—n(n+1)/2—25n—52 H(azbz . 1)_1
i=1
with Ro2s = a®b°Ro,2s—1 + Ri125-1,
2
T2n+1,2s = u_”_zs_lv‘"‘QSRl,gsa_”(”H)/?—(?SH)n—(s+1)
2s
% b—n(n+1)/2—28n—s(s+l) H(azbl . 1)_1

i=1

with Ry 25 = Ro2s—1 + a°b° Ry 251,
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—n—2s—1, —n—2s— — _ _ 2
Topost1 =u "2y TR, o ia n(n+1)/2—(2s+1)n—(s+1)

2s+1
% bfn(n+1)/2f(2s+1)nfs(s+1) H (a’bl _ 1),1
i=1
' 1
with Ro 2541 = a® 710" Ro 25 + Ri 25,
Ton+1,254+1 = Uin*%f%fn*%*lRl,sta*"(”“)/Q*@s”)"*(sH)(8+2)

2s+1
v bfn(nJrl)/27(23+1)n7(s+1)2 H (aibi . 1)71

i=1
with Ri 2541 = Ro2s + a*b* T Ry os.
We omit the detailed but routine induction.
COROLLARY 1.
_ Zzio ufsfl,ufsaf(s+1)(s+2)/2 Hf:l(ai _ 1)71
1 zzio u—sv—sq—s(s+1)/2 Hle(ai _ 1)—1 ’

where u and v are rational so that ua and va are positive integers.

[0; ua®, vaF ]2

REMARK. If u = v = 1, then we have the second relation of the main
theorem in [6].

Proof of Corollary 1. If a = b, then

S

Ros =Ry = H(ai +1) (s=0,1,...).

=1

Thus, in Theorem 3,

00 s
Tos = Zufsvfsafs(erl)/Q H(az o 1)71’
s=0 i=1

s = Zu‘s_lv_sa_(s+1)(s+2)/2 H(ai —1)~L
s=0 =1

The theorem corresponding to Corollary 1 is the following. One can
obtain it similarly by using the negative continued fraction expansion instead
of the simple expansion. We omit the proof.

THEOREM 4. Let a be an integer and u a rational with a > 1, ua,va €
7" and va # 2. Then
O;ua —1,1,va — 2,1, uakt1 — 2,1, vak+t — 2]7°
k=1
B Z:OZO(_1)sufsflvfsaf(s+l)(s+2)/2 Hf:1 (ai _ 1)71
Zzio(_l)sufsvfsafs(s+l)/2 Hle(ai _ 1)71
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If a=2 andv =1, then
[0, 2u — 17 27 2k+1u - 27 17 2k+1 - 27 1]20:1
_ S0 p(—1)fum s (DA /2TTE (20 — 1)1
Deco(—1)fums2 s FD2 TR (20 — 1)1

4. Hurwitzian continued fractions. We start from an extension of
results of Elianu [2] and Lehmer [7].

THEOREM 5.

[0; ue, v(c+ d),u(c+ 2d),v(c + 3d),u(c+ 4d),v(c + 5d), .. ]

_ Deco(slut T (wd)* [T (c + id)) !
oo (s!(wvd)* T2y (e +id) 1

Proof. For simplicity put

4 :{u(c+nd) ?fn%seven (n=0.1,..)
v(c+nd) if nis odd
Consider the power series
(3) fn(2) =rno+ iz +ra22®+... (n=0,1,...),
satisfying
(4) fn(2) = A fni1(2) + fria(2).
Then from £(2)
n(z z
—7 - A + —
n fn l(z)
Ju1(2) Tota(2)
we obtain the desired continued fraction expansion
1
AM) = [0; uc,v(c+ d),u(c+ 2d),v(c+ 3d),...].
fo(1)
We now determine 7, o, .1, ™n,2, - - - in (3). First, compare the constant

terms in (4) to get
Tn,o = An’l“n+170 (n = 0, 1, .. .),

yielding 790 = H;.Zol Ajrp 0. We can assume g9 = 1 without loss of gener-
ality. Hence,

n—1
(5) ro= [ 47" (n=0,1,..).
7=0

Next, compare the coefficients of z° (s > 1) in (2) to obtain

Tn,s = Anrn—l-l,s + Tn4+2,5—1 (’I’L = 07 17 . ')7
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yielding
n k—2
(6) HATns+ZHArk+lsl
k=1 57=0
We shall prove by induction that
s—1
1
7 ns = ————— -1 A_
@ n, sl(uvd)® H]( (n+i)d H
When s =1, by (6) and (5) we have
n k—2

SICERES SN en

k=1j=0  j=0
n—1
1 1 1 1 1
=TT A;rn, - I
Jl_IO T+ vd(( c+d>+<c+d c+2d)
- 1 1
c+(n—1d c+nd

n—1
1 /1 1
= Ajry — | - = .
jl_‘[[] i’ ’1+uvd<c c+nd>

Separating the terms including n from the constant terms without n, we
obtain

n—1

1
n1=—-—|[ A7L.
"n.l uvd(c + nd) ],1;[0 J

Assume that (7) is valid for s — 1 and s. Then by (6) we have

n k—2 s—1 k
70,541 = HATns+1+ZHA d H(C+(k+i+1)d)_1HA;1
k=1 35=0 UU =0 7=0
= HAjrn,s—i-l
5=0
1 - 1

sl(uvd)® kzl wo(c+ (k=1)d)(c+kd)...(c+ (k+ s)d)

n—1

H Ajr + !
S T (5 4 1) (und) st

L 1
8 ((c(c+d)...(c+sd) (et d)(c+2d)...

(c+(s+ 1)d)>
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1 1
* ((c—l—d)(c—i—Qd) (e (s+1)d)  (c+2d)(c+3d) ... (c+(s—|—2)d))
1

et <(C+(n—1)d)(0+nd)...(c+(n+s—1)d)

) 1 ))
(c+nd)(c+ (n+1)d)...(c+ (n+ s)d)

n—1
1
= A; n,s
jl_Io iTn,s+1 (5—|—1)!(U11d)s+1 (C(C+d)...(c+3d)

1
B (c+nd)(c+(n+1)d)...(c+(n+s)d)>'
Separating the terms including n from the constant terms without n, we
obtain

s n—1
1
nstl = D)~ A
T ,s+1 (3+ 1)'(U’Ud)s+1 izo(c‘i_ (n+l) ) JHO J

Thus, assertion (7) holds. Therefore,

1 s—1

s = id 717
o, sl(uvd)® H(C—{_Z )
s—1 s
1 1
g = ———— i+ 1)d) Ay = i)~
L sl(uvd)® H](C+ (i+1)d)~" 4, slust1(vd)s 111](64_ id)

ExamPLE 1 ([2], [7]).

S Ijae(3)
[0;¢c+ kd]p2, = —=5=,
Iesa(3)
where I)(z) are the modified Bessel functions of the first kind, defined by

&
Lz) = ];) VIFA+v+1)

Proof. Put uw=v =1 and replace ¢ by ¢+ d in Theorem 5. Then

S (81 TIE (e + id)) !

Sooco(slas T (c+id)~ 1

On the other hand, by the definition of the modified Bessel functions of the

first kind,
La(2) = (M) s !
“i\d) " \d) < sld=I(c/d+s+1)

o0

B 1 5 1
T Al (e/d+ 1) & sl [T, (c + id)

[05¢+ kd]iZ, =
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2 1 > 1
I, ) = .
/“1<d> w*UYdd+1)Z%squf§@+4¢

EXAMPLE 2 ([14], (8)).

[0; (4k — 3)u, (4k — 1)v]32, = \/Etanh
u
Proof. Put ¢ =1 and d = 2 in Theorem 5. Then

Yo o(w (25 + 1))t
> azo((uv)s(25)) 1

1
NOOR

[0; (4K = 3)u, (4k — 1)v]fZ, =

On the other hand, from

' 0 2541 X 28
sinhx = ;) m and coshx = ZO @,
we have
) —s—1/2 -1
¢gmmﬁﬁz %Qlé%ﬁwﬁﬁifi”~
THEOREM 6.

[0;uc— 1,1, v(c+d) —2,1,u(c+2d) — 2,1,v(c+ 3d) — 2,1,.. ]

_ Yoo (=15 (slus T (wd)* TS o (c +id)) ! .

(D (sl uvd)* T (c + id)) !
Proof. Consider the power series
fu(z) =rpno+rpn12+ Tn7222 +... (n=0,1,...),
satisfying
fn(2) = Anfni1(2) — 2fnt2(2),
where A,, is the same as in the proof of Theorem 5. Then

fi(z) z

Z )
2T A
entailing that

A o
) [0; Ay, Ao, As, .. .

By Lemma 1 we have

[0;uc—1,1,v(c+d) —2,1,u(c+2d) —2,1,v(c+3d) — 2,1,.. ]

= " [0;uc,v(c+ d),u(c+ 2d),v(c+ 3d), .. .].

The rest of the proof is similar to that of Theorem 5.
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EXAMPLE 3 ([7]).

Jesar1(3)
Tea(3)
where J)(z) are the Bessel functions of the first kind, defined by

A 0o . 2
z (iz/2)
J. == -
A(2) (2) VZ:(:) VT +v+1)
Proof. Put u =v = 1 and replace ¢ by ¢+ d in Theorem 6. The result
follows similarly to Example 1.

[0;C+d_1717c+(k+1)d_2]io:1 =

EXAMPLE 4.

v 1
O;u—1,1,(4k — v — 2,1, (4k + Du — 2]32, = 4/ — tan ——.
[0;u ( Jv (4k + D)u — 2|72, \/;an\/w

Proof. Put ¢ =1 and d = 2 in Theorem 6. Then

\/ztan 1 \/? sin(uw)~1/2 _ S o(=D)E (w25 + 1)) !
u Vuv u  cos(uv)~1/2 Yooe (=) (usvs(2s)) 1
~[0; {06 = By, (6 = D2,
[0 u—1,1,(4k — v — 2,1, (4k + 1)u — 2]32;.
REMARK. (1) If u=a (> 1) and v = 1, then
1 1

a M Va
as shown in [14, (20)].

(2) Ifu=v=a (>1), then

= [0;a—1,1,4k — 3,1, (4k + 1)a — 2,

1
tan — = [0;a — 1,1, (4k — 1)a — 2,1, (4k + 1)a — 2]32,
a

=[0;a—1,1,(2k + 1)a — 2]32,

as shown in [14, (17)].
(3) If u =1 and v = a (including a = 1), then

1
\/atanﬁ = [0, 07 17 (4k - l)a - 27 174k - 1]2021

as shown in [14, (19)].

5. Some extended forms. Some Hurwitzian continued fraction expan-
sions of tanh type (or tan type) cannot be derived directly from Theorem 5
(or Theorem 6, respectively). For example,

Qtanl = [3, 12k - 47 173k - 17273k’ 1]2021
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(Tasoev missed one 1 in [14, (21)]). But applying Raney’s method [12], which
is developed in [11], e.g., we can obtain it from tan1 = [1,2k — 1, 1|32 ;. The
continued fraction [ag;ay,as,...] corresponds to the matrix product

ao 1 al 1 a2 1 _ aog 7 a1 a
(1 0>(1 0><1 O)...—R LR ...,
a 1 a a__ 1 0
R _(O 1) and L _<a 1).
_(c 0 r 1 0
A—<O 1) and A—<O c>'

Using the transition formulae
AR = R°A, A'L =LA,
AL° =LA, A'R° = RA',
ALR™' =R71LA', A'RL“'=L“1RA
in the case where ¢ = 2, we have, for k=1,2,...,
A LSk =3 RIGF—1RLSk+1 R — [12k—6 4/ R[Sk—1 RI6k+1 R
— [12k—6[ RALSE—2RIOFH1R
_ [12k—5RI3k—1R2 AT6k+1p
_ [12k—5pr3k—1p2r3kpr Al
Therefore, by the correspondence of continued fractions with matrix prod-
ucts, we have

2tanl =2[1;1,1,3,1,5,1,7,1,9,1,.. ] «—

ARLRIPRLI°RL'RL’ ... = R?RLA’ [I’RL°RL'R L°RL"'RLR L'° ...
= R3L L"RL’R?’L*RL L*°RL°R2LSRL L3 ...
—[3;8,1,2,2,3,1,20,1,5,2,6,32,...].

In a similar manner one can obtain the following extended forms.

where

Set

PROPOSITION 1.

v 1
24/ —tanh
\/; e Vaw
( [0; (4k —3)%, 8k —2)v ], if u is even;

05 4ku — THL 1.1, 4kv — S0 —1,1,1,
= dku — 3“;1 (16k — 2)v ]~

o1 if u is odd and v is even;

05 6ku — M4 1,1, 6kv — 22HL (24K — 14)u, 6kv — 25,
1,1,6ku — 3%t (24k — 2)v ] if u is Odd and v is odd.

k=1
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1 Jv 1
5\/gtanh T
[0; (8k — 6)u, (4k — 1)% ];Ozl if v is even;
[0; (16k — 14)u, 4kv — 2282 1.1, 4ku — 3u — 1,
= m]k L if u is even and v is odd;
[0; (24k — 22)u, 6kv — 258 1,1, 6ku — T5EL (24K — 10)w,
6ku — 3”2“, 1,1,6kv — ”;rl ];11 if u is odd and v is odd.
PROPOSITION 2.
g
[O;%—1,1,8kv—2v—2,1,2ku—|—%—2]2011 if u is even;
[0; 451, 2,4kv — Sv — 1,2, 4ku — 3453 1,
= 16kv — 2v — 2,1, 4ku + “23 ]k 1 if u is odd and v is even;
[0; 451, 2, 6kv— 2552 1, 24k — 14u — 2,1, 6kv— 2552 2, 6ku— 24552
1,24kv — 2v — 2,1, 6ku + qu3 ]kzl if both u and v are odd.
1 v 1
N
[O; 2u—1,1,2kv — § —2,1,8k‘u+2(u—1)] if v is even;
[0;2u — 1,1, 4kv — 2953 2 dku — Su — 1,2, 4kv — 22,1,
B 16ku + 2(u — 1)};011 if u is even and v is odd;
[0;2u — 1,1, 6kv — 2253 2 6ku — 7553 1, 24kv — 100 — 2,1
Gku — 3453 2 6kv — 53,1, 24ku +2(u — 1) |,
if both u and v are odd.

Note that the negative continued fraction expansion does not completely
correspond to the simple continued fraction expansion unless u is even in the
case multiplied by 2 or v is even in the case divided by 2. One of the reasons is
that the partial quotients in the negative continued fraction expansion do not
allow the integer 1, but the integers larger than 1. Here is the corresponding

relation:
“o,a+ 1,204+ 1, .

,a,1,1,b, ...
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The cases multiplied or divided by 3,4,5,... may be obtained but are not
simple. For instance,

1
“tanl=[0;1,1,12,1,4k — 3,3,4k — 2,1,1, 1,

3
4k —2,1,36k + 1,1,4k — 1,1, 36k + 13]3°,
= 7[0;2,14,4k — 1, 2,2, 4k, 3, 4k, 36k + 3, 4k + 1, 36k + 15]5°,
and
1
gtanhl

= [0;36k — 33,4k — 3,36k — 21,4k — 2,2,1,4k — 2,2, 1,4k — 1]32,.
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