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1. Introduction. Let p > 3 be a prime, k be any fixed positive integer,
and let Fp[z,y] denote the set of all polynomials with coefficients in the
residue system modulo p. For any f € Fj,[z,y] and 0 < 0 < 1, we define

A= Af ko) = {(a,b) . f(a,b) = 0 (mod p), {%k} - {%H < a}

and
p p
a=1b=1
(a,b)e A

where [z] denotes the greatest integer not exceeding x and {z} = x — [z].
The main purpose of this paper is to study the asymptotic properties of (1).
Some special cases of this problem have been studied before. For example,
the first author [4] obtained an asymptotic formula

M(p, A, k) =0(2—0)p+O0(p/2In’p) if f(z,y) =2y — 1.
Zheng Zhiyong [5] proved that
M(p, A1) =0(2—0)p+ O(p*/? In?p)

if f(z,y) is absolutely irreducible in F, [z, y].

This problem is interesting, because it can help us to find new distribu-
tion properties in finite fields. In this paper, we use J. H. H. Chalk and R. A.
Smith’s deep result [2], which is based on E. Bombieri’s work on exponential
sums [1], and the estimates for trigonometric sums to obtain a general con-
clusion for (1). The constants implied by the O-symbols and the symbols
< used in this paper do not depend on any parameter, unless otherwise
indicated. Under the notations above, we shall prove the following:
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THEOREM. Let k be any fized positive integer, f be a given polynomial
in Fplz,y] and suppose that:

(a) f(z,y) is absolutely irreducible in Fy[z,y],
(b) ra* + sy* # ¢ (mod f(x,y)) in Fplx,y] for any integers c, v and s
with {r/p} + {s/p} # 0.
Then
M(p, A k) = 0o(2—0)+ O(p"/*In’p),

where the O-constants depend only on k and the degrees of f.
From this theorem we may immediately deduce the following

COROLLARY. Let k be a fized positive integer and let f be a polynomial
with integer coefficients such that for any large enough prime number p, the
image of f in Fylx,y] satisfies the conditions:

(a) f(x,y) is absolutely irreducible in Fy|x,y],
(b) ra* + sy* # ¢ (mod f(x,y)) in Fplx,y] for any integers c, v and s
with {r/p} + {s/p} # 0.

Then for any fixed real number 0 < o < 1, we have the limit distribution

formula
1 PP

plin;og ZZ 1=0(2-0).

a=1b=1
f(a,b)=0 (mod p)
{a*/p}—{b*/p}I<o

Let Iy denote the multiplicative group of nonzero residue classes mod p.
It is clear that the k-powers of nonzero residue classes mod p form a multi-
plicative subgroup, say Uk, of F). If k and p — 1 are relatively prime, then
Uy is the full group F}; and the result of our theorem reduces exactly to the
case k = 1, which was investigated in [5]. The new feature in this paper is
when (k,p — 1) = d > 1 in which case U = Uy is a proper subgroup of
F;. Thus the results of the present paper can be interpreted as results on
the distribution of the solutions of f(z,y) =0 (mod p) inside a subgroup of
small index in F}.

2. Several lemmas. In this section, we give some lemmas which are
necessary in the proof of the theorem. First we have

LeEMMA 1 ([3, Corollary 2c|). Let f(x,y) be a polynomial with rational
integer coefficients which is absolutely irreducible. If N (p) denotes the num-
ber of solutions of the congruence

f(xz,y) =0 (modp), 1<a,y<np,
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then for large primes p,
N(p) =p+0(p"?).

LEMMA 2 ([2, Theorem 2]). Let f,g € Fplz,y] and suppose that:
(a) f(x,y) is absolutely irreducible in Fy|x,y],
(b) g(z,y) # ¢ (mod f(z,y)) in Fylx,y] for any integer c.

Then

2 g(a,b)
Sfa = L3 1Y)
a=1 b=1 p
£(a,b)=0 (mod p)
< (d? — 3dy + 2d1do)p/? + d?

for all primes p, where dy = d(f) and d2 = d(g) are the degrees of f and g
in Fylz,y], and e(y) = e*™.

LEMMA 3. Let p be an odd prime. Then for any real number 0 < o <1,

p p

ra + sb
DI |
a=1 b=1
a—b|<op

EP:Z ( ><<p1np.

a=1b=1
la—bl|<op

p—1p—1

(D)

r=1s=1

(1) )

Proof. We only prove (I); the proof of (II) is similar. For any real number
a > 0 and integer u with pfu,

(n ) N« N«
Z n%e LK T <7
P [sin 2| ||

1<n<N

where ||z|| = min(z — [z],1 + [z] — {z}). We immediately get

p—lp—1, p p ra - sb p—1p—1, [op] »p ra -+ sb
) SIDSd ST IEE) SH SiD SD B E |
r=1 s=1 1 r=1s=1"'m=0a=1 b=1

a=1 b=
la—b|<op a=b+m

%§e<rm+ s+r)b)‘

—1p—
1s= =0 b=1

<Y

r= 1
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p—1, [op]
<>
r=1

=[S me(2)

p—1p—1, [op] (r+s)(p—m)
rm 4+ s\ e() — 1
+ (") |
rz:lszzl m=0 p 6(%) -1
r+s#p
g 1 1
< Z ‘Sln ;; ‘Sln W(TJFS)‘ (‘sm ‘ + ‘Siﬂ%‘)
r+s#p
(gt G 1
< LSS ()
i

< p?ln?p.

This proves (I).

3. Proof of the Theorem. In this section, we shall complete the proof
of the Theorem. First from the definition of M (p, A, k) and the trigonometric

identity
ﬁ:e<%>:{n if n|u,
—o\n 0 ifntu,

we have the identity

(2) M(p, Ak) = >N 1
a=1 b=1

f(a,b)=0 (mod p)
|p{a®/p}—p{bF/p}|<op

1 zp:zp: Zp:pzp:zp:6(T(C—p{a’“/p})>e<5(d—p{b’“/p})>
p2 = —

p p

a=1 b=1 r=1s c=1d=
f(a,b)=0 (mod p) le—d|<op
TR PP —rak — sk PP 4 sd
:FZZ< ZZ e( mp s >) ZZ@(rcps )
r=1s=1 a=1b=1 =1d=1
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1 p p p p
SN S SR D) o
a=1b=1 c=1d=1
f(a,b)=0 (mod p) le—d|<op
12 P L —rak P L re
(2 (5))un)
p r=1 a=1b=1 p c=1d=1 p
f(a,b)=0 (mod p) lc—d|<op
p—1 pp pp
a2y () ux()
p s=1 a=1b=1 p c=1d=1 p
f(a,b)=0 (mod p) lc—d|<op
1p71p71 P P —rak — sbk P P + sd
(XX ()T
r f(a,g)_zob(illodp) \i:d|d<:01p

= My + Ma + M3 + My.

Now we estimate each term in (2) separately. From Lemma 1 and the asymp-
totic formula

p D [op] p [op]
DD 1=2>">33"1+0@) =2 (p—m)+O0(p)
c=1d=1 m=0 c=1 d=1 m=0

we immediately get

(3) M = ]% (p+O'*)(0(2—0)p* + Op)) = 3(2—0)p+ O(p'?).

Applying Lemmas 2 and 3 we have

W 219211721( zf’:zp: e(—ra — sb” )) z”:zf’:ecwsd)

r=1s=1 a=1 b= c=1d=1
f(a,b)=0 (m dp) le—d|<op
kg u —ra P& rc+ sd
S5 3D = s SEE]
r=1s=1 a=1 b=1 c=1d=1
f(a,b)=0 (mod p) |c—d|<op
p 1p—1, p p
rc+ sd
<Y RS oM ) < v,
p r=1s=1 d=1

c=1
e—d|<op
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Similarly, we can also deduce the estimates

(5) MQ:]%I:Z:_I( ijzp: e<_m >>Zp:dzp:e< ><<\/_lnp

a=1b=1 c=1d=1
f(a,b)=0 (mod p) |c—d|<op
and
1 p—1 P P _ bk
© m=3 (2 (S e(2) < vpntn
p s=1 a=1 b=1 c=1d=1
f(a,b)=0 (mod p) |c—d|<op

Combining (2)—(6) we obtain the asymptotic formula
M(p, A, k) = o(2 — o) + O(p'/*In® p).
This completes the proof of the Theorem.
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