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1. Introduction. Let k£ be a number field and let p be a prime. Let k
be the compositum of all the Z,-extensions of k. Let Gal(%/ k) ~ Zg and
choose d independent topological generators 71, ..., 74. There is a noncanon-
ical isomorphism

Zp[[Gal(k/k)]] ~ Zp“Tl, c. ,Td“ = Ad
given by 7; — T; + 1 (see [Se]).
Let k = \J kn where each k,, is a finite extension of k. Let Ay, be the
p-part of the ideal class group of k,. The Ay, ’s form a projective system

with respect to the natural norm maps Ny, 3, for any m > n. Taking their
projective limit we get

lim Ay, = ¥ = Gal(L: /k)

where Ly is the maximal abelian unramified pro-p-extension of k. With this

identification it is easy to see that Gal(k/k) acts on Y; via conjugation.
Then Y7 can be viewed as a Ag-module and, in particular, it is a finitely
generated torsion Ag-module (see [Grl]).
We say that a torsion Ag-module is pseudo-null if it has at least two
relatively prime annihilators. If this is the case we shall write M ~ 4, 0.
We have the following

CONJECTURE 1.1 ([Gr3, Conjecture 3.5]). With all notations as above,
Y; is pseudo-null as a Ag-module.

This conjecture has been extensively studied for the case of real quadratic
fields (see [F'T], [IS], [KS] and the references there) and imaginary quadratic
fields ([Mi] or [Hu]) but very little is known in general (see [Ma] and [McC]
for the case of certain cyclotomic fields).

In the second section of this paper we shall consider an odd prime p and
a totally real field K which is a biquadratic extension of a number field k.
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In this case d = 1, K = Kyc, the cyclotomic Z,-extension of K, and a
Ai-module is pseudo-null if and only if it is finite. Thus the conjecture is
equivalent to proving that the classical Iwasawa A-invariant for Kcy./K is
zero (see [Iw]). Decomposing Y} in eigenspaces with respect to the action
of the characters of Gal(K/k) we prove the following

THEOREM 1.2. Let F, E, H be the three quadratic extensions of k lying

between K and k. Then
Y is finite & Y, Y, Y5, Yy are finite.

The choice of biquadratic extensions is due to the fact that, to produce
new examples, we have to rely on fields for which the conjecture is known to
hold, i.e. only on quadratic fields up to now. Nevertheless the procedure of
taking eigenspaces seems to work in general provided that p does not divide
(K : k.

In the third section with similar techniques and some more restrictive
hypothesis we will see how the conjecture can be proved for some imaginary
biquadratic fields.

Finally we shall give some numerical examples using as “base fields” the
ones from the tables of [FT], [IS], [KS] and [Mi] for which the conjecture is
known to hold.

In the rest of the paper we will use the following notations, for any
number field &:

® keyc the cyclotomic Zy-extension of k;

o k the compositum of all the Z,-extensions of k;

e [; the maximal abelian unramified p-extension of k;

o Ay ~ Gal(Ly/k) the p-part of the ideal class group of k.

We will use the same notations even for fields which have infinite degree
over Q, for example:

o if keye = Jkn then Ly = Lg, and
Akcyc - h_H)lAk'n7 chyc - mAk'n = Ga’l(chyc/kCyC)
n n

where the direct limit is taken with respect to the inclusion maps and the
projective limit is with respect to the norms.

We will assume Leopoldt’s conjecture for all the fields involved so that
Gal(k/k) ~ Zgz(k)ﬂ (see [Wa, Theorem 13.4], ro(k) is the number of pairs
of conjugate complex embeddings of k).
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2. The real case. Let p be an odd prime. Let K be a totally real bi-
quadratic number field with A=Gal(K/Q)=~(Z/2Z)%. Let xo=1, x1, X2, X3
be the characters of A and, for any ¢, let KX¢ be the fixed field of Ker x;,
for example KX° = Q.

Kx1
(x1) Ker x1
Q0 o Ko o A
<k Kerxs

K3

3
LEMMA 2.1. Ag ~ @Ami.
i—1

Proof. A acts on Ak via conjugation so if we define AY to be the sub-
module of Ax on which Ker x; acts trivially we obtain a decomposition

3
Ak ~ P AY.
=0

For any ¢ let Lgx; be the maximal abelian unramified p-extension of
KXi so Gal(Lgxi /KXi) ~ Agx;. Then, since p is odd, Lix; N K = KXi and
Ligx; K/K is still an abelian unramified extension with Gal(Lgx; K/K)
Agx;. With this identification one can easily check that Gal(K/KX:)
Ker x; acts trivially on Agx;, i.e. Agxi C AY by the definition of A}.

~
~

Lgxi
/ Wi
Agxi
Q— Kxi KLgx;

K ex %
K

A}‘{i is also a quotient of Ax so we have a sequence of fields Q C KXi C
K C N,, such that Gal(N,,/K) ~ A} and N,, is an abelian unramified
p-extension of K. By definition Gal(K/KXi) ~ Ker x; acts trivially on A}
so N,, is abelian over KX as well. Hence there exists an abelian unramified
p-extension of KX, call it M,,, such that

Gal(M,, /KX") ~ A},
Gal(Ny, /M,,) ~ Ker x;.
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This clearly implies M,, C Lgx; and AY C Agx.

Q——Kx L
Wxi
Ay
K
The two inclusions give equalities for any ¢ = 0,...,3 and it suffices

to notice that A}? = Agxo = Ag = 0 to complete the proof with the
decomposition formula given above. m

For any number field % let &y be its cyclotomic Zp-extension. We can use
the construction of the previous lemma for kcye and Y., which is isomor-
phic to the Galois group of the maximal abelian unramified pro-p-extension
of Keye.

THEOREM 2.2. Yk, =~ @YKXI .

cyc

Proof. For any real field KcyC = KQ¢yc. Moreover p odd implies that for
any ¢ = 0,...,3 we have isomorphisms

Gal(Keye/Qeye) = Gal(K/Q),  Gal(KY./Qcyc) = Gal(KX' /Q),
Gal(Koye/ KX, ~ Gal(K/KXi),

cyc

Qcyc

\\

Hence we can consider the action of A via conjugation on Yk, and
obtain a decomposition similar to the one of the previous lemma

YKCyc = @ Kcyc

where Y%iyc denotes the submodule of YKcyc on which Ker x; acts trivially.
Using the same proof of Lemma 2.1 but with the cyclotomic Z,-extensions
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instead of the number fields we see that Y}éiy = Yjx; for any i. Moreover
cyc cyc

it is well known that Yg,_,, = 0 so the decomposition formula above proves
the theorem. m

COROLLARY 2.3. Greenberg’s conjecture holds for K < it holds for any
KXi 4=1,23.

Proof. The conjecture in the real case states that Yy _  is finite so the
corollary immediately follows from the theorem. m

Now let k be a totally real number field and let K be a totally real Galois
biquadratic extension of k with Gal(K/k) = A. Let xo = 1, x1, X2, x3 be
the characters of A. Then, with notations as above, we have the following

THEOREM 2.4. Yk  is finite < YK@‘;'C is finite for any i =0,...,3.

Proof. The proof relies again on the decomposition formula

3
~ Xi
Vico = D YR,
=0

which still holds with “base field” k instead of Q.
Following the same path of Lemma 2.1 and Theorem 2.2 we can prove
that this is the same as

3
Yieye = @ Yy,
i=0

and the theorem follows. =

REMARK 2.5. (1) In the last theorem KX° =k so Y}&’yc ~ Yiexo ™ Yy
and we need to assume that it is finite because we do not have it “for free”
as in the previous case where k = Q.

(2) Note that we have no restrictive hypothesis on the degree of k, the
orders of the p-ideal class groups of the number fields involved and the
factorization of p in k£ or in K. We will need this kind of hypothesis in the
next section.

3. The complex case. Now let K be a totally complex quadratic ex-
tension of a totally real quadratic field H. Let Gal(K/Q) = A, and with the
usual notation let KX0 = Q, KX1 = F, KX2 = F and KX3 = H. Assume
again p # 2.

We mention a result which will be useful in what follows.

PROPOSITION 3.1. Let M be a finitely generated torsion Zy[[11, ..., Tq]]-
module. If M/TyM is pseudo-null over Zy[[Th, ..., Ti—1]] then M is pseudo-
null over Zy[[T1, ..., Ty]].

Proof. See [Mi] or [Hu]; original proof in [PR, Lemme 2|. =
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The following two theorems give the basis to prove the conjecture in
some special cases. We will not prove the conjecture for all the fields K
as above, nevertheless Theorems 3.2, 3.3 and 3.6 provide a lot of explicit
examples as we will show in Section 4.

THEOREM 3.2. Assume that:

(1) p does not split in K;
(2) the conjecture holds for F' and H, i.e. Yz ~a, 0 and Yg ,, ~4, 0;
(3) YEcyC NAl O

Then Y i is pseudo-null as a module over Ay ~ Z,[[Gal(KF/K)]).
Proof. With the previous method we obtain
3
YKcyc = @ YK?;C = YFcyC EB YEcyc @ YHcyC'
i=1

Let Ap = Gal(K/F) ~ Gal(KF/F). Then this group acts via conjugation

on Y, . Let Y;ﬁ (resp. Ygﬁ) be the submodule of Y. on which Ap acts
. . . . P + p—

trivially (resp. nontrivially). Then Y, = = Y -0V -

Y~~Y+
Lg
i \
Yir

NN
N

It is easy to see that Y;ﬁ ~ Y% so, by hypothesis, it is pseudo-null over
Ao and we are left with Y[;ﬁ.

Let Gal(Kﬁ/KcyC) ~ Gal(F/FCyC) = (r3) and consider the quotient
Yip/(re = V)Y = Yy p/ToY i p

This quotient is isomorphic to Gal(Ly/K f) where Lg is the maximal abelian
extension of Kcy. contained in L, . By (1) there is only one prime in Ky

above p. So one has Lo = KF L, and, via restriction, one gets

Y, 7/ToY, ; ~ Gal(Lo/KF) ~ Gal(Lk.,. /Lk,,. N KF).
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Taking the minus part with respect to the action of Ar we see that
Y/ ToY ) =~ Y[;ﬁ/TQYI;ﬁ ~ Gal(Lg,,. /LK., NKF)~

is a submodule of Ylgcyc‘

The submodule of Yk . on which Ap acts via —1is Yg,_ , © Yp,,., which
is finite by our hypothesis. Then Y};ﬁ / TQYI;ﬁ is finite, i.e. pseudo-null over
A1 = Zp[[Th]] = Zp[[Gal(Keye / K]

Using Proposition 3.1 with M =Y - andd =2 we get Y~ ~4, 0 and

KF KF
eventually
_ v+ -
YKIT“ = YKF &b YKF‘ ~py 0. m

THEOREM 3.3. Assume that:

(1) ﬁ/FCyC is unramified;

(2) the conjecture holds for F and H, i.e. Yz ~4, 0 and Yg ,, ~4, 0;

(3) YEcyc NAI O
Then Yy 7 ~4, 0.

Proof. Keeping the notations of the previous theorem we again reduce
ourselves to showing that Y, - ~4, 0.

Let again Y, z/ToY, 5 ~ Gal(Lo/KF). Obviously Lk, € Lo and we
claim that they are equal. By definition Lo/ K F is unramified and, by hy-
pothesis (1), KF/ Keye is unramified as well. Therefore Lo/Kcyc is abelian
and unramified so Lo C Lk, and the equality is proved.

Taking the minus part in the isomorphism above one has

Ylgﬁ‘/TQYIE}? ~ Gal(LKcyc/KF)i.
The latter is a submodule of
Gal(Lfye/Keye) ™ =~ Yiewe = YHeye © YEeye
which is finite by hypothesis. Therefore, by Proposition 3.1,
Y[;ﬁ/TgY[;ﬁ ~4 0 = Y[;ﬁ ~p, 0
and eventually Y, = ~4, 0. =
An immediate application is the following
COROLLARY 3.4. Assume that:

(1) p does not split in E and does not divide the class number of E
(2) p does not split in H and Yp,,, ~a, 0;
(3) Yz ~a, 0.

Then Y, i ~a, 0.
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Proof. It is well known that hypothesis (1) yields Y, = 0 so if p does
not split in F, we can apply Theorem 3.2. If p splits in F' it is easy to see
that L Feye =2 F,ie F/ Fy is unramified and Theorem 3.3 applies. =

REMARK 3.5. 1. The results of the theorems are “improvements” of
the conjecture because K/K is a Zg—extension while KF'/K is only a ZI%—
extension. It has been conjectured (and proved in some cases, see [Ba], [Gr2]
and [LN]) that for a general Z-extension koo /k,

l%nAkn :Ykoo ~ Ay 0 = hTIQAkn =: Ak =0.

e'o]

Moreover the triviality of Aj_ is strictly related with capitulation of ideals
in the extension ko /k, which is an interesting but still quite mysterious
phenomenon. Therefore it is important to find the “minimal” extension in
which ideals capitulate. Conjecture 1.1 tells us to expect capitulation in k
and our theorems provide examples of pseudo-nullity and capitulation at a
“lower level”.

2. To find some explicit examples we need Yg,_ . to be finite, i.e. pseudo-
null over A;. We know that this is false for complex quadratic fields F in
which p splits, but for fields with just one prime above p, Y, might be
finite. In the corollary we decided to use the more restrictive hypothesis (1)
to find some numerical examples (see next section) because the original one
needs the calculation of #Yg,,., which is not easy at all.

In our situation the theorems imply the conjecture for K.
THEOREM 3.6. With K as above,

YK?‘ ~p, 0 = Yf{ ~45 0.

Proof. Obviously ro(K)+1=3s0 K/KF is a Zy-extension.

Let Gal(K/KF) = (r3) and Ay = Z[[T}, Ty, Ts]] with T3 ~ 73 — 1. It
is known that the primes of F' above p are finitely decomposed in ]5, i.e.
their decomposition groups in Gal(F'/F') have Z,-rank exactly 2. Hence the

decomposition groups in Gal(K F /K) of the primes of K lying above p have
Zy-rank 2 as well.

Let Lo be the fixed field of T3Yj. Then Lo is the maximal abelian ex-
tension of KF contained in L - For any prime p of K F lying above p let
I, be its inertia group in Gal(Lo/Kf). Since L.z is the maximal abelian
unramified extension of K F contained in Lo we have

Gal(Lo/L,. Z I,
plp

Moreover the extension Lg/K is unramified so each inertia group embeds in
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Gal(K /KF), which means that they are 0 or isomorphic to L.

L
/@ /Yf{

K KF K

Let px be a prime of K lying below p, p in KF as above. Let 1, (Pr),
v2(pr) be two independent topological generators of its decomposition group
Dy, in Gal(KF/K). Since Dy, fixes p, it acts on I, and it acts trivially
because Gal(K/K) is abelian and I, embeds in Gal(K/KF). Therefore
v1(pr) — 1 and va(pg) — 1 correspond to two relatively prime elements of
Ap which annihilate >, I, Hence >°, Iy ~4, 0 and moreover

D=2 D a0
plp prlp plpx

because the number of such p is finite.
We have an exact sequence

0 — Gal(Lo/L ) — Gal(Lo/KF) — Gal(L,.z/KF) — 0,
i.e.
0= I, — Gal(Lo/KF) = Yz — 0.
plp

This and the hypothesis yield Gal(Lo/KF) ~y, 0. It immediately follows
that Gal(Lo/K) ~ Yz /T3Yf ~4, 0. This implies Y ~4, 0 again by Propo-
sition 3.1. m

4. Numerical examples. We shall give some examples of real fields
of degree 2™ over QQ, for some small n, for which Theorem 2.4 proves the
conjecture, and some examples of biquadratic fields. In what follows we fix
the prime p = 3.

4.1. The real case. For real fields we can use Theorem 2.2 to find bi-
quadratic fields for which the conjecture holds. It suffices to choose KXi,
i = 1,2,3, among the fields given in [FT], [KS] and [IS]. Note that these
papers cover all the cases Q(v/d) with d < 10000 and d = 0,2 (mod 3) while
there are some gaps in [FT] for d = 1 (mod 3). René Schoof kindly informed
me that he is able to fill these gaps with a method similar to the one used
in [KS] but the paper is not published yet.

After that we can combine biquadratic fields, using a quadratic field as
the k& of Theorem 2.4, to obtain the conjecture for fields of degree 8 and so
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on. This procedure could lead to the determination of the “largest” field for
which the conjecture is proved to hold to date.
For an explicit example fix the diagram

(Vi) — K

e
(VD)

where m is the squarefree part of dl.
Assume k = Q. Then we can prove the conjecture for the following K’s:

/i\w

d 1 K d l K

2 3 QW2,v3) | 2 21 Q2,21
2 5 QW2,v5 | 2 35 Q(V2V35)
2 7 QW2,V7) | 2 105 Q(V2,105)
2

15 Q(v2,V15)

Now assume k = Q(ﬁ) Then we get

d 1 K d 1 K
5 Q(v2,v3,V5) 335 Q(V2,v3,V35)
7 Q(V2,v3,V7)
Finally with & = Q(v/2,v/3) and d = 5, | = 7 we get K = Q(+/2,V/3,

V5, V7).

In the same way we can prove the conjecture for @(\/5, V3,V5, V7,V 11)
or Q(v/2,v3,v5,v7,4/13) (and many others). The only thing that stops the
process is the fact that we are limiting ourselves to d, [, m < 10000.

4.2. The complex case. Let F = Q(v/—d), E = Q(v/-I) and H =
Q(y/m) with d,l > 0 squarefree and m the squarefree part of dl. For any
number field & let h; be its class number.

In [Mi] the conjecture is proved in the following cases:

(1) (hF73) =1

(2) d = 2 (mod 3) and Ap is generated by powers of primes lying
above p;

(3) d = 31, 247, 283, 298.

We consider the “nontrivial” cases of (2) and (3), i.e. the ones in which
3 divides hp. Examples for case (1) can be found in a similar way.
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Fix one of the four fields in (3). To build our biquadratic extension
according to Corollary 3.4 we need E = Q(+v/—!) with:

(i) L =0 (mod 3), to avoid the splitting of 3 in E or H;

(ii) (hg,3) = 1.

We will limit ourselves to 0 < I < 500 and 0 < m < 10000. We shall give
all the possible combinations in this range for the four fields above.

1. F = Q(v/—31): 38 fields. We distinguish two cases:

(a) 31 does not divide [: then 31l = m < 10000 implies I < 323.
Together with conditions (i) and (ii) this gives 36 values, namely
I =3 6,15 21, 30, 33, 39, 42, 51, 57, 66, 69, 78, 102, 105, 111,
114, 123, 138, 141, 159, 165, 177, 183, 195, 210, 213, 219, 258, 267,
9273, 282, 285, 291, 303, 321:

(b) 31 divides I: then m = 1/31. Between 0 and 500 we find only two
values [ = 93, 465.

2. F = Q(v/—283): 6 fields. To have m < 10000 we need ! < 36 and we
find 6 values, namely [ = 3, 6, 15, 21, 30, 33.

3. F = Q(v/—298): 12 fields. We distinguish three cases:

(a) (298,1) = 1: then 298] = m < 10000 yields [ < 34. There are 4
values, namely [ = 3, 15, 21, 33;

(b) (298,1) = 2: then m = 298//4 < 10000 yields I < 135. There are 7
values, | = 6, 30, 42, 66, 78, 102, 114;

(c) (298,1) = 149: between 0 and 500 we only get [ = 447.

4. F = Q(+/—247): 16 fields. We distinguish three cases:

(a) (247,1) = 1: I < 40. There are 6 values, namely | = 3, 6, 15, 21,
30, 33;

(b) (247,1) = 13: then m = 2471/169 and between 0 and 500 we get
I =39, 78, 195, 273, 390, 429

(c) (247,1) = 19: in our range we have [ = 57, 114, 285, 399.

The same thing can be done with the fields in (2) choosing E such that
(i) 1 =0,1 (mod 3), to avoid splitting in F or H;
(ii) (hg,3) = 1.

We give just one example:
5. F = Q(v/—23): 117 fields. We distinguish two cases:

(a) (23,1) = 1: | < 435. There are 108 values, namely [ = 1, 3, 6, 7,
10, 13, 15, 19, 21, 22, 30, 33, 34, 37, 39, 42, 43, 51, 55, 57, 58, 66,
67, 70, 73, 78, 79, 82, 85, 91, 93, 94, 97, 102, 103, 105, 111, 114,
123, 127, 130, 133, 141, 142, 145, 151, 154, 159, 163, 165, 166, 177,
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[Bal
[FT]
[Crl]
[Gx2]
3]
[Hu]
1s]
[Tw]
[KS]
[LN]
[Ma]
McC]
(M
[PR]
Sel

[Wal

A. Bandini

178, 181, 183, 187, 190, 193, 195, 205, 210, 213, 217, 219, 223, 226,
229, 235, 238, 258, 259, 265, 267, 271, 273, 282, 285, 291, 295, 301,
303, 310, 313, 319, 321, 330, 337, 346, 349, 354, 355, 357, 373, 381,
382, 385, 390, 394, 399, 402, 403, 406, 409, 415, 418, 421, 427, 429;

(b) 23 divides I: in our range we have [ = 46, 69, 115, 138, 253, 322,
345, 391, 483.
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