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On primitive lattice points in planar domains
by

WENGUANG ZHAI (Jinan)

1. Introduction and statements of results. Let D denote a compact
convex subset of R? which contains the origin as an inner point. Suppose that
the boundary 0D of D is smooth with finite nonzero curvature throughout,
and define a canonical map M from 9D to the unit circle, which maps
every point u of 0D to the outward normal vector of 0D at u of length
one. Assume that M is one-one and of class C*. Let F denote the distance
function of D, i.e.

F(u) =inf{r >0:u/7 € D} (ucR?),

and Q = F?, thus Q is homogeneous of degree 2.
For a large real variable z, define Ap(x) as the number of lattice points
of Z2 := 72\ {(0,0)} in the blown up domain \/z D, i.e.,

Ap(w) = #(VEDNZ2) = #{m € 72 : Q(m) < a},
and Pp(x) as the “lattice rest”,
Pp(z) = Ap(x) — a(D)x,
where a(D) is the area of D. In his deep work [6], Huxley proved that

(1.1) Pp(x) = O(ac23/73(log m)315/146).

A bit earlier, Nowak [13] proved that
T T

(1.2) \ P2(2)de <132, | |Pp(z)|de < T,
0 0

It is also interesting to study the number Bp(x) of primitive lattice points
in /D, ie.,
Bp(x) = #{(u1,u2) : (u1,u2) € Ve DNZZ, ged(ur,ug) = 1}
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By the usual device we have
x
(13) Bo(e) = Y- ntm)an( 2.
meN
where p(m) is the Mobius function. We can easily derive the result
6

(1.4) Bp(z) = — a(D)x + Oz ?w(x))
from the bound
(1.5) D ulm) < yw(y)

m<y
combined with (1.1) and (1.3), where

w(y) = exp(—c(logy)*’® (loglog y)
for some ¢ > 0. The exponent 1/2 in the error term of (1.4) is closely
connected with the zero of the Riemann zeta-function ((s). At present we
cannot reduce the exponent 1/2 since ((s) could have zeros with real part
arbitrarily close to the line s = 1.

In order to get a sharper bound, it is therefore natural to assume the
truth of the Riemann Hypothesis (RH). Moroz [11] first proved that if RH
is true, then

71/5)

(1.6) Bo(x) = % a(D)a + O(z41/°1+2).

The exponent 41/91 comes from Huxley’s result (1.1). Huxley and Nowak [7]
proved that the error term in (1.6) can be sharpened to O(x>/'2%¢) if RH is
true. Miiller [12] obtained the estimate O(x%/??) under RH.

In this paper, we prove the following

THEOREM 1. If RH 1is true, then
6
Bp(z) = — a(D)x + O(z i +°),
T

Actually, we can study the same problem for a much larger class of planar
domains D: suppose that C' = 9D is a closed piecewise smooth curve which
can be written in polar coordinates (r, A) as

C: r=p(), 0<\<2nm,

where p is continuous on [0,27] and o(0) = o(27). Assume further that
[0,27] can be subdivided by an increasing sequence

O=Xg< M <...<Ajy=27

such that each restriction g; to [A;_1, A;] has four continuous derivatives on
[Aj—1,A;]. Suppose finally that each of the curves

Cji T:,Qj()\), )\j_lg)\g)\j,jzl,...,J,
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has finite nonvanishing curvature throughout and satisfies the tangent con-
dition (see Nowak [14, pp. 498 and 500]). Let

S = {D : D satisfies the above conditions}.

REMARK 1.1. The curve C' defined above may have corners and may
even possess an asteroid-like shape. For example, C' = {(¢,n) : ||/ +
/% = 1}.

For any D € S, let Ap(z), Bp(z), Pp(x) be as defined before. Now (1.1)
is still true (see Huxley [6]). The proof of (1.2) can be found in Nowak [14].
Thus following the arguments of Huxley and Nowak [7] without any modi-
fications, we can deduce under RH that the asymptotic formula

6
Bp(z) = — a(D)z + O(«/12%)

holds for any D € S. And by the arguments of Miiller [12], the exponent
5/12 in the above formula can be replaced by 9/22 for any D € S. We shall
prove that for all D € S, the exponent 9/22 can be improved.

By Nowak [14, p. 502],

J*
(1.7) Pp(x) = e;S;(Vr) + O(1),

j=1
for some finite integer J* > 0, where

n
(1.9 so= > o(w(h))
ajt<n§bjt,n€Z

1 is a row-of-teeth function satisfying
Y(t)=t—[t]—1/2 fort¢Z,
—1/2<9(t)<1/2 forteZ,

and for each 1 < j < J*, f; is a real-valued function defined on an interval
[aj, b;] with continuous derivatives up to order 4 and f;’ has no zero on
[aj,bj]; ej is + or —. Define

(1.9)

.
Gp = |J{/fj(ay), £;(b)}-

j=1
Now recall a few facts from the theory of Diophantine approximation:
By the (approximation) type t(«) of an irrational real number o we denote
the infimum of all reals r for which there exists a constant ¢(r, &) such that
oo —p/g| > e(r,a) /g
for all integers p and all positive integers ¢. Let

R(1) = {a € Q:t(a)=1}.
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By Roth’s theorem [17], R(1) contains all algebraic irrationals. Also, the
Lebesgue measure of R\ R(1) is 0 (due to Khinchin). Namely, R(1) contains
almost all irrationals.

Finally define

0 if Gp C Q,
a(D) = 2¢?
2¢2 +3c+3
where ¢ := max{t(a) : a € Gp N Q}.
We then have the following
THEOREM 2. Let D € S. If RH is true, we have

if Gp N Q is not empty,

749—146a(D)

6 _
BD(CE) = P a(’D);p + O(g;%"'g 4 2082-584a(D) +5)_

Theorem 1 is a special case of Theorem 2. Since the tangent of the curve
C is continuous, we can always divide C' into finite pieces such that in each
piece we have {f’(a), f'(b)} C Q. Accordingly, Gp C Q and (D) = 0.

COROLLARY 1.1. For any D € S, we have
6
BD(CE) =— CL(D)LL’-F O($603/1498+6).
T
REMARK 1.2. Theorem 2 shows that there exists a constant co =14.46. ..
such that for ¢ < ¢g, the error term reads O(z33349/84040+¢) Thjs is true for

almost all D € S. The worst case is O(x003/1498+¢),
For comparison, we have

41 5 9

S = 0.4505..., — =0.4166..., — =0.40909...
T =04505..., 5 =04166..., 55 =0.40909...,
33349 603

S~ 0.3968..., —— =0.4025...

84040 1498

Much better results can be obtained if D has a nice form. For example,
we consider the case that D is a rational ellipse disc. In this case, Nowak
[15] proved under RH that

(1.10) Bo(z) = % a(D)z + O(z13/35+2).

In particular, if D is the unit disc, Zhai and Cao [21] proved that the expo-
nent 15/38 can be replaced by 11/30. And recently, Wu [20] obtained the
exponent 221/608.

In this paper, we give the following Theorem 3 without proof since the
proof is almost the same as that of Wu [20].

THEOREM 3. Suppose D is a rational ellipse disc. If RH is true, then

6
Bo(x) = 5 a(D)a + O(u?/00%+%),
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It is also interesting to study the asymptotic behaviour of the quantity
Bp(z +U) — Bp(x), where U is another large real parameter but of order
smaller than . When D is a convex planar domain containing the origin
in its interior with 9D of class C* and has finite nonvanishing curvature
throughout, Krétzel and Nowak [8] proved that

(1.11) Bo(z +2°) — Bp(x) = %a(’l))xe(l—i—o(l))

for 6 > 11/29. They also remarked that if D is the unit disc, then (1.11) is
true for 6 > 29/80.

In this paper we shall generalize this statement to any D € S. Our
argument is slightly different. We have the following theorems.

THEOREM 4. Suppose D € S. Then (1.11) is true for

0> 11 2
max [ —, —— |.
20" 6 — (D)
COROLLARY 1.2. For almost all D € S, (1.11) is true for 6 > 11/29.
COROLLARY 1.3. For any D € S, (1.11) is true for 6 > 2/5.

THEOREM 5. Suppose Q(Z2) C N and for any n,

ro(n) = Z 1< n.

n=Q(m,l)€Z2

Suppose further that Ap(x) = a(D)x + O(x?7¢) for some 0y > 1/4. Then
(1.11) is true for 6 > 6.

COROLLARY 1.4. Suppose D is a rational ellipse disc. Then (1.11) is
true for 6 > 23/73.

Before going into technical details, we sketch the ideas of our proof. Write

(112)  Bp(x) =) u(m)Ab<%> 2. “(m)AD<%>

m<y m>y
=a(D)x Y p(m)/m* + 51 + S,
m<y
where
T
113 5= % e )

(1.14) So= u(@%(%).

m>y
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In order to deal with Sy, Moroz [11] used an elementary argument. Hux-
ley and Nowak [7] used the Perron formula. Miiller [12] used a similar argu-
ment to deal with S5 and obtained a better result.

In order to deal with S7, Moroz used the upper bound of Pp(x) directly.
Huxley and Nowak [7] used the mean square estimate (1.2) to deal with S;.
Miiller [12] used the seventh power moment of Pp(x).

The exponents 5/12 and 9/22 are sharp. Firstly, the zeta-function of D
has no functional equation. Secondly, as mentioned by Huxley and Nowak
in their paper, it is not clear how to use the method of exponential sums to
deal with S.

In this paper, we shall use the method of exponential sums to deal with
S1. The work of Nowak [14] and Kiihleitner and Nowak [9] supplies the
foundations of using exponential sums.

In order to estimate Sy, we first obtain a better mean square estimate
of the zeta-function of D. Finally we can get a better estimate of Ss.

It should be mentioned that we can only get the upper bound 57 <
x1/4eylt/2 by using any power moment results for Pp(z) since the best
possible upper bound for Pp(x) is < x'/4t¢ However, using the method of
exponential sums, we can get an upper bound smaller than z!/4tey1/2,

NOTATIONS. Z denotes the set of all integers, N denotes the set of all
natural numbers, Q denotes the set of all rational numbers, Q denotes the
set of all irrational numbers, R(1) denotes the set of all irrational numbers
with type 1; € denotes a small positive constant which may be different at
each occurrence; e(t) = e?™; ||t|| means the distance between ¢ and the
integer nearest to t; m ~ M means M < m < 2M; and m =< M means
M < m < coM for two positive constants co > ¢; > 0. Finally define

ED(.QT) = BD(.QT) — % a(D)a:

Acknowledgements. Prof. Dr. W. G. Nowak and Prof. Wu Jie kindly
sent their papers to me and I am very grateful to them. I also thank Prof.
Tanigawa Yoshio and Dr. Furuya Jun for helpful discussions.

2. An estimation of a special sum. Suppose « is an irrational num-
ber, and W > 0 is a sufficiently large real number. In this section, we shall
estimate the sum

= 1 W
2.1 Blo; = R~ mi — —— |.
=y =2 i (e

In this section we always suppose that € > 0 is a fixed sufficiently small real
number.
The following lemmas will be needed.
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LEMMA 2.1 ([16, Lemma 19.1.5]). Suppose

0

(2.2) a="4 =, gedla,g) =1, ¢>2 |0 <1.
q 9

Then
(2.3) > 1/lhal < qlogq. =

1<h<q/2

LEMMA 2.2. Suppose (2.2) holds. Then for any x > 0 and integer N > 2,
(2.4) > min(z, 1/||hall) < (N/q+ 1)(z + qlogq).
1<h<N

Proof. This is contained in Lemma 19.1.4 of Pan and Pan [16]. =

LEMMA 2.3. Let r > 1 denote the type of a. Then there exists a constant
C = C(a,e) such that for any Y > C(a,e),a can be written in the form
(2.2) with
Yy < q < YT—‘,—E/Q.

Proof. Let a,,/q, be the nth convergent of a. Then

2.5 a—an/qn| < .
( ) ‘ n/ n’ qndn+1

This formula can be found in Hua [5, Section 2 of Chapter 10]. By the
definition of type we know that the inequality

|Oé _ a/q| < q—(r+1+5/2)
has only finitely many solutions (a,q). So there exists a constant C’ =
C’(a, €) such that for every ¢, > C'(«, ¢), we have

(2.6) o —an/qn| > q;(r+1+8/2)'
From (2.5) and (2.6), we see that if ¢, > C'(«, €), then
(2.7) o1 < g

Let gy, be the smallest ¢, with ¢, > C’(a,¢), and let C(a,€) = gng+1-
Now suppose Y is a real number with Y > C(«, €). There must exist an
ny such that g,, <Y < g, 1. Then by (2.7) we have

(2.8) Y < gnyi1 < q:;e/z <yrte/?,
Taking a = an, +1 and ¢ = ¢, +1 completes the proof of Lemma 2.3. =
We now prove
LEMMA 2.4. Suppose r > 1 denote the type of . Then
Bla: W) < W e+,

where the < constant depends on a,r and €.
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Proof. By Lemma 2.3, a has the form (2.2) with
2(r+1) 2(r+1)r +€/2
Wotrass < g < Watrerss /2,
Then B(a; W) can be written as
(29) B(OL,W) :El+22+23+24,
where

2

1 W
~1_ .
D hmin (Hhau’hl/2>’

h<ql/(r+1)

1 W
_ -1 :
Y= ), hTwin (nhan’ hl/?)’

ql/(r+1)<h§q/2

1 W
_ 1
Y= D, hlmin (uhau’ hw)’

a/2<h<W3/2
1 w
2 e

By the definition of type again we get

1 1
2.10 b = 1 _
(210) 2« 3, gnip= 3 D hllhal]

h<q!/(r+D) h<C'(ae)  C'(a,e)<h<ql/(r+D

< Z hr—1+5/2 < qT/(T+1)+€/2 < Wm%—"—g.
h<q'/ (D)

By Lemma 2.1 we get

(2.11) 5y & >

gt/ (r+D<h<q/2

g1/
||h 1 Z

h< /2
< ¢/t ogq < Wm%%.
Let
Hj={h:jg/2<h<(j+1)q/2}, j=1,....0=[3W*%/q.
Then by Lemma 2.2 we get

(2.12) 23<<Z Z h™ m1n<‘—1’ K/>

j=1heH;
o1 W 1w

< — min < -— .7+q10gQ>
;th;;] (Hha! " )1/2> ;yq<(ﬂz)1/2

7‘2
< Wq3? +1logWlogq < Warterss TC.
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Trivially we get
(2.13) Ti< Y WhTE<wl/
h>W3/2

Combining (2.9)—(2.13) completes the proof of Lemma 2.4. m

3. Estimates of exponential sums. In this section we shall study the
exponential sums which appear in estimating S7. We first estimate the sum

(3.1) S(Do,H)= Y a(d) > b(m,h)e(Ad"g(m,h)),
d~Dy (m,h)ET

where Dy > 100 and H > 10 are real numbers, a(d) < 1, b(m,h) < 1,
A # 0 is a real number, o (#0,1,2,...) is a real number, 7 is a subset of

{(u,v) : |u| < H, H <v <2H},

and g(u,v) # 0 is a real-valued function defined on 7 with g(m,h) < H.
Let F = |A|D§H. We suppose that g(u,v) satisfies

CONDITION 3.1. Let N(H, A) denote the number of lattice points (m, h)
€T with H— A < g(m,h) < H, where 0 < A < H/2. Then

N(H,A) < H?3 + HA.
In order to estimate S(Dg, H), we need the following lemmas.

LEMMA 3.1. Suppose 0 < A < H/2 and let N(A) denote the number of
quadruples (my, hi,ma, ha) with (m;,h;) € T and

‘g<m17 hl) - g(m27 h2)‘ S A.
Then

N(A) <« H¥® + H3A.
Proof. This follows from Condition 3.1. =
LeEMMA 3.2 ([4, Lemma 1]). Let N < Ny <2N. Then

Y e(An®) < min(N, [A|TINTT) 4 (AINY)V2.
N<N1<2N
LEMMA 3.3 ([18, Lemma 3]). Let
L@ = Y CQ9+ Y DyQ %,
1<5<J 1<k<K

where Cj,c¢j, Dy, di, > 0. Then for any 0 < Q" < @, there is some Q1 €
(@', Q] such that

J K
L(Qu) < 3 3 (CIFDM M+ % CQ% + 3, DiQ ™. m

j=1k=1 1<j<J 1<k<K
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Now we prove
LEMMA 3.4. We have
L7'S(Dy, H) < FY/SDY*HY/9 4 D23 g% 4 DyHY/?
+ F—1/2DOH2 + F1/4D(1]/2H5/3
where L =log FFHDy.

Proof. We use the same argument as in Heath-Brown [4]. Suppose 1 <
Q < H*/3 is a parameter to be determined. Also suppose 0 < g(m,h) < CH.
For each 1 < ¢ < @, define

Eq={(m,h): (m,h) €T, (¢—1)CH/Q < g(m,h) < qCH/Q}.

Now we write

Q
S(Do, H Z > a(d) D b(m,h)e(Ad®g(m, h)).

q=1d~Dy (m,h)EE,
By Cauchy’s inequality we get

(3.2) |S(Do, H)?< QDo > Z‘ S™ b(m, h)e(Ad®g(m, b))

q d~Do (m,h)EE,

<QDY. Y |b(m1,h1)b(m2,h2)|‘ 3 e(ANdY)
q (ml,hl)GEq d~Dg
(m2,h2)EE,

‘ 2

)

where A\ = g(mi, h1) — g(mz, ha). An application of Lemma 3.2 yields
(3.3)  [S(Do, H)I?

. D o
<QDy > (mln <DO, m) + (|A>\|DO)1/2),

(ml,hl)GT
(mg,hz)ET

where mq, h1, ma, hy are restricted by |A| < CH/Q. So the contribution of
(|AAND§)'? to |S(Do, H)|? is
(34) < QDy(F/Q)'*N(CH/Q)
< QDo(F/Q)Y2H2(H? + H?/Q) < Q~Y2FY2 Dy HA,
where we used Lemma 3.1 and the assumption Q < H*/3.

For [\ < (JA|D§)™!, the term Dy in the minimum produces a contribu-
tion

(3.5) QD§N< ) < QD3H? (H2/3 + i)

|A|Dg
< QD2H®? + QDEIH*F~1

1
|A|Dg

by Lemma 3.1 again.
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Divide the remaining range
(1AIDG) ™" <A < CH/Q
into O(L) intervals A/2 < |\ < A. We find that the term Dj~*|AX|~! in

the minimum contributes

3.6 < QDI AT'L  max  ATIN(A
(3.6) QDo “IAITL s it (4)

< QDEIH®®L+ QD2H'F~IL.
From (3.3)—(3.6) we get
(3.7)  L7YS(Do,H)|> < QDEH®Y? + QDIH*F~' + Q~'/2F'/2DyH*.
Hence Lemma 3.4 follows from (3.7) via Lemma 3.3 by choosing a best
Qe[l,HY?]. u
Now we estimate the exponential sum
w
S* = —
.00 = ¥ ey ):
d~Dy
where W, Dy > 10 are two positive numbers with Dy < W=,
LEMMA 3.5 ([3, Proposition 1]). Let X and ) be two finite sets of real
numbers, X C [-X,X|,Y C [-Y.,Y]. Then for any complezx functions u(z)
and v(y) we have

303 w@ey)

‘ 2

reEX ye)y
<2(1+XY) > fu@u)] > ). =
z, ' €X v,y €Y
lz—a'|<Y 1 ly—y'|<X !

LEMMA 3.6. Let a,aq,as,z be real numbers such that zaoajas # 0,
agN. Let M >2 M, >1,My > 1, and let a,, and by,,m, be complex num-
bers with |am| < 1, [bmyms| < 1. Let Fy = |z| MM M3=2. If Fy > M Mo,
then

o (5] (6%}
E g E A by moe(zmAm mg?)

m~M m1~M1 m2~M2
< MM, My log 2M My Mo { (M, M)~ Y/2 + FYOM—1/3 (M My) =16}
Proof. This is Theorem 2 of Baker [1] with (k,A) =(1/2,1/2). =
LEMMA 3.7. Suppose a,, < 1 is any compler number. If M < Dé/g
and Dy < MN < Dy, then

w _ 7/12
Sr= > am Y. e<%) < DWW+ w/spi/t?,
mn~ M n~N
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Proof. This lemma follows by using the exponent pair (1/6,4/6) for the
sum over n. m

LEMMA 3.8. Suppose a,, < 1 and b, are any complex numbers. If Dé/g
< M < DY/* and Dy < MN < Dy, then

w 7/12 5/6 3/2 11—
Sy — W 1/6 17/ 1/2 .
=Y am Y bne<mn> < (WYSD{"? 4+ DY° + Dy *W=1/2) 1og Dy
mn~ M n~N
Proof. Let Fy = W/Dy. If F1 < N, then by Lemma 3.5 we get

Sy < MNF'? < D3Pw—1/2,
If F4 > N, by Lemma 3.6 we get (take mq = 1,mg =n)
Sirlog ™t Dy < WY6D/'? 4 DY/°
if we notice Dé/g <MK D(l)/2. L]
Now we prove
LEMMA 3.9. We have
Dy*S*(W, Do) < WYSDI/* 4+ DY/° 4 D3*w—1/2,

Proof. We use the skillful decomposition due to Montgomery and Vau-
ghan [10] and write

S* (W, Do) = Xy + Yo + X3,
say, where

5= Y e(%)

m<U n~Dg/m

D D M ) N SR MCA R

U<m<U? n~Dg/m m=dyds2
d1,d2<U
Y3 =-— p(m)nme LAY M = p(d) < n.
mn
m>U, n>U d|n,d<U
mmn~ Dg

Take U = D(l]/ % Now Lemma 3.9 follows by using Lemma 3.7 to estimate
2)1 and using Lemma 3.8 to estimate X5 and X5. m

4. Estimation of S;. In this section we estimate
T
Sl = Z Iu,(d)P'D (ﬁ)’
d<y

where 10 < y < /7 is a parameter to be determined.
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By a splitting argument we get, for some 1 < Dy < v,

(41) Sl log_lx < |51(D0,IE)‘,
where
Sl(Do,LL’) = Z (d)Pp(d2>
d~Dg

By (1.1) we have
(42) Sl (DU, 33‘) < 1‘23/73D(2]7/73 log3 Z.

This is our first estimate of Sy (Do, x).
By (1.7) we have

(4.3) S1(Dy, ) Zej > ul (?) + O(Dy).

] 1 dNDo
So we only need to estimate
NI
4.4 Dy; b) = d —
(4.4 $iDise gt = 3 @),

where {f, a, b} is any one of {f;,a;,b;}7
the function f.
By Vaaler’s result [19], we can write

(45) = > ae(hu)+0( 3 bh)e(hu)) +O(1/Ho)

1<|h|<Ho 1<h<H,

and S(u) is defined by (1.8) with

Jl’

for any Hp > 2, where a(h) < 1/|h|,b(h) < 1/H,.
Suppose ¢ < Hy < z'/* is a parameter to be determined. By (1.8) and
(4.5) we have

(4.6) d;gm&a*(?) = 2 +O0(%y) +o<\é—f),
where
eI IT dewde(h ().

with a(h) < 1/|h|,b(h) < 1/Hy. We only estimate Y. The proof of Xy is
similar and easier.
By a splitting argument we get

(4.7) Silog™ o < |21 (Do, H, )|
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for some 1 < H <« Hy, where
. Va [ nd
(Do, Hyx) = > pu(d) Y a*(h) > €<h7 NG
d~Dog h~H ay/z/d<n<b\/x/d

with a*(h) < 1/h. Now we use the B-process to the sum over n. Since
Kiihleitner and Nowak [9] has used this procedure, we use their result di-
rectly. By formula (3.2) of Kiihleitner and Nowak [9], we get (take t = \/x/d)

(48) El(Do, H,CL‘) = Ell(DOa H, .’E) + O(Zlg(Do, H,CE)) + O(Do IOg.’E),

where
12
Z11(Do, H,z) = '/ Z 1/2 Z > k(m, )
d~Do hH Y b (@) )
Ve G(m,h) 1
« e( L Y.
Y12(Do, H, ) Z Z h~ a) +ri(b)),
d~Do h~H

and where for ¢ = a or b,
0, hf'(c) eZ
rh(c) = . 1 zt/4
win (G )

and where ” means that if —hf’(a) or —hf’(b) is an integer, then the corre-
sponding term should be weighted by 1/2.
If f'(a) and f’(b) are both rational numbers, then

(4.9) Y12(Do, H,z) < Dglog .

If {f'(a), f'(b)} ¢ Q then Lemma 2.4 yields

(4.10) S19(Do, H, z) < g (P)/4+e pl=e(P)/2,

Now we estimate X11(Dg, H, x). Obviously
1/4
(4.11) 211(Do, H, 2) < W | 211 (Do, H, )|,
where
S5 (Do Hyr) = 3 uld 1/2 Z K*(m, W(M),

d~Do (m,h)eT

T = {(wv) € Rx R : —vf'(a) < u < —uf'(8),0 ~ H},
and k*(m,h) < 1,|G(m,h)| < CH for some C > 0.
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By Lemma 4 of Nowak [14], we know that G(m, h) satisfies Condition 3.1.
Thus we can use Lemma 3.4 to bound X}, (Dg, H, x). Taking A = 2/? and
a = —1 in Lemma 3.4 we get

(4.12)  X11(Do, H,z)log
< Dy + m1/4Dé/6H1/2 + /B9 4 x3/8D51/4H5/12 + x1/4Dé/2H71/6'

Now we use Lemma 3.9 to estimate X7, (Dy, H, z) over d and estimate
the sum over (m, h) trivially. We get

(4.13) X1 (Do, H,z)a~° < '/3DY 2 H2/® 4 24D H/? + D,
From (4.12) and (4.13) we have
(4.14) S11(Do, Hyz)a™ < Do + z/* DY/ HY? 4 /3 g4/
+x3/8D51/4H5/12 B, + B,
where
By = 111111(31,1/4Dé/2H—1/67 x1/3D3/12H2/3)
< (x1/4Dé/2H*1/6)4/5(x1/3Dé/12H2/3)1/5 _ 364/15178/127
E, = min(z"/4D}/2H~1/6 g/A DY H1/?)
< (x1/4D(1]/2H_1/6)3/4(x1/4D(1)/3H1/2)1/4 _ 931/4Dél/24.
Collecting (4.6)—(4.11) and (4.14) we get (note H < Hy)
Ty u(d)5<§> < Do+ 2 ADYOHY? 4 13O 4 38 p A g
d~ Dy
+ 2 2Hy 4 x4/15D3/12 + x1/4Dél/24 +6(x, Do)

where
0 if {f'(a), f'(b)} CQ,

6(x, Dy) = _
(z, Do) {xa(p)/4D(1) P2 Gtherwise.

Now choose a best Hy € [2°, z'/4] via Lemma 3.3. We get

z Z u(d)S(?) < Do + 2%/ + 3;1/31)(1]/9 4 m7/17DO—3/17
d~Dy

+ :1:4/15D3/12 + :1:1/4Dél/24 +5(2, Do),
which combined with (4.3) yields
(4.15)  a7=S1(Dg,x) < Do+ 213 + 1‘1/3Dé/9 1 $7/17D53/17
+ $4/15D8/12 + :131/4D(1]1/24 + 6% (x, Do),
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where
0 if gD C Q7
0*(z, Do) = _
(@, Do) {xa(D)MD(l) P2 otherwise.
This is our second estimate of S; (Do, x).
From (4.1), (4.2) and (4.15) we finally get (note Dy < Y') the estimate
(4.16) 2758, < y+ al/3yt/O 4 g t/155/12 | g 1/4 11724 4 vy D)
NI VAL min(m7/17D0_3/17, x23/73D§7/73)
<yt Byt g g A15y5/12 | /A2 | e 0y g B/13
for any 2° < y < x/27¢.

5. Estimation of S; and proof of Theorem 2. In this section we
shall estimate So and give the proof of Theorem 2. We need a new estimate
of the mean square of the zeta-function Zp(s) of D.

LEMMA 5.1. Suppose D € §,1 <t <10. Then
S Po(Qm) < X% log? X,
Q(m)<X
Proof. Obviously, we can suppose t = 1. It suffices to show
(5.1) > Pp(Q(m)) < N¥/%810g> N
Q(m)~N

for any X'/? < N < X. By (1.7) we have

-
(5:2) > PoQm) < Y| Y 8@V m)),

Q(m)~N j=1 Q(m)~N

where S (u) is defined by (1.8). Let {f, a, b} denote any one of { f;, a;,b; }3’;1,
and let S(u) denote this S;(u).
Suppose Hj is a parameter to be determined. Similarly to (4.6), we have

3/2
(5.3 > 8@ 0m) = 51+ 05 + 0 ).

Q(m)~N
where

S aw ) e<hQ”2(m)f<Ql/+(m)>>7

Q(m)~N 1<|h|<Ho aQ/2(m)<n<bQ*/2(m)

5= %Y ww > e(n@ s (g )

Q(m)~N 1<h<Ho aQ1/2(m)<n<bQ1/2(m)
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with a(h) < 1/|h|,b(h) < 1/Hy. We only consider the contribution of X7.
The contribution of X5 is the same. By a splitting argument we have

(5.4) Y7 < | X7 (N, H)|log N
for some 1 < H <« Hy, where

SINH) = > D a

Q(m)~N h~H
1/2 __n
I Gl )
aQ/2(m)<n<bQ'/?(m)
with a*(h) < 1/h. Using the B-process to the sum over n, we get

* a* (h)
21 (N7 H) = Z Q1/4(m) Z h1/2
Q(m)~N h~H
"
X > k(1 h)e(Q"*(m)G(1, h) — 1/8) + O(N°/*)
—hf'(a)<I<—=hf'(b)
N1/4
H3/2 N<N’<2N

< |S*(N, H)| + N°/*,

where

SWH = Y3 b e(@Q Y (m)G(I )

N<Q(m)<N’ (I,h)eT
with b(l,h) < 1 and 7 is defined by
T ={(u,v) ERx R : —vf'(a) <u< —vf'(b),v ~ H}.

Now we estimate S*(N, H) by the same argument of Lemma 3.4. Suppose
1 < R < H*/3 is a parameter to be determined. Also suppose 0 < G(l,h) <
CH. For each 1 < r < @, define

E.={({,h):(l,h) eT,(r—1)CH/Q < G(l,h) <rCH/Q}.
Now we write
R
SYN,H) =) > b h)e(QV*(m)G(1, ).
r=1 N<Q(m)<N’ (I,h)EE,
By Cauchy’s inequality we get

(55) [ST(VH)PP<BRNS. Y (Z b(l, h)e(QY2(m)G(i, h))

T N<Q(m)<N’ (I,h)eE,

2
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<RNS. ST bl k)bl hg)\‘ S @V (m)),
q (l1,h1)€E, N<Q(m)<N’
(l2,h2)EE,

where A\ = G(l1, h1) — G(l2, he). Notice |\| < H/R.
By Stieltjes integration we have

N
> e@7Pm)N) = | e(vur) dAp(u)
N<Q(m)<N’ N
=a(D) | e(vuX)du—miX | Pp(u)e(vuX)u™"/? du

+ Pp(u)e(v/u )| N
={ +§,row'?),
say, where we used the estimate Pp(u) < u'/3. We have
J, < min(N, N'2/|A)).
By (1.2) we have (for the proof of (1.2) for general D € S, see Nowak [14])
82 < | AN/
This yields

(5.6) Y e(@*(m)N) < min(N, N'2/|A|) + [A|N?/* 4 N1/®
N<Q(m)<N’

< min(N, N'/2/|A]) + | AN/,
where N1/3 can be absorbed because
min(N, NY2/|A]) + [A\|N3/4 > N3/8,

Similarly to the proof of Lemma 3.4, the contribution of min(N, N/ /|\|)
to |S*(N, H)|? is

< (RN?H®® + RN®*/?H?)log N.
The contribution of |A\|N3/4 to |S*(N, H)|? is
< RINTAHS.
Combining the above we get
|S*(N, H)|*log™' N < RN?H®/3 + RN®/?H3 + RTINT/*H5.
Choosing a best R € [10, H4/3] via Lemma 3.3 we get



Primitive lattice points in planar domains 19

(5.7 S*(N,H)log™' N
< N15/16H23/12 +N13/16H2 +NH4/3 +N3/4H3/2 +N7/8H11/6

« NB/16[23/12 4 N /3,
if we notice
N3AH3/? « NB/16[2 o NS/ [23/12  NT/SEIL/6 o N15/16 [123/12
Inserting (5.7) into (5.5), we get
(5.8) SH(N,H)log ' N « N9/16[5/12 4 N5/4,
Now Lemma 5.1 follows from (5.1)(5.4) and (5.8) by choosing Hy = N15/68,

LEMMA 5.2. Suppose D € S. For any T > 10, we have

2T
\ 12p(749/1168 + it)|* dt < T'log”T.
T

Proof. The zeta-function of D is defined by
Zp(s)= Y Q *(m),
meZ?
which is absolutely convergent for s > 1. Suppose X is a large real number
not attainable by Q(m) as m runs through Z2. For s > 1, by Stieltjes
integration we have
dAD (w)

w

(59 Zo(s)= 3 Q *(m)+ |
Q(m)<X X
= Y Q*(m)+a(D) ‘;(__15 _ P?;gf) ol ]Z,D(fi)

Q(m)<X X

By (1.2) we know that Zp(s) has a continuation to the half-plane Rs > 1/4
with a simple pole at s = 1 with residue a(D).

Suppose 87/136 < o < 1 is fixed, 1007 < X < T? is a parameter to be
determined. Then by (5.9) we have

dw.

2T
(5.10) \ 1Zp(o +it)?dt < Wy + T°Wy + X>72°T71 + T,
T

where

2T 2 2T | oo 2

1 Pp(w)
Wl:x Z Q7+t (m) dt, W2:S SwaJrlJrit dt.
T Qm<X T'X
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We first estimate W3. Squaring and integrating, we have

G511)  W<T > Q *(m)
Qm)<x

—0o —0o : 1
+ Z Q™7 (m)Q ™ (n) min (T, m)
Q(m)<Q(n)<X 98 Q(m)
=21+ 2.
For X1, we have
X
(5.12) 2 < T\ u™ dAp(u) < T.
1
We write Y5 as
(5.13) Yo = o1 + Yo + Yos,
where
Sn=T > Q °(m) > Q@ 7(n),
Q(m)<X Q(m)<Q(n)<el/TQ(m)
e -0 1
Yoo = Z Q™7 (m) Z Q™7 (n) 1 Q) °
Q(m)<X €1/ Q(m)<Q(n)<2Q(m) 98 Q(m)
— —0o 1
Ip= ), Q7m) > QM) oy
Qm)<X Q(n)>2Q(m) & Q(m)
For X3, we trivially have
2
(5.14) T (Y Q@ m) < x*
Q(m)<X
For Y51, we have
(5.15) Tn<T Y Q> (m) > 1
Q(m)<X Q(m)<Q(n)<el/TQ(m)
=T > Q *(m)(4p(e""Q(m)) — Ap(Q(m)))
Q(m)<X
<T Y Q7 (m)((eV/T — 1)Q(m))
Q(m)<X
+T| Y Poe!/TQ(m)Q 7 (m)
Q(m)<X

+T| > Po(Qm)Q 7 (m)| = 54, + 55 + T3,
Q(m)<X



Primitive lattice points in planar domains
say. We have
(5.16) Ty < TV —1) ) Q17 (m) < X
Q(m)<X
Let

F(t)= Y Pp(e"/"Q(m)).
Q(m)<t
Then by Lemma 5.1 we have
F(t) < t57/%8 1og? t.

Thus we have
X
(5.17) 53, < T
1

dF(t)

a3 < Tlog?T.

Similarly we have
(5.18) Y3 < Tlog®T.
Now we estimate Y9y. Let

6, =22Qm)T™, j=0,1,...,Jy = [logT/log2].

Then
1
—20 _
(5.19) Y << Z Q™7 (m) Z log Q)
Qm)<X e/TQ(m)<Q(n)<2Q(m) “°& Q(m)
1
« 2 QT
Q(m)<X el/TQ(m)<Q(n)<2Q(m)
€ o2 QTmY, 2 Gm-om
Q(m)<X J=06;<Q(n)—Q(m)<d;41
Jo 1
1—20 _ 1
< > Q (m)25j >
Q(m)<X J=0 7 Q(m)+6;<Q(n)<Q(m)+4; 41
Jo 1
_ Z Ql—QU(m) Z 5— a(D)(5j+1 - 5])
Q(m)<X j=0 "
+ ). Q7 (m)
Q(m)<X

Jo

%3 S (Po(Q(m) +d511) — Po(Q(m) + )

j=0 "7

21
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Jo

Siv1—0;
1-20 J+1 J
< ) Q'"*(m) Z B
Q(m)<X =0
Jo
9% Pp(Q(m) + 6;
H Y @y PN, g,
Q(m)<X j=0 J
if we notice (Sj+1 ~ 5]‘.
We have
(5.20) Sh< Y QU (m)logT < X* 7 logT.
Q(m)<X
For X3%,, we have
Jo T A
521 S| ¥ @)Y g P+ 2T 0m)
Q(m)<X =0

Jo
<TY 279 3 Q¥ (m)Pp((1+ 2T H)Q(m)),
J=0 Q(m)<X
< TlogT,
where we used the same argument of (5.17) with the help of Lemma 5.1.
From (5.11)—(5.21), we get

(5.22) W, <« X2 % log X 4+ T'logT.
For W5, we have the estimate
(5.23) Wylog ™ X <« X207/

where 7 denotes the smallest o such that Pp(z) < x® holds. This estimate
(5.23) is formula (18) of Miiller [12]. Note that X ¢ therein can be replaced
by log® X.

Now Lemma 5.2 follows from (5.10), (5.22) and (5.23) by taking o =
749/1168, X ~ T°%4/419 and v = 23/73. m

In order to estimate S5, we need the following
LEMMA 5.3. Suppose D € S. If RH is true and
2T

\ 1Zp(o +it)]? dt < T'**
T

for some o > 1/2, then

_ ,u,(m) 1/3+ o+e, 1/2—20
SQ—CL(D)ZL’Z:W—FQ;'/ Et+x Ey/ .
m>y
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The proof of this lemma is contained in Huxley and Nowak [7].
From Lemmas 5.2 and 5.3 we immediately get

PRrROPOSITION 5.1. Suppose D € §. If RH is true, then
m
So = a(D)z Z M;Z) 4 pl/3+e + x749/1168+5y—914/1168‘
m>y
Now we prove Theorem 2. By (4.16) and Proposition 5.1, the estimate
(5.24) 2 Ep(z) <y + x1/3y1/9 4 x4/15y5/12 4 m1/4y11/24

+ 6% (z,y) + 2/13 4 pT49/1168,~914/1168

holds for any z° < y < x'/27¢. Now Theorem 2 follows from (5.24) by
choosing a best y via Lemma 3.3.

6. Proof of Theorem 4. Suppose U = 2?, 0 < § < 1. We have
(6.1) Bp(z+a") — Bp(x) = > 1= > pu(d)

z<Q(mn)<z+U z<d?2Q(m,n)<z+U
ged(m,n)=1

Sy ey
d<z® d>x°¢
where € > 0 is a sufficiently small fixed real number. By (1.1) we have

(6.2) D =D nd) <AD<:E:£_2U> - AD<%>>

d<zxe d<zxe

6

= — a(D)U + O(Uz~* + 2?¥/73F%),
™

For Zd>x5, we have

@ |l ¥ - ¥ e ¥
d>xz= z<d?>Q(m,n)<z+U z<d?>Q(m,n)<z+U z<d?>Q(m,n)<z+U
d>z® z®<d<yy d>y1
= 21 + 227

where 2° < y; < 2'/2 is a parameter to be determined.
We first estimate X;. We have

(6.4) = IE;&JI (AD (m;r_2U) A <%>>

< Ux ®*+ max
r<zxo<z+U

< Ux"°+4+ max
z<zxo<lax+U

d~Dg



24 W. G. Zhai

for some ¢ < Dy < y;. It suffices to estimate

x
Si(Do,x) = Y PD<¥).
d~Dq

Since the procedure is the same as that for S;(Dy,z) in Section 4 if we
replace u(d) by 1, we only give the final estimate. The error term of the
B-process will produce the contribution <« Dglogz if Gp C Q and the
contribution xa(D)/4+8D(1)_a(D)/2 if Gp N Q is nonempty.

The B-process will also produce the exponential sum

/2 rG(m
Xii(Do, Hyz) = Z Dy Z m*(m,h)e(W).

1/2
d~Dy (m,h)eT

We use the exponent pair (2/18,13/18) to estimate the sum over d and then
choose a best Hy.
We finally get

(65) 5137521 < .%'11/29 + Y1 + 6*(x7 yl):

where 0*(z,y) was defined in last section.
For Y5, we trivially have

R (- RR(CeDN)

Q(mn)<x/y?
Uz !/? —1 —2
< Z <m+l> LUy +ay; ~.
Q(m,n)<Lx/yi
Now Theorem 4 follows from (6.1)-(6.6) by taking y; = PR T
7. Proof of Theorem 5. We use the notations in the last section. If
Ap(z) = a(D)z + O(z%9),
then
_ 6 —€ Oo+e
(7.1) = — a(D)U +O(Uz™* +27%%).
d<xze
For ), .-, we have

(7.2) = Y 1= > ren),

d>z* z<d?Q(m,n)<z+U z<d?*n<z+U
d>z® d>x*

where



Primitive lattice points in planar domains 25

By the estimate ro(n) < ne we get

(7.3) ( > ‘ <z YL

d>xe z<d*n<z4+U
d>xz®

Now the problem is reduced to estimating the sum on the right side of (7.3).
For this sum, we have the following Lemma 7.1, which is contained in the
proof of Theorem 1 of Filaseta and Trifonov [2].

LEMMA 7.1. We have

Yoo 1< Uzt

z<d®*n<z+U
d>z®

Lemma 7.1 implies that

(7.4) ‘ Z ‘ < Ug—c/2 4 g1/5+2
d>xe
Now Theorem 5 follows from (7.1) and (7.4).
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