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Notes on power LCM matrices
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SHAOFANG HONG (Chengdu and Haifa)

1. Introduction. Let S = {z1,...,z,} be a set of n distinct positive
integers. The matrix having the greatest common divisor (z;,z;) of ; and
x; as its i, j-entry is called the greatest common divisor (GCD) matriz, de-
noted by ((x;,z;)). The matrix having the least common multiple [z;, z;] of
x; and x; as its 4, j-entry is called the least common multiple (LCM) matriz,
denoted by ([z;, z;]). The set S is said to be factor-closed if it contains every
divisor of x for any x € S. H. J. S. Smith [14] showed that the determinant of
the GCD matrix ((z;, z;)) on a factor-closed set S is the product []7"_; ¢(z;),
where ¢ is Euler’s totient function. In [14], Smith also considered the deter-
minant of the LCM matrix [S],, on a factor-closed set S. It was shown to be
the product []}_; ¢(z;)m(z;), where 7 is the multiplicative function which is
defined for the prime power p” by 7(p”) = —p. Smith also gave formulas for
more general determinants like det((z;,x;)?) and det([z;, z;]?), where ¢ is
any exponent. Since then many results (see, for example, [1-13]) concerning
GCD matrices and LCM matrices have been published.

The set S is said to be ged-closed if (x;,xz;) € S forall 1 <i,j <n.Itis
clear that a factor-closed set is ged-closed but not conversely. In [2], Beslin
and Ligh extended Smith’s result by showing that the determinant of the
GCD matrix ((z;,x;)) on a ged-closed set S = {x1,...,z,} is the product

[15—; ak, where
Qg = Z o(d).

d|zy
dtze, T <Th
In [4], Bourque and Ligh generalized Smith’s result on LCM matrices by
proving that the determinant of the LCM matrix ([z;,z;]) on a ged-closed
set S = {z1,...,2,} is the product [[,_, 238k, where
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d|zgk
dtxe, xe <z
with the arithmetical function g defined by g(m) = m™1 Zd‘m du(d), where
w1 is the Mobius function.

In [6], Bourque and Ligh showed that if S = {z1,...,x,} is factor-closed
then the GCD matrix ((z;,z;)) on S divides the LCM matrix ([z;,z;])
on S in the ring M, (Z) of n x n matrices over the integers (i.e., there is
an n X n matrix A with integer entries such that ([z;, z;]) = A((z;, x;)) =
((z;,7;))(A)T). Hong [13] proved that such a factorization theorem on LCM
and GCD matrices is no longer true in general. In fact, he showed that if
n < 3, then for any gcd-closed set S = {x1,...,2z,}, the GCD matrix
((zi,z;)) on S divides the LCM matrix ([z;,z;]) on S in the ring M,,(Z).
For n > 4, there exists a ged-closed set S = {x1,...,z,} such that the GCD
matrix ((z;,z;)) on S does not divide the LCM matrix ([z;,2;]) on S in the
ring M, (Z).

From Beslin and Ligh’s result [3], one knows that the GCD matrix
((zi,z;)) on any set S = {x1,...,2,} of n distinct positive integers is al-
ways nonsingular. However, this is not true for LCM matrices in general
[1, Remark 5]. From Smith’s result [14], one also knows that the LCM ma-
trix on any factor-closed set is nonsingular. Further, it has been conjectured
by Bourque and Ligh [4] that the LCM matrix ([z;, z;]) on any gcd-closed set
S ={z1,...,x,} is nonsingular. In [9-11], Hong systematically investigated
the Bourque—Ligh conjecture. Hong [11] proved that the Bourque-Ligh con-
jecture is true if n < 7, but not true if n > 8. Note also that Hong [10]
proved that this conjecture is true for a certain class of gcd-closed sets.

Although it follows from Bourque and Ligh’s result [5] that the power
GCD matrix ((z;,x;)%) on any set S = {z1,...,2,} of n distinct positive
integers is nonsingular, it is not clear that the power LCM matrix ([z;, 2;]°)
on any set S = {x1,...,z,} of n distinct positive integers is also nonsingular,
where € > 2 is an integer. For the factor-closed case, one knows by [7] that
the answer to this question is affirmative. For the gcd-closed case, Hong [12]
gave a conjectural answer to this question as follows.

CONJECTURE ([12]). Let € be a given positive integer. Then there must
be a positive integer k(e), depending only on €, such that if n < k(e), then
the power LCM matrix ([z;,x;]°) on any gcd-closed set S = {x1,...,z,}
is nonsingular. But for n > k(e) + 1, there exists a ged-closed set S =
{z1,..., 2y} such that the power LCM matrix ([z;, x;]°) on S is singular.

The features of GCD matrices are well known, which is due to the nice
structure theorem [3, Theorem 1]. However, the features of LCM matri-
ces are less known which may be due to the fact that the convolution of
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arithmetical functions is not always available. So studying LCM matrices is
important. In the present paper, our main interest is still in the nonsingu-
larity of power LCM matrices. We will provide an interesting result related
to the above conjecture. For a positive integer x, let v(x) denote the number
of distinct prime factors of x. We show that if € is a positive integer and
S ={x1,...,z,} is a gcd-closed set satisfying max,cs{v(z)} < 2, then the
power LCM matrix ([z;, x;]°) on S is nonsingular.

The set S is said to be lem-closed if [z;,x;] € S for all 1 < 4,5 < n.
For example, S = {2,3,6,8,24} is lem-closed. One can easily check that
x|max{S} for any x € S if S is lem-closed. In the fourth section of this
paper, we also show that if ¢ is a positive integer and S = {x1,...,z,} is an
lem-closed set satisfying max,es{v(z)} < 2, then the power LCM matrix
([xi,x;]°) on S is nonsingular.

In the final section of this paper, we will raise several conjectures to
promote further investigations on GCD and LCM matrices.

2. Reductions of the formula for det([z;,z;]?). For any positive
integer ¢, let the arithmetical function (. be defined for any positive integer
m by (.(m) = m®. First one has the following result.

LEMMA 2.1. The determinant of the matriz ([z;, x;]°) defined on a gcd-

closed set S = {x1,...,z,} is equal to the product []i_, 3 i, where
1
(1) acp = Y. (- * M) (d).
d\zk €
dzy, ve<wg

Proof. This follows immediately from [12, Theorem 5]. =

In the rest of this paper, without any loss of generality, we assume that
S ={x1,...,z,} satisfies 1 < 21 < ... < x,. Denote by |A| the cardinal-
ity of any finite set A. In [11] we gave a reduction of the formula for the
determinant of the LCM matrix ([z;, z;]) by introducing the concept of the
greatest-type divisor. In the following we will give a similar reduction for
a1 using ideas similar to those in [11]. One needs a generalization of the
principle of cross-classification in [9] to give a preliminary reduction of the
formula for a. ;. For an elegant proof, see [13].

LeEMMA 2.2 ([9, 13]). Let R be any given finite set and f any complez-
valued function defined on R. For a subset T of R, set T = R\ T. If
Ri,..., Ry are m given distinct subsets of R, then

Y @)=Y @+ Y Y f@).

zeN™, R; TER 1<i1<...<ir<m xeﬂj,:l Rij
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LEMMA 2.3. Let n > 1 be an integer. Then
1
> (Len)=n
= Ce
Proof. This follows immediately from [12, Lemma 7]. m

LEMMA 2.4. Let n be an integer. Let S = {x1,...,z,} be a gcd-closed
set and x1 < ... < xy. If a.y is defined as in (1), then

k—1
(2) Qe k :x;f_i_Z(_l)t Z (mbwim"-?l‘it)is‘
t=1

1<ir <. <ip<k—1

Proof. In Lemma 2.2, let m =k —1and R={d € Z" : d| x,z € S}.
For1<i<k-1,let Ry ={d€ R:d|x;, v; € S}. Then R; = {d € Z* :
d| (zk,z;)}. By Lemma 2.2,

® e Y (Fen)@)

d‘d)k
k—1 1
DYCIUNEDS > (e
t=1 1<i1 <o <ie <h=1 d|(zg,@iq yesiy) SO0

By Lemma 2.3, Edm (é >x<,u)(d) =z, and for 1 < i3 < ... <4 <
k—1(1<t<k-—1),

1
(4) Z (—*u)(d):(a:k,xil,...,xit)_s.
- o \Ge
ATk, Tig yeensTiy)
It then follows from (3) and (4) that (2) holds. m
Consequently, we obtain a further reduction of the formula for a. .

LEMMA 2.5. Let S = {z1,...,z,} be a ged-closed set. For 1 < k < n,
let I ={i:1<i<k—1and z;txx} and Jy ={1,...,k — 1} \ I. Then

| k|
(5) Qe g :mlze—i—Z(—l)r Z (Thy Tiyy ooy i) <.
r=1 11 <. <0y
ijGJk

Proof. 1If |I;| = 0, then the assertion follows from Lemma 2.4. In what
follows let |I| > 1. Note that for i € Ji, one has x; | x. Since S is ged-closed,
x1 | x. Thus, |Ji| > 1. Note also that |I| + |Jx| = & — 1. By Lemma 2.4,

(6) Qe =, +A + A,

where
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[Tk
! T —E€
A :Z(—l) Z (T, @iy s e ey mi,)
r=1 1< <l
i;€Jk
and
[T | k|
_ r+s —e
(7) A= g E E (-1) E (Thy @iy y ooy T Tty e ey Tp,) o
r=141<...<i, s=1 t1<...<ts
ijEJk tyEIg

For any given t; < ... < tg, ty, € I (1 <u <'s). Since S is ged-closed

it follows that (zx, z4,,...,2¢,) € S. Let 1 = (2, x4y, ..., 2¢,). Then z; | xy,
and z; |z, for 1 <wu <s. So, !l € Ji. Then, by (7),
[ 1x| |k |
(8) A= Z Z Z(—l)“‘s Z (Thy Tig oo v s Ty Tty ey Tp,) o
s=1 t1<...<ts r=1 11 <. <l
tyEIg ijGJk-
[k [Je]—1

:Z Z Z Z ((—1)r+s($k,xi1,...,:r“,:vtl,...,xts)*a

s=1 t1<..<ts r=0 i1<...<ip
tyEIg ijEJ}c,ij;él

+ (_1)T+s+1($k’ Liyyeoo 3 Lips LYy Ltyy - - 7$ts)76)

[Tk | [Ji|—1

2D IED DD VD DN (G CRE R

s=1 t1<...<ts r=0 11<...<1p
tyEIg ijEJ}c,ij;él

+ (_1)T+s+1($i17 sy Ly ml)is)
= 0.
It follows from (6) and (8) that (5) holds. m

DEFINITION ([11]). Let T be a set of distinct positive integers. For any
a,b € T and a < b, we say that a is a greatest-type divisor of b in T if a|b
and the conditions a | ¢, ¢|b, ¢ < b, and ¢ € T imply that ¢ = a.

LEMMA 2.6. Let S = {z1,...,2,} be a gcd-closed set. For 1 < k < n,
let Ri, ={i:1<1i<k—1,x; is the greatest-type divisor of xy in S}. Then

[ Ryl
Qe k :x;s—l—Z(—l)T Z (T Tiyy ooy xs,) " .
r=1 11 <. <lpr

ij E€Ry,

Proof. For k < 2, the assertion is clearly true. In what follows let k > 3.
Let Jy ={i:1<i<k—1and x;|xg}. Then |Ji| > 1. It is clear that
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Ry C J. If |Ji| = 1, then J, = {1}. Note that |Rx| > 1. So one has
Ry = {1} = Ji. Thus by Lemma 2.5, the result is true. In the following
let |Jx| > 2. Let Ly = Ji \ Rk. We show that Ly # (). Assuming otherwise
implies that Ry, = J. But 1 € Ji. Then 1 € Ry. From |Ji| > 2, one deduces
that there is an ¢ € Ji, ¢ # 1, such that i € J, = Ry. Since S is ged-closed,
one has z | ;. This is impossible since z1, z; cannot both be greatest-type
divisors of xj in S. Therefore the assertion is true. In a similar way to that
in (6), one has, by Lemma 2.5,

e =2, + A + A,

where
| R
Al T —€
A :Z(_l) Z (xkvxip'-'vxir)
r=1 11 <. <0y
1;€ERy
and
| Ri| | L

@O A= 32 3 > (CUTwiwwn )

r=0 i1 <...<i, s=1 t1<...<tg

i;E€ERy tu €Ly
| L | Ric|
_ . —
= E g (-1 E E Y (They @iy e vy Ty Ty e ey g, )
s=1 11 <. <ty r=0 11 <...<tp
ty €Lk i;ERE

To prove the lemma, one needs only to show that A = 0, which we will
do in the following.

For any given t; < ... < ts (1 < s < |Lg|),ty € L, 1 < u < s, let
P = {i:i€ Ry, and z, | z; for some t,,1 < u < s} and let Q = Ry \ P.
Let |P| = h and |Q| = h/. Clearly, 1 < h < |Ri| and 0 < b/ < |Rg|—1. Then

| Ry |

(10) Z Z ) (Xhy Ty g ev ey Ty Tty y e ey Tt ) ©

r=0 i1 <...<i,
i; € Ry

h h
r’'=0 i1 <...<t,, r=0
i EQ
r4r’ —
E (-1) (Thy @iys e @i, Ty ey T Ty e v T,

1< <Jr
JvEP

— r+r —e
E E E E (Thy Tiy ooy T,y Ty e v, Tg,)

=0 11<...<i,s 7=0 j1<.. <jr
1, €EQ Ju€P
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(since by the definition of P, (zj,,...,2j,.,%t,,...,2¢,) = (T4y,...,24,) for
aHYj1<'--<jr>jU€P)

—€&
§ § mkawua"'7$irml‘t1)"'axts)

=0 11 <...<%,s
1, €EQ
h
X (1+Z(—1)T 3 1)
r=1 J1<...<Jr
Ju€P
i h
£ 5 (e S ()
=0 11 <...<%,s r=1 r
1, €EQ

Z Z mk,le,...,xiT/,a:tl,...,xts)_g(l—1)h:0.

=0 i1 <...<is
1, €Q

It then follows from (9) and (10) that A =

3. The gcd-closed case. Throughout this section, let S = {x1,...,2,}
be ged-closed. For 1 < k < n, let a.; be defined as in (1). It is clear that
ae,1 = o1 . We have the following lemmas.

LEMMA 3.1. For 2 < k < n, let x;, = p°q", where p and q are distinct
primes, e and h are positive integers. Then the set of greatest-type divisors of
x in S must have the form {pq™,... p*mq"™}, where 1 < m < min{e, h},
0<ei<...<ep<e,h>hy>...>h, >0,and e; +h; <e+h-—1
(i=1,...,m).

Proof. Let Ry be the set of greatest-type divisors of zx in S and let
|Ri| = m. Since z3, = p°q", one may let Ry = {p“1¢™,... p°m¢"}, where
e; and h; (1 < i < m) are nonnegative integers satisfying 0 < e; < e,
0<h; <hande;+h; <e+h—1. We claim that for any 7,7 € {1,...,m},
i # j, we have e; # e;. Otherwise, there exist i, j € {1,...,m},i # j, such
that e; = e;. Then p© g/ hi or p¢iqhi | p®iq"i. This contradicts the fact
that p® g™ and p® ¢ are greatest-type divisors of z, in S. Thus e; # e; for
any 4,5 € {1,...,m}, i # j. Similarly, h; # h; for i,j € {1,...,m}, i # j.

Without loss of generality, one may assume that 0 < e; < ... < epn,.
Since p°1¢t, ..., p°m ¢ are greatest-type divisors, it follows that for any
i,5 € {1,...,m}, i # j, both p®q"i {p®¢"i and p® ¢"i {p¢i¢"i. Therefore for
any i € {1,...,m — 1}, it follows from e; < e; 11 and p® " {pi+1¢"i+1 that
h; >hi+1. Sohy>...>h, >0.

It is clear that e; + h; < e+ h for 1 < i < m. Suppose that there exists
1 <7 < m such that e; +h; = e+ h. One can deduce that e; = ¢ and h; = h.




172 S. F. Hong

So p¢q" = xj. This contradicts the fact that p© ¢" is a greatest-type divisor
of xx. Thene;+h; <e+h—1fori=1,...,m. mu

LEMMA 3.2. For 2 < k < n, let x;, = p°q", where p and q are distinct
primes, e and h are positive integers. If the set of greatest-type divisors of
xy, in S is {pig", ... p¢mq"m ), where 1 < m < min{e,h}, 0 < e < ... <
em <e,h>hy>...>h,>0,and e,+h; <e+h—1(i=1,...,m), then

pfseqfah o pfsel qfshl ’Lf m = 1’
m—1
Qe ke = — — — - —ee; ,—¢eh; —ee; ,—¢eh;
€, p eeq sh_p aemq ehm+Z(p seq 5h+1_p aeq sh)
=1 if m>2.

Proof. Let m < 2. Then by Lemma 2.6, the result is clearly true.
In what follows let m > 3. Noting that 0 < e; < ... < e, < e and
h>hy>...>h,; >0, by Lemma 2.6 one has

—eh _ ,—ece1 —chy —cem —€hm

acp=p ¢ p ““q —...=p q

> g g )

q
+) (-1
t=2 1<ir <...<iy<m
q
>

—ce ,—ch —eeq ,—¢h —cem —Ehm
=p —p g Tt == q
+ pfeeiqushit
t=2 1<i1 <...<iy<m
—ce ,—ch —eeq ,—¢h —cem —€hm
=p ¢ " —p ¢ T —...—p q

+ pfael qféhz 4. _i_pfsem,quehm + 07
where

C = zm:(—l)t Z pfeeiqushit'
t=2

1<i1<..<iz<m
i1 +1<i¢

Since a + 1 < b implies that b —a — 1 > 1, one has

b—a—+1
_ t —ece; —eh;
C= E g (—1) E p e g
2<a+1<b<m t=2 a=11<...<it=b
b—a+1
— 2 : § : t faea fahb § : 1
2<at1<b<m t=2 a=i1<...<iz=b

e t ce ch b—a—1
_ —Eeagehy
- x Y (")

2<a+1<b<m t=2
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. b—a—+1 ) b—a—1
— —eceq ,—Ehy _1 t—
> p g > (-1) ( P >

2<a+1<b<m t=2
b—a—1
b—a-—1
— —eeq, ,—chy -1 l
> ey ()
2<a+1<b<m =0
— Z pfeeaqfshb(l _ 1)1)7(171
2<at1<b<m
= Y peegho=o
2<at1<b<m
Therefore
Qg = pfseqfsh o pfael qfahl - — pfsemqfahm

+ pfael qféhz o+ pfeem,quahm7

as desired. m
Now we give the first main result in this paper.

THEOREM 3.3. Let S = {z1,...,x,} be a gcd-closed set satisfying
maxgzes{v(z)} < 2 and € a positive integer. Then the power LCM matriz
([zi,2]7) on S is nonsingular.

Proof. One may assume 1 < ... < . Since maxzes{v(x)} < 2, for
2 < k < n, noting that xj > 1, one has v(zy) = 1 or 2. Namely, z; = p°,
where e > 1 is an integer and p is a prime, or z, = p°q”, where e > 1 and
h > 1 are integers, p and ¢ are distinct primes. We claim that a.  # 0 for
1<k <n.

If k=1, then a1 = 27 ° # 0 by Lemma 2.5, so the claim is true. In the
following let k > 2. Consider the following two cases.

CASE 1: z = p°. Then x; has only one greatest-type divisor in .S whose
form must be p', where [ is an integer and 0 < I < e — 1. By Lemma 2.5,
Qe = p ¢ — p~cl. Since ¢ is a positive integer, one then deduces that
ae 1 < 0. The claim is true.

CASE 2: z;, = p°q". It follows from Lemma 3.1 that there exist 2m

(where 1 < m < min{e, h}) integers e1,...,em,h1,. .., hy, satisfying 0 <
er < ...<epn<eh>h >...>hy, >0,ande; +h; <e+h-—1
(i =1,...,m), such that {p°1¢g"t,... p®mq"m} is equal to the set of greatest-
type divisors of z3 in S. If m = 1, then a.; = p~s¢q~ch — p=cc1g==h
by Lemma 3.2. By the assumption, a.; < 0, so the claim is true. In the
following let m > 2. By Lemma 3.2,
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1 1 1
(11) Qe = n T e eho
’ paeqa p€€1q5 1 pSEm qS m
1 1
pael qshz t psem_l qshm

o 1 1 1
- paeqah + peelqehg B pselqahl - p562q5h2

1 1 1 1
+ peeg q€h3 - p563q5h3 +... paemflqehm - psemqehm :

Since e; < ez and hy > ho, one has e —e; > 1 and hy — hy > 1. Since
£ > 1, one can deduce that (ps(¢2=¢1) —1)(g=(h1=h2) 1) —1>(2—1)(3—1) -1
= 1. Then

1 1 1
(12) - -
p€81 q8h2 p€81 qshl p562q€h2
1 - hi—h
= e T S (@ 1) 1] >0
Fori=3,...,m, since ¢;_1 < e;,e; —e;_1 > 1, one has
1 1 clei—ei—1) _ 1
(13) : h. T h, u T ch. > 0.
pael,1q€ i pselqs i pselqe i

By (11)-(13), one has a. ; > 0.
It then follows from the claim and Lemma 2.1 that det([z;,z;]®) # O.
Therefore the power LCM matrix ([z;, x;]°) on S is nonsingular. m

4. The lcm-closed case. In this section, we transfer the result of Sec-
tion 3 to the lecm-closed case by using the following lemmas.

LEMMA 4.1. Let S = {x1,...,z,} be a set of n distinct positive integers.
Let ¢ be a real number and let m =lem{S}. Then

€ 1 : £ £ m.m ) : € £
(1 509) = o ot af) - (|2, 2] ) - ding(a,. )

Proof. Since

(@i 23] = T —m°[%’%}_ma‘.[m ﬁ]
iy byg (%7%) mﬂl% m z;’ x; )

it follows that

E xf:c? m m]°
ozt =2 o]
? J

Therefore the result follows immediately. m

DEFINITION. Let S = {x1,...,z,} be a set of n distinct positive inte-
gers. Let m = lem{S}. Then the reciprocal set of S, denoted by mS~1!, is
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_ m m
me—t=y10 L
Z1 Tn

LEMMA 4.2. Let S = {x1,...,z,} be an lem-closed set. Then the recip-
rocal set mS~* is ged-closed.

defined by

Proof. First, for any 1 < i,7 < n, one has

(m m> _m
x; xj [z, 25]
But S is lem-closed. So there exists 1 < k < n such that [z;,z;] = z4.
Therefore
m m m
(Z2) =2 cms
Ti Ty T

Thus the reciprocal set mS~! is ged-closed. =
We can give the second main result in this paper as follows.

THEOREM 4.3. Let S = {x1,...,z,} be an lecm-closed set satisfying
maxzes{v(z)} < 2 and € a positive integer. Then the power LCM matriz
([xi,x;]%) defined on S is nonsingular.

Proof. This follows immediately from Lemmas 4.1 and 4.2, and Theo-
rem 3.3. m

5. Final remarks. Let S = {z1,...,2,} be a set of positive integers.
The set S is said to be odd gcd-closed if S is ged-closed and every element in
S is an odd number. The set S' is said to be even gcd-closed if S is not odd
ged-closed. By [11], we know that there is an even ged-closed set S such that
the LCM matrix ([x;,z;]) on S is singular. But it is not clear if there is an
odd ged-closed set S such that the LCM matrix ([z;,z,]) on S is singular.
We believe that the answer to this question is negative. Furthermore, we
propose the following conjecture.

CONJECTURE 5.1. Let ¢ be a positive integer and let S = {z1,...,z,}
be an odd ged-closed set. Then the power LCM matrix ([z;,x;]°) on S is
nonsingular.

The set S is said to be odd lecm-closed if S is lem-closed and every element
in S is an odd number. The set S is said to be even lem-closed if S is not
odd lem-closed. By [11], one can easily construct an even lem-closed set S
such that the LCM matrix ([z;,z;]) on S is singular. We suggest another
conjecture.
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CONJECTURE 5.2. Let ¢ be a positive integer and let S = {z1,...,z,}
be an odd lem-closed set. Then the power LCM matrix ([z;,z;]) on S is
nonsingular.

By Lemmas 4.1 and 4.2, Conjecture 5.1 is equivalent to Conjecture 5.2.
Namely, Conjecture 5.1 implies Conjecture 5.2, and the converse is also true.

It follows from [13] that there is an even ged-closed set S = {z1,...,2,}
such that the GCD matrix ((«;,2;)) on S does not divide the LCM matrix
([xi,x;]) on S in the ring M,,(Z). By [13], one can also easily construct an
even lem-closed set S such that the GCD matrix ((x;,2;)) on S does not
divide the LCM matrix ([z;,«;]) on S in the ring M,,(Z). However it is not
clear if there is an odd ged-closed (resp. lem-closed) set S = {x1,...,2,}
such that the GCD matrix ((z;,x;)) on S does not divide the LCM matrix
([zi, z;]) on S in the ring M, (Z). We still believe that the answer is negative.
We raise the following conjectures as the conclusion of this paper.

CONJECTURE 5.3. Let € be a positive integer and let S = {z1,...,z,} be
an odd ged-closed set. Then the power GCD matrix ((x;,2;)¢) on S divides
the power LCM matrix ([z;, x;]°) on S in the ring M, (Z).

CONJECTURE 5.4. Let ¢ be a positive integer and let S = {z1,...,z,}
be an odd lem-closed set. Then the power GCD matrix ((x;,z;)°) on S
divides the power LCM matrix ([z;,z;]) on S in the ring M, (Z).
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