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1. Introduction. Let E be an elliptic curve defined over the rationals.
For any prime p of good reduction, let E, be the elliptic curve over I,
obtained by reducing E modulo p. Let a,(E) be the trace of the Frobenius
morphism of E,. Then Hasse proved that #E(F,) = p + 1 — a,(F) with
lap(E)| < 24/p. The case a,(E) = 0 corresponds to supersingular reduction
modulo p.

Let N be a positive integer. For a fixed r € Z and fixed curves F1,. .., Ey,
we define

Ty, By () = #{p < @ ap(Br) = ... = ap(En) =1}

There is a simple heuristic that can be used to predict the asymptotic be-
havior of 7y, g, (). From Hasse’s bound, the probability that a,(E) =r
is

1
— ifr| <2
Prob{a,(E) =71} ~ ¢ 4\/p il = 2p.
0 if [r] > 2,/p.

This suggests the asymptotic behavior

. x
5la) ~ 3 Probfay(E) = r} ~ Cpy LT
p<z

where Cg, is a constant depending on E and r. Similarly, assuming that

ap(E1) = r and a,(E3) = r are independent events for non-isogenous curves
Ey and E3, we have for [r| < 2,/p,
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1
Prob{a,(E1) = ap(E2) =1} ~ fp
and more generally
1
Prob{a,(E1) = ... =ap(EN) =1} ~ ANpN/2

Summing the probabilities as above leads to the following conjecture.

CONJECTURE 1.1 (Lang—Trotter conjecture). Let N be a positive inte-

ger, let r € Z, and let B, ..., Ex be elliptic curves over Q, not Q-isogenous
and if r =0 without complex multiplication. Then
Cp r VT if N=1,
o () ~ " logx
Evyn BN CE, By loglogz  if N =2,
18 finite if N> 2.

For N =1, there is a more precise conjecture by Lang and Trotter [LT].
Their conjecture is based on a probabilistic model more refined than the
simple heuristic above, and they then get a conjectural value for the constant
Cg,r. In particular, the constant can be 0, and the asymptotic relation is
then interpreted to mean that there are only finitely many primes p such
that a,(E) = r. This can happen, for example, if E has rational torsion
over Q. Some other such cases were classified in [DKP].

To this date, very little is known about the Lang—Trotter conjecture. It
was shown by Elkies [Elk] that for any elliptic curve E over Q, there are
infinitely many primes such that a,(E) = 0, but this result is not known for
any curve E if  # 0. The best (unconditional) lower bound for this case is
7% (x) > logs z/(logy ©)' 9 for any positive § and x sufficiently large [FM1].

For any r € Z, it was shown by Serre [S] that 7}, (z) has density 0 in the
set of primes, and the best result for this case is 75 (z) < 2%°(logz) /5
([MMS]) under the Generalised Riemann Hypothesis. For r = 0, the uncon-
ditional bound 7% (z) < 23/4 was obtained by Elkies and Ram Murty.

A classical way to get evidence for hard distribution questions like the
Lang—Trotter conjecture is to look at average estimates. For any a,b € Z
such that 4a® + 2762 # 0, let E(a,b) be the elliptic curve

y? = 2% +ax +b.

It was shown by Murty and Fouvry [FM1] that for » = 0, the Lang—Trotter
conjecture holds on average, i.e. as x — 00,
1 0 Ve
B 2 "ben@ ~ Co
la|<A
|b|<B

where Cj is an explicit non-zero constant. This result was extended to all
r € Z by David and Pappalardi [DP] who showed that as z — oo,
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1 T JE
B 2 Hen@ ~Cr log =

la|<A
[b|<B
where
2 p? p(p* —p—1)
1 C. == .
. Al =50

We prove in this paper that the Lang—Trotter conjecture holds on average
when N = 2. If r = 0, this was done by Fouvry and Murty [FM2]. We extend
it to all » € Z. As for all those average results, the key step is a theorem
of Deuring which relates the number of elliptic curves over the finite fields
F, with a,(E) = r to the class number of the quadratic imaginary order of
discriminant 72 — 4p (see Section 2). By Dirichlet’s class number formula,
the averages to consider are then averages of special values of Dirichlet
L-functions (for N = 1), or averages of products of special values of Dirichlet
L-functions (for N > 2). In the case r = 0, one can compute those averages
by splitting the L-functions

L=y

n>1

into two sums, depending if n is a square or not, as only the terms with
n a square will contribute to the main term. This is not the case when
r # 0, because there is a shifting in the characters y. Then all the terms
of the Dirichlet L-functions will contribute to the main term, and the com-
putations are more delicate. The average Lang—Trotter conjecture for two
elliptic curves then follows from this average of products of special values of
Dirichlet L-functions.

THEOREM 1.2. Let ¢ > 0, and let r be an odd integer. Let A, B be
positive integers with A, B > xz'7¢. Then as x — o0,

1 ™
o Y Thm(@)~ Crlogloga

a1],|az|<A

[b1],162|<B
where

p?(p® + 1) 11 P2 (p* — 2p? —319—1)
2 .
2) Cr T n2 H (p? —1)2 H (p+1)3(p—1)3

plr

We remark that for technical reasons, we restrict to the case of r odd in
the statement of Theorem 1.2. A similar result (with a different constant)
would hold for r even, but is not included here, except for the case r = 0
(done previously by Fouvry and Murty) in Section 5.
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The structure of this paper is as follows: in Section 2, we reduce the
statement of Theorem 1.2 to an average of a product of special values of
L-series; in Section 3, we find a precise asymptotic for the average of the
product of special values of L-series that is necessary for our application; in
Section 4, we find the expression for the constant C), as an Euler product;
in Section 5, we show that our method implies the Fouvry—Murty result in
the case r = 0.

Acknowledgments. We would like to thank Ram Murty for reading
the manuscript and for commenting on an earlier version of this work.

2. From elliptic curves to L-series. In all the following, we fix
an integer r. For any integers aj,as, b1, be such that 4a3 + 27b? # 0 and
4a3 + 2703 # 0, let

Byl =23 +aix+b, Ey:y’=2+ax+b
be two elliptic curves over Z. Then, for such aq, b1, as, ba, we define

Ty 5 () = #{p < @ 2 ap(Er) = ap(En) = 1}

Y k@)

lai],Jaz|<A
b1 l,|b2|<B

We consider

where ay, as, by, by are such that (4a3 + 27b%)(4a3 + 27b3) # 0. Reversing the
summations, this is

3) Y #allaz| < A, bl [bo] < B : ap(Er) = ay(Ez) = r}4+0(A’B?)
By<p<z

where B, = max(3,7%2/4), and the O(A?B?) comes from the fact that we

removed the primes 2 and 3 from the sum.

Let E(a,b) be the elliptic curve y? = 23 + ax + b with a,b € Z. The
reduced curve E(a,b),/IF, is the reduction modulo p of a minimal model at
p for E(a,b). Write a = p**a’ and b = pS*0 with k > 0 and integers o/, V/
such that v,(a’) < 4 or v,(b') < 6 (vp(n) is the power of p appearing in n).
Then, for p > 3, E(a’, V) : y?> = 23 + d’x + b is a minimal model for E(a, b)
at p. Hence, each elliptic curve E), over the finite field I, is the reduction of

(2 e00) (o) o)

curves E(a,b) with a,b € Z and |a| < A, |b] < B, where the second term
accounts for non-minimal models. It follows that
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(4)  #lail,|az| < A, [b1], [b2] < B : ap(Er) = ap(Ez) =1}
4AB A B AB 2
= (—2 +O<— + =+ =5+ 1>> N(p,r)?
p p p p
where N(p,r) is the number of curves E over the finite field F), such that
ap(E) = r, or equivalently with p 4+ 1 — r points over that field.
LEMMA 2.1 (Deuring’s Theorem). Let p be a prime, and r an integer
such that r?> —4p < 0. Let H(r?> — 4p) be the Kronecker class number
h(d)

2 _ — N7
H(r? — 4p) 2f2|;:4pw(d)

where the sum runs over all positive integers f such that f?|r? — 4p and
d= (r? —4p)/f?> =0,1mod 4 and is not a square, and h(d) and w(d) are
the class number and the number of units in the order of discriminant d
respectively. Then

p—1
N(pr) = L H O — ),
Proof. See [Deu| or [Cox, Theorem 14.18]. =

Using the last lemma and the standard bound H(r? — 4p) < \/;Blog2 P,
we get

p*H?(r — 4p)
4
Inserting this in (4) and (3) gives
H?(r? — 4p)
> g (x) =4A2B2 > —
la1,laz|<A B <p<wz
[b1],162|<B . ) ) A
+ O(A°B* + (A*B + AB*)xlog™ «
+ (A2 + AB + B?)z%log z + . ..
.+ (A+ B)2?log! z 4 2t log* 2).

N(p,r)* = + O(p*log" p) < p*log” p.

We take A, B such that
(5) A, B> zlte

for any € > 0. Then we have

(6) > g () =44B* >

lai]|az|<A Br<p<z
[b1],|b2|<B

H?(r* — 4p)

2 +O(A*B?).
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We now analyse the main term. By definition of the Kronecker class number,
and using the class number formula, we get

1 H?(r? —4p) 1 h(dy) h(ds)
1,2 L, F 2w 2 i)

Br<p<wz By<p<z f2|r?—4p g?|r2—4p
fPdi=r2—4p g2da=r2—4p
1 1 \4p — r? I
= m Z P Z f (17Xd1)
Br<p<z f2r2—4p
Frdi=r2—ap
\4p — 1?2
X Z Ty L(1, x4,)
g*lr?—4p
g2do=r2—4p

1 1 4p—7"2
=52 2 7 2 or Hxa)L(xa),

r<2va M pesiy@ P
9<2\/x

where S 4(x) is the set of primes
Sg(x) ={B, <p<w: f2[r* —dp, g*|r* — 4p,

dy = (r* —4p)/f*=0,1mod 4, dy = (r* — 4p)/g* = 0,1 mod 4}.
We rewrite the last sum as

(7) L Z 1 Z L(1, xa,)L(1, Xdp)

2
™
r<2va 19 pess (@) b

9<2\/x
1 L(1,xa,)L(1, xd,
O( Z ; Z ( Xd)z( Xd)>'

r<2vz 19 pesi @) b
9<2\/x

We will prove in the next section (Theorem 3.1) that for any ¢ > 0,
> & Y L)L xa)logp = Kra+ O ).
f A T log® x
<2y PESy,4(x)
9<2Vx
Then, by Theorem 3.1 and partial summation, the first sum of (7) is

1 T 17 t 1+logt
— | K, —\ | Kt dt
7r2xloga:< x+0<logcx>>+7r2§< +O<logct>><t2log2t>

K,
~ g loglog x
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and similarly

Z Z L(1 Xd1 (1, Xds) — o).

f<2f pGSf g(m)
92z

Then
1 Z H?(r? — 4p)

K,
p2 ~ ? log log i

B<p<z
and inserting this in (6) we get
! K
rE 2 Thom(@)~ logloge
|a1|7‘a2‘§A
Ibllv‘bQISB

for A,B > x't¢. Notice that, assuming Theorem 3.1, this shows Theo-
rem 1.2.

3. Average values of product of Dirichlet L-functions
THEOREM 3.1. Let r be an odd integer. Then, for any ¢ > 0,

>y L ; X M (L togp = Ky + 0 15 ).

rorvz giryi 9 pelyl
where

pp+1 p*(p* — 2p? —3p—1)
3H H p+1)3(p-13

This section consists of a proof of Theorem 3.1. As r is odd, it follows
from the definition of Sy 4(x) that f, g are also odd, and that di, dy are con-
gruent to 1 modulo 4. Also, any common factor between r and f would divide
the primes p € Sy 4(z), which is impossible because p > B, = max (3,72 /4).
Then the sum is empty unless (2r, fg) = 1, and we can rewrite the sum of

Theorem 3.1 as
> = Y. L(xa) L, xay) logp

fng2\/_ pesf g(2)
(2r,fg)=

Stge(x)={B, <p<uz:f*|r*—4dp, ¢*|r* — 4p}.

where

Let

X, ( Xd s gy do (1
L(s) = L(s, Xa,)L(8, Xds) Z 1 2 ):Z 1l52()7

m,n=1 =1

where
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(8) ad17d2 Z Xd1 XdQ
mn=I|

We then have the trivial bound

(9) Qdy ,do () <dl) <l

for any e > 0, where d(1) is the number of divisors of . We need an expression
for the truncated L-series of L(1).

LEMMA 3.2. Let U > 0. Then, for any € > 0,

Ny dp (1) |dydy|?/16+2
L(l)zz%e Z/UJFO(W
=1

where the error term depends on €.

Proof. We have the integral representation

U 1 ds
ywo_ - (r 1
e s (§) (s+1)U° —

(see [M, p. 353] for a proof). Using this we have
Zad%z(l)e_l/(] = QL X L(s+1)I'(s+1)U*—

i
1=1 1)

ds
s

Now moving the line of integration from (1) to (—1/2) and calculating the
residue at s = 0 yields

1 s~ s gy L ey s+ poe 2
(10) ; e <)+2W(§/2)(+)(+)
Recalling Burgess’s result (see [Bur]), we have, for any ¢ > 0,

L(1/2+it) = L(1/2 + it, xay)L(L/2 + it, xap) < |drdaf*/ 16,
and then

1 ds ’d1d2|3/16+5
5 S L(s+1)I'(s+1)U? 8<<5W

i
(-=1/2)
Inserting this in (10) completes the proof. m
Using Lemma 3.2, we write, for any € > 0,

> & Y L)lsp

fo<zvz ' 9 pesyy (@)
(2r,fg)=1

o 1 3/16+¢

- > o3 (el o(eTE Y b
[ l Ul/2

f,9<2Vx pESy g(z) ~1=1

(2r,fg9)=1
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0 —I/U

= Z ng Z agy d, (1) logp

fs g<2f PESt g(x)
(2r.fg)=

1 1 3/16+
+0<U1/2 > 77 > |dida M logp .

[,9<2/z PESyqg(w)
(2r,fg)=1

Replacing dy and do by their definition, we can bound the sum in the error
term by

1 1 3/8+42
< iz Z (fg)11/8+2 Z p “logp

[,9<2/ PESy,q(x)
(2r,fg)=1
3/8+2€ log = 1 p11/8+2¢
< U1/2 Z (fg)11/8+25 Z 1< Uz
f,9<2/x PESy 4()
(2r,fg)=1

and we have

ay > = S L(1)legp

[,9<2/ g pESyg(x)

(2r,fg)=1
p11/8+2¢
= fg Z adl,dz(l) logp + O(W)
f7g<2\/_ pESfyg(m)
(2r.f9)=
for any € > 0.

Let 1 <V < 2y/x be a parameter to be chosen later. We write the sum

n (11) as

X U
Z Z Z ady ds (1) log p
(2ng]c;)‘/l =1 PESF ()
X U
+ Z fgz Z ad, do (1) log p.
V<fg<2yz PESf.4(2)
(2r,fg)=1

For the sum over large values of f and g, we first notice that for such f and
g, we have [f2, g?]|r? — 4p, which implies that [f?, g?] < 42. We also have
4p =72 mod f? and 4p = 7? mod ¢°> < 4p =r? mod [f?, g?]. Then
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/U
(12) Z fgz Z adhdZ(l)logp‘
V< fg<2y/x pESy ()
(2r,fg)=1
[f2.9%]<4z
> 1
<toga[ Y W] 5o L
=1 V< f,g<2V/7 p<z
(2r,fg)=1 4p=r2? mod [f2,9?]
[f2,9%]<4x
= g l Z falf?, ¢4
1=1 vefgzays I Y
(2r,fg)=1
[f2,9%]<4x
LEMMA 3.3.

ZdT) —i/u < log? U.
1=1

Proof. As in Lemma 3.2, we have the integral representation
o
d(l 1 d
Zﬁe*l/U =— | Cs+nrs+1Ue = i

l 271 s
=1 (1)

for the infinite sum that we want to bound, where ((s) is the Riemann zeta
function. Note that since

C(s)zsil+’y+cl(s—l)+

(see [M, p. 63]), the residue of the integrand at s = 0 is
1
3 log? U + 2v1og U + ¢y,

where 7y is the Euler constant and ¢y a constant. Now by moving the line of
integration from (1) to (—1/2) and calculating the residue at s = 0 we get
the desired bound. =

Using this lemma, we can bound (12) by

2 (f27 92) 2 1
xlogxlog” U Z g8 < zlogxlog”U Z =3
V<f.g<2\x g V<f.g<2x
(2r,fg)=1 (2r,fg)=1
rlogxzlog? U
<o

to get
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(13) Z Z L(1)logp

9<2f PESJ g(z)

(2r.fg9)= /U
= Z fg Z Z ady dz (1) log p
fg<V pESf’g(x)
(2r.f9)=

3:11/8+25 zlog zlog? U
+0<T1/2 >+O<7v2 )

We now write the sum on the right hand side of (13) as

o/
> fg > l > ag.a(1)logp
(2]; ?E)V . I<UlogU pESy, g(m)
o—l/U
+ Z fg Z ] Z ady.dy (1) log p
fs g<V I>UlogU PESt ¢(x)
(2r.f9)=

for some parameter U = U(z) to be chosen later.
We first estimate the sum for large values of I. For any € > 0, we have

3 d(l) v > *l/U 1 Ly
! = < Wigl)1-
I>UlogU l>UlogU l>U10gU
1 T —t/U 1
T o7 1—¢ dt= ————
< (UlogU)l—= Ul(§gUe (UlogU)1—=
and then
Z f Z e Z ady dy (1) log p
f,9<V g l>UlogU PES) 4(x)
(2r,fg)=1 2
d(l) o U/U 1 xlog xlog” V/
< zlogx Z 2 U Z s < e
>y ! =3 Folf?g3 = Wlogl)
(2r.fg9)=

Using this last result and (13), we find that for any € > 0,

i S = S L(1)legp

f9<2/@ g pESyg(x)

(2T7fg):1
= ¥ f Z e N aaa, (1) logp
fosv gl<UlogU PES;4(x)
(2r,fg)=

x11/8+25 zlogzlog?U zlogzlog?V
~o(Sgm ) +o(PEREE) +o(Them )
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We now estimate the sum of the right hand side of (14). By quadratic
reciprocity,

Xdy (M) = xq (m)  if dy = dy mod (4m).
We then have

-1/U
(&
Z fg Z I Z logp Z Xd1 Xdz )
(2f§/c<)V1 I<UlogU PES; 4(2) mn=l
LEVRY)
—1/U b
(& a *
= Y Y e (5)(5) S e
fg<V g I<UlogU amod 4m P
(2r,fg9)= mn=l bmod 4n

where Z; runs over primes p such that p € Sy 4(x) and di = a mod (4m),
da = b mod (4n), i.e. the primes p such that B, < p < z and

p=(r? —af?)/4mod mf? and p= (r? —bg?)/4 mod ng>.

If (r? —af?)/4 # (r? — bg?)/4 mod (mf? ,ng?), there are no such primes.
If the above congruence is satisfied, let 8§ = 6(a,b, m,n, f,g) be the unique
residue modulo [mf2, ng?] which is congruent to (r? — af?)/4 modulo mf?,
and congruent to (r2—bg?)/4 modulo ng?. If (r*—af?)/4 # (r>—bg?)/4 mod
(mf?,ng?), we set # = 0. Then we can rewrite the last sum as

Sop s ey (BG) X e

f,9<V l<UlogU amod4m Br<p<zx
(2r,fg)=1 mn=l bmod 4n p=0mod [m f2,ng?]
Let a, n be positive integers with (a,n) = 1. Following the standard notation,
we write

Y(x;n,a) = Z logp:M—i-E(:v;n,a).

psz
p=amodn

With this notation, we rewrite the last sum as

o X e 2 (7))

1, g<V l<UlogU amod4m
(2r,fg)= mn=l bmod 4n
x
|\ g + E(;[mf? ng’], 9))
<¢([mf2, ng?))
where Y% mod4m means that the sum runs over invertible residues a, b mod-
bmod 4n

ulo m, n respectively such that (r? —af?)/4 = (r?2 —bg?)/4 mod (mf?,ng?),
and 6 is invertible modulo [mf? ng?), or equivalently (r? — af? 4m) = 4
and (72 — bg?,4n) = 4. We then define
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. a b
(15)  cjymm)= 3 > (a) (‘)
a(4m)* b(4n)*
(r2—af?,4m)=4 (r2—bg?,4n)=4
(r?—af?)/4=(r?~bg?)/4mod (mf?ng?)
where (4m)~ denotes the sum over a complete set of invertible residues

modulo 4m. Using this notation, we have

1 e—l/U
(16) Z 7 Z ; Z ady.dy (1) log p
(2]:?5)\;1 I<UlogU PESy 4(x)

e VU (m,n)

1
=v D q 2 o([m 1% ng?)

4 I<UlogU
(QT,fg):l mn=I|
1 e_l/U * a b
+ > D Y (2 () B ms?ng?).0).
Iy l m n
£,9<V I<UlogU amod 4m
(2r,fg)=1 l=mn bmod 4n

We first deal with the second sum of (16), which is bounded by

1 1 *
S d 2w 2 1B ngle)
f,g<V mn<U logU amod 4m
(2r,fg)=1 bmod 4n

In the sum 4 mod4m , €ach pair of residues a, b modulo 4m and 4n respec-
bmod 4n
tively yields a different residue § modulo [mf? ng?). We then have

S L ST B g, 0)

mn
mn<U logU amod 4m
bmod 4n

< Y — Y B@mng.6)

mn
mn<U logU 6 mod [mf2,ng?

<pPe Y Y B0

I<UlogUf2g2 6modl

where ¢(l) is the number of ways that we can write [ = [mf2, ng?]. More
generally, we have

LEMMA 3.4. Let n be a positive integer, and let C'(n) be the number
of ways to write n = [ni,ng] for any positive integers mi and ny. Then
C(n) < 2"Md(n), where v(n) is the number of distinct prime factors of n
and d(n) is the number of divisors of n.

Proof. Let n = [[_; p;" with o > 1 for i =1,...,r. Then n = [n1,ns]

)

implies that ny = [[;_;p;* and ny = [[,_;p;* with 0 < 3;,7 < a; and
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max (03;,7;) = «; for i = 1,...,r. As there are 2«a; + 1 such pairs (;,7;) for
each i, we have

C(n) = ﬁ(Qai +1) < ﬁZ(ai +1) =2""d(n). =

i=1 i=1
Using this result in the last bound, we get

S 3 B s g 0)

mn<U logU amod 4m
bmod 4n

2
<r Y TS s

I<UlogU f2g2 O mod!

§f292( > djg”)m( 3 EQ(a:;l,@))l/2

I<UlogU f242 I<UlogU f242
6 mod 6 mod

using the Cauchy—Schwarz inequality.
For the first parenthesis, we use the result of Ramanujan [Wil]
> d'(l) ~ A, Nlog” ! (N)
I<KN
for r > 2 and A, an absolute constant with » = 4. If we use partial summa-
tion, and the fact that f, g <V, this gives

(= 7z ) cwovmn

I<Ulog U 242 I<UlogU f242
0 mod

For the second parenthesis, we apply the theorem of Barban—Davenport—
Halberstam [Dav, p. 169]. This gives

1/2
( Z E2(a;;l,9)> / < (ViUzlogUlog z)'/?

I<KV4U logU
6 modl
whenever .
(17) <VAUloglU <z for some A > 0.

logA z
Finally, summing over f,g gives

(18) > L > 7 (2 ) B(as g2, ng?), 0)
fg m n ’ y g |,
f,9<V I<UlogU amod 4m
(2r,fg)=1 I=mn bmod 4n
< (V*UzlogUlogz)'log® (V*UloglU) > fg
fg<V
< V8(UzxlogUlog :1:)1/2 log® z (2r,fg)=1

whenever (17) holds.
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We now have to evaluate the first sum of (16). We first rewrite the sum as

0o —mn/U
i (m,n)e
fg
19
1) fgzl 7 mZ mn([m 7. ng?)
(2r,fg)= .
s Y 2y T deln
z, % L2 T am )
(2r,fg)=1 mn=l
0o —mn/U
M P
P Fo 2 el o
(2T7fg)_l
We first deal with the two error terms of (19). This is done using the bound
(20) tg(m,n) < o

k(mn)(m,n)’

which is shown in Lemma 4.8. Using the notation of Section 4, we write
k=(f,g) and f = kf' and g = kg'. If (f',n) # 1 or (¢',m) # 1, we have
¢} 4(m,n) =0 by Lemma 4.3(1). If (f',n) = (¢',m) = 1, then (mf? ng?) =
(m,n)(f?,¢%). This gives

¢ mn)  (mfAng)d () (mn)(f2 g2y (m, )
o([mf?,ng?) p(mn f2g?) B p(mn f2g?)
_ (m,n)(f?,9%)¢} 4(m,n) - mn(f?, g*)

o ([ rmn)o(mm)o(F2)(g?)

by the bound (20) for ¢ ,(m,n). Inserting this in the first error term of (19),
we get

—Yuch (m,n)

DD ML ¢<[nff2,ng21>

fg<V I>UlogU
(@rf9)= =t r Y (A 3 d(l)
2 TP 2, D0l
(2r.fg)=1
It is shown in [DP, Lemma 3.4] that
l3/2

(21) Z o -

=1

converges for Re(s) > 1. Clearly, this implies that »_;°, % converges.
Furthermore, using the Wiener—-ITkehara Tauberian Theorem and partial
summation as in the proof of [DP, Lemma 3.4], we can show that for any
e >0,
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d(l) —1/24¢
. L2 o < Wes
Also,
Z f2 <2 Z ! (Z L)Q _ ( )
e fao(f?) ( oA e g*o(f)elg) =\ fo(f)
2r,fg <g
and then
6_1/U C? g(m, Tl) ( T )
23 , o =\
> fgz<:)\/ fg l>Uzlo:gU Lo o(fmf? ng?) (UlogU)l/2—¢
(2r,fg mn=l

We now look at the second error term of (19). As above, we have

00 mn/U 2 2
Cpg(1m: 1) (f*,9°)
fgzw fg 2 S P < 2, T9o(F)o(6?)
(2r.fg9)=

1 2 T
- x(g o) <7

for any positive € > 0, as ¢(n) > n!~¢ for any positive ¢ > 0 [HW, p. 267].
Then, by (19), we get

e = 35 3 Z o Ko

S £2 1 a2
9<V I1<Ulog U [(mf2,ng? )
(2r.fg)=
s cfgmne_m”/U o . [
- f;l fngn:I mng([mf?,ng?]) i (UlogU)t/2—= T\ v
(2r.fg9)=

Finally, we remove the exponential e */V from the main term. We have, for
any c; > 0,

00 . (m,n e—mn/U
2 Z f,g( ) - .

foa_ mnfgd([mf?,ng?])

(2r,fg)=1 o " )
T Chgm,mn U \°?

= I'(s)| —
i > o ) T () @
e @

!
c?vg(m,n) U de
=i fg(mn>s+l¢<[mf2,ng2]>>” o ds

(2r, fg)
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Using the bound (20) and working as above, we get

[e.e]

C;g(m n d(l
f,g,mz,n:l (mn)*+ fgo((mf2,ng?| 2:’ R(1)(1)
(2r,fg)=1

and from (21), the sum converges for Re(s) > —1/2+¢, for any € > 0. Then
we can move the line of integration to any —1/2+¢ <y < 0, say v = —1/4.
As I'(s) has a simple pole at s = 0, by using Cauchy’s residue theorem and
working as in the proof of Lemma 3.2, we get

> Cf’g (m’ n) —mn/U Cf’g(m’ n)
x e =z
fmz Fomno(m . ng?) MZ% N o
(2r,fg)= (2r,fg)=
¥ o(U1 /4>
and by (24), we have
cfg m,n)
25
) fZ<:V fgl<I;U ,1g?])
g og
(2r.f9)=
_ > c% ,(m;n) z " "
- fg;zzl fgmno([mf?2,ng?)) +0 (UlogU)1/2—= + V2-2 + A
(2r.f9)=1

This finishes the proof of Theorem 3.1. Indeed, inserting (25) and (18) in (16)
and (14), we get

S LS L)L va) logp

facas 19 s @)

(2T7fg):1 T T
= K,z + O<(U10g i + T
-t U1/4 + VS (UzlogUlogz)'/?log® «
N #1/8+2  glogzlog?U  zlogalog?V
Ut/2 V2 (UlogU)l—=
for all € > 0, with
c (m,n)
frg
26 K, =
e S 55w
(@r.fg)=

We choose U = z/log® xz and V = log®  for positive integers «, 8 such that
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a — 4 —1 > 1 ensuring that the condition (17) is satisfied. Then

S LS L)L va) logp

ro<ava 1Y pesy ()

(2r,fg)=1
T T T
=K,z + O(logﬂm + loga/2_65_9x> =K,z + O(log%c)

for any ¢ > 0 for an appropriate choice of a and (. This proves Theo-
rem 3.1, provided that we get the Euler product expansion for the constant
K, of (26). This is done in the next section.

4. The constant. In this section, we express the constant K, as an
Euler product of local factors. We first prove that the coefficients ¢’ g(m, n)
are multiplicative, and we then use this result to prove a bound on the size
of ¢’ (m,n) needed to complete the proof of Theorem 3.1 (see Lemma 4.8).
Moreover, we also use the multiplicativity of these coefficients to derive the
Euler product for the constant K, in Theorem 3.1.

4.1. Multiplicativity of the coefficients c’]}’ g(m, n). For all this section, let
r be an odd integer, and let f and g be positive odd integers. Let k = (f, g),
and let f’, ¢’ be such that f = f'k and g = ¢’k. Let m and n be positive
integers. For a prime p and an integer n, the valuation v,(n) is the power of
p appearing in the integer n.

DEFINITION 4.1. (1) Let
" (m) = @
G- X (2),
a (4m)*
(r2—af?,4m)=4
(2) For any invertible residue a modulo 4m, let
. b
ctg(nym,a) = Z <E>
b(4n)*
(r2—bg?,4n)=4
(r2—bg?)/4=(r2—af?)/4mod (mf2,ng?)
(3) Let
T a T
ctg(m,n) = Z (E)Cf’g(n; m,a).

a(4m)*
(r2—af?4m)=4

Of course, this definition agrees with the previous definition of c’} g(m, n)
in (15).
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DEFINITION 4.2. A function F'(m,n) defined on the set of positive inte-
gers m, n is multiplicative if it satisfies

F(m,n) = [ Fp,po™).

plmn
LemMaA 4.3. (i) If (m,g') # 1 or (n, f') # 1, then ¢} (m,n) = 0.
(i) If (n1,n2) =1, then ¢} (ning;m,a) = ¢} (n1;m,a)c} (n2;m, a).
Proof. (i) As
(r? = bg?) /4 = (r? — af?)/4 mod (mf? ng?)
& (af? —bg™?)/4=0mod (mf? ng?),

we have
. a b
Gar = 2 (3) 2 ()
a(4m)* b(4n)*
(r2—af?,4m)=4 (r2—bg?,4n)=4

(af?—bg’?)/4=0mod (mf'?,ng'?)
Suppose there is a prime p dividing (n, f’). Then c}, g(m,n) = 0 because
b = 0 mod p, as p divides (mf?,ng’?) and (¢/,p) = 1. The case (m,g’) # 1
is similar.

(ii) From the Generalised Chinese Remainder Theorem, there is a bi-
jection between the set of invertible residues b modulo 4n1ng such that
(r2—bg?,4n1ns) = 4 and the set of pairs (b1, by) of invertible residues modulo
4ny and 4ng respectively such that (72 — byg?,4n1) = 4 and (72 — bag?, 4ns)
= 4. Furthermore,

(af? —bg®)/4 = 0 mod (mf? ningg?)
if and only if
(af® = big®)/4=0mod (mf? n1g?), (af?—b2g%)/4=0mod (mf? nzg?)
as the least common multiple of (mf?n1g?) and (mf?,nag?) is (mf2,
nlnggz). This proves the result. =

LEMMA 4.4. Let my, ma,ni,ny be positive integers such that (mi,ms) =
(n1,n2) = (m1,n2) = (ma,n1) = 1. Then

cf g(mima, ning) = %  (ma,n1)c} (Mo, n2).
FEquivalently, the functions 07}7 g(m,n) are multiplicative.

Proof. Let n = ning and m = mymy. If (m,g') # 1, or (n, f') # 1, then
¢t ,(mima,ning) = 0 by Lemma 4.3(i). But then one of (m1,g’), (m2,g’),
(n1, f'), (na, f') is not 1, and either

cpglmi,n) =0 or cf (m2,n2)=0

by Lemma 4.3(i). This proves the lemma in this case, and we now suppose
that (m,¢’) = (n, f’) = 1. Using Lemma 4.3(ii), we have
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a
o) = 3 (L) mimag, (nima

a(4m)* m
(r2—af?,4m)=4

v _ b1
ctg(niym,a) = Z <n1>

by (4n1)*
2—b1g°,dn1)=4
(af2—b1g'?)/4=0mod (mf'2 n19'2)

with

By hypothesis, (mf"?,n1g"%) = (m1f%,n19"?), and
crg(niym,a) = cf (ni;my, a1)

where a; is the reduction of @ modulo 4m;. Similarly, we have
C?,g(n2;m7 a) = CT},Q(TLQ; ma, az)

where a9 is the reduction of ¢ modulo 4ms.
Then, applying the Generalised Chinese Remainder Theorem, we have

a
T — T . T .
cfg(m,n) = E <m1m2>cf7g(nl,m1)al)cf,g(n27m27a2)
a(dmima)*
(r?2—af?,4mimgo)=4

— a i\ or .
= Y (B )dutmmen

a1 (4mq)*
(r2—a1f2,4m1)=4

az
X Z <m2>cfg(n2,m2,a2)

az (4ma)*
(r2—azf?2,4mo)=4

which proves the lemma. m

4.2. Bounds for the coefficients c}g(m, n). We prove in this section that
the functions ¢  (m,n) satisfy the bound (20). This is the result needed to
complete the proof of Theorem 3.1.

LEMMA 4.5. Let p be a prime, and let o, 8 > 0 be integers. Then
(i) c;g(l 1) =1;

(ii) If p1fg (i-e- vp(f) = vp(g) = 0), then cfg( p7) =i 1 (0", %);

(iii) If p| fg and vy(f) = vp(9), then ¢} ,(p*,p°) = ¢, ( P°);

(iv) Suppose p| fg and v,(f) # vp(9). If o, B > 1, then cfg( @ p%) =0.

If « =0 and B > 1, then cfyg(pa,pﬁ) = 0 whenever vy(g) < vp(f) and
c;,g(po‘,pﬁ) = c;(pﬁ) whenever vy(g) > vp(f). If a > 1 and B = 0, then
cq}vg(po‘ pﬁ) = 0 whenever vy(f) < vy,(g) and cfg(p ,pﬁ) = ¢} (p®) whenever
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Proof. (i) By definition.
(ii) By definition,

wer- Y (%) 2 (5)

a(4p®)* P b (4p”)* P
(r2—a,4p>)=4 (r2—b,4pP)=4
(a—b)/4=0mod (p=,pF)
As (f,2p) = (g9,2p) = 1, there is a bijection between the invertible residues
modulo 4p® (respectively 4p”) and the set of af? (respectively bg?), where a
(respectively b) runs over the set of invertible residues modulo 4p® (respec-
tively 4p%). This gives

;o af? bg”
Cl,l(p apﬁ) = Z <p_a> Z <p_/8>
a (4p*)* b (4p”)”
(r2—af2,4p*)=4 (r2—bg? 4p”)=4
(an_ng)/ZLEO mod (pa’Pﬁ)
As

(af? = bg*)/A=0mod (p*,p°) < (af®—bg®)/4=0mod (p*f* p°g*)

BN COROMCRC

we get ¢f 1 (p*, p%) = ¢} , (0™, 7).
(iii) As p| fg, and vp(f) = vp(g), p is odd, and we have
(af® = bg?)/4 = 0mod (p° f%,p79%) & af? = by mod (p*,p”).
Let h = f'~2¢> modulo 4p”. Then there is a bijection between the set of

invertible residues b modulo 4p® and the set of hb, where b runs over the
invertible residues b modulo 4p®. Then

ro(a By _ a b
wot = X (5) 2 ()
a (4p™)* b (4pP)*
(r2—ap?,4p~)=4 (r2—bp2,4pB)=4
a=bmod (p*,p?)

R OB )

a (4p™)* b (4p?)
(r2—ap?,4p>)=4 (r2—hbp? 4ApB)=4
a=hbmod (p,pP)

As (r? —ap?,4p®) = 4 if and only if (r2 —af?, 4p%) = 4, (r? — hbp?, 4p%) = 4
if and only if (72 — bg?, 4p®) = 4, and

()= ()

we get ¢, (0", %) = ¢}, (0, p).
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(iv) Suppose that p| fg, and v,(f) # vy(g). If o, > 1, then one of
(p*,g") or (p°, f') is divisible by p. Then c}’g(po‘,pﬁ) = 0 by Lemma 4.3(i).

If o =0, >1and v,(f) > vp(g), then (p, f') is divisible by p and
cq}vg(po‘,pﬁ) =0 by Lemma 4.3(i). If « =0, 8 > 1 and v,(f) < v,(g), then

b
r 8y _
Cf,g(lvp )_ Z (ﬁ)
b (4pP)*
(r?—bg? 4pP)=4

(af"2—bg'2) /4=0mod (f'2,pPg'2)

is equal to c,(p?) as (f"2,p%¢g’?) = 1. Finally, from [DP, Lemma 3.3(3)],
c;(pﬁ) = c;(pﬁ). The proof is similar for a > 1, =0 and v,(f) # vp(g). =

LEMMA 4.6. Let a > 0.
(i) For p odd,

2
Y when o is odd,
) (p>
a—1 2
p p—1-— <T—> when « s even.
b
(ii) For p odd,
() 0 when p|r,
Pl p_1 wh / d p1
— P when o 1s even and pir,
p 0 when « is odd and pfr.
(i)
671"(2a) _ (_1)06
2a—1 - :

Proof. This is [DP, Lemma 3.3]. m
LEMMA 4.7. Let o, 3 > 0, not both 0.
(i) For p odd,

r

2
C’{,l(pa,pﬁ) - _(?> when a4+ 3 s odd,

pmax (a,8)—1 2
p p—1-— <r_) when o + B is even.
p

(ii) For p odd,

0 when p|r,
¢, (0%, 1) _
Cmax (f)—1 p—1 when a+ (3 is even and pir,
P 0 when o + (3 is odd and pfr.
(i)
011"71(2a7 2ﬂ) (_1)044,-6.

9omax (a,3)—1 -
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Proof. (i) If @ =0, then c’{yl(l,pﬁ) = ¢/ (p”), and the result follows from
Lemma 4.6(i). Similarly for § = 0. We then suppose that a,3 > 1, and
without loss of generality that o < 3. As p is odd, we have

)= Y <%>a 2 (1%)6

a(p®)” b(p?)*
(r2—a,p)=1 (r2—b,p)=1
b=a mod p®
a a+p . a a+p
e (e x )
)k p * p
a(p®) a(p)
(r2—a,p)=1 a#r? mod p

This proves (i).
(ii) As in (i), we can suppose that 1 < a < 3. As p is odd, we have
a B
8y a b
G )= Y (;) > (;) :
a(p®)* b(p?)
(r2—ap?,p)=1 (r2—bp?,p)=1

bp2=ap? mod p>+2

If p|r, then p| (r?—ap?,p), and Cp.p(P* p?) = 0.If p{r, then (r2—ap?,p) = 1,

and
o= ¥ (5) X <z)6

a(pe)* b(p?)*
b=a mod p®

a a+0 . a a+p

2 (5) =2 (f)

a(pe)* a(p)*
This proves (ii).

(iii) As above, we can suppose that 1 < a < 3. We have

8 a @ b s
w2 (5 T ()
a(20%2)" b(20+2)"
(r2—aq,20+2)=4 (r2—b,28+2)=4
a=bmod 2012

=20 <%>a+/5‘

a (2a+2)*
(r2—a,20t2)=4

As the value of the character depends only on the value of ¢ modulo 8, and
as 2 = 1 mod 8, we have
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a ath

a(8)”
a=5mod 8

This proves (iii). =

LEMMA 4.8. For any integers m,n > 1, we have

cfg(m,m) = O(W)

Here k(n) is the multiplicative arithmetic function generated by the identity
a odd
() = {p, ;
1, « even
for any prime p and any positive integer o.

Proof. From Lemma 4.4, cl, g(m n) is multiplicative ie.
¢} o(m,m) H c} ﬁ(p))
plmn

Let p be any prime. It then follows from Lemmas 4.5-4.7 that for integers
a, >0, we have

r a B paJr,B
50079 < (gt )
with an absolute constant. We then have
a(p)+6(p)
p . mn
cfg(m n) < H Oé(p)*’ﬁ(?))(poé(]ﬂ)?pﬁ(ﬂ)) o f@(mn)(m7n)

pmn

4.3. FEuler product. We compute in this section the Euler product for
the constant C,. We recall from Section 2 that

Ky

CT == —2
and from (26), 8
¢ 4(m,n)
K, =
S LS e
g m,n
(2r,fg)=1

From Lemma 4.3(i), ¢ (m,n) = 0 when (f,n) # 1 or (¢',m) # 1. Now, if
(f',n) =(¢',m) =1,

[me’ ngQ] — k‘Q[mfIQ, n912] — k:Q[m, n]f/29/2 [m ’I’Li [f2 92]‘
Using that and the identity

¢(ab) =



Special values of L-series 263

we get

B e C}g(m n)¢([f2vg2]7 [man])
@ K= S oy 2 g m, ) 5 o)

fg>1
(2r,f9)=

One can check that the function in the inside sum is a multiplicative function
of m and n. For such functions, we have the following.

LEMMA 4.9 (Euler product). Let F(m,n) be a multiplicative function.
Then
>, Fmm=]] > Fiv
m,n>1 P o520

We then write the inside sum of (27) as

S 6}79(7”7”)‘1’([]02792],[m,n])
2 o m) (7% ¢, o)

m,n=1

Iy ¢t (0% P)e([2, 6%, [p™, p°))

b apz0? p% (I~ P°D (1% 621, [, p°])

We now break the product in three parts, depending on the p-adic valuations
of f and g. We first notice that for any prime p,

1 ifa=p8=0,
<Z>([f2 L) _ ) if pt fg,
([f2, g2 [p>, pP]) p

-1
—— if p| fg, a, B not both 0.
p

Then, using Lemma 4.5, we can rewrite the last product as

4. p") ( p-1 (1) >
[y abnr) Ll oy Gl
pifg a0 VP Uale) plfg P apmo PP (%))
vp(f)=vp(g) (a,3)#(0,0)

p—1¢ 5@ ) ( p—1< @)
< I (5% I (1
B (pB a (o
b P o)) e p = pe(p”)
vp(f)<vp(g) vp(f)>vp(9)

Es(p) Es3(p) Es3(p)
1;[ 1(p) 1;1 B (p) 1;1 B (p) 1;1 B (p)
vp(f)=vp(g) vp(f)<vp(g) vp(f)>vp(g)

where
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C’i 1(pa,pﬁ)
Er(p) = B AT
a%;()p PPo([p, )

r a 0
p— 1 Cp,p(p , P )
By(p)=1+2—= _pp T
2 p Q;U p*p’é([p*, p%])
(@,8)#(0,0)

— 1 07
Es(p) =1+ 3 :
p %p%(pﬁ)

Inserting the last equation in (27) we get

_ Es(p)
K=1lmer 2 iy

fg>1 plfg
(2r.fg)= vp(f)=vp(g)
Es3(p) Es3(p)
<0 I 22
E E
plfg 1(p) plfg 1(p)
vp(f)<vp(g) vp(f)>vp(g)

One can check that the function

Es(p) E3(p) Es(p)
PU9 = S I ge H5e g
vp(f)=vp(9) vp(f)<vp(9) vp(f)>vp(9)

is a multiplicative function of f and g. We compute F(1,1) = 1, and for
7,6 > 0 not both 0,

1 Ex(p) ..
p'ypéqb([p?y’p?(?]) gl Ep% if Y= 57
Fp,p) = p— 27 ) E:f(i) if v < 6,
1 Es(p) .
) B 7

By Lemma 4.9, this gives

K, = HEl(p) 11> Fw.p)

pf2r 4,620
— H Ei(p

1
<1 (E D2 o) 20 N2 mp%([p%p%D)'
<9
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One computes

Fi(2) = ;.

B =2 o

Ei(p) = v ?ppi I)];zp_+4f)22+ L for pt2r,
Ey(p) = v ;_(]]9914_1)2(;0;92—:1]9)2_ ! for pt2r,
Byp)=1+ L PP+l

plp+1)  plp+1)

1 _ p
2 Po(*)  (p—1)(p*—1)

v>1
Y
52 P[P, p*))
¥<8

=Q5J7wilzfﬂ) @—mfim —1)

Inserting this in the last expression for K, gives

p*(p* + 1) pp—2p —3p—1)
H (p?2 —1)2 1_‘!; (p—1)3

7”

Hp (p* — 2p? —329—1)
(p+1)3(p—1)3

_3Hp

p —1
plr

and finally

Hp (p* +1) H Pt —2p* —3p—1)
< 7r2p|r P?-12 20 (13 —-1)°

5. The supersingular case. The case r = 0 was considered by Fouvry
and Murty in [FM2], and we verify here that our method gives the same
asymptotic. We start by considering (3.1) of [FM2]:

2(_
T(a:):Z 22 +Z%

p<z p<z p<z
= Tl,l(a:) + 2T174( ) + T474(1’).

p?
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Proceeding as in Section 2, we write

Ty1(z) = Z L(laX—p)L(17X—p)7

pES2,2(x) P
L(1,x_»)L(1,x_
T174(IE) — Z ( X P) ( X 410)’
p€Sz1(2) P
L(1, x—4p)L(1, x_
T4’4(.%') _ Z ( X 4P) < X 4:0)_
pES1,1(T) p

We replace 1/p by logp in the above sums, and we call the corresponding
new sums T; j(z). One can easily get the asymptotic for T' from T' by partial
summation as in Section 2. We now calculate each of the sums T; j(z).
Proceeding as in Section 3, we get
~ e 5 (m,n)
Ty1(x) ~ — |z
o~ (3 s am)

m,n=1

where

a b
G = ¥ () 2 (3)
a(4m)* b(4n)*
aE(l mo)d 4 bz£ mgd 4

(a—b)/4=0mod (m,n)

When m and n are odd, we have

pon-X () 5 ()
@y a=bmod (m,n)
and for 1 < a < (3, we have
c55(2%,2%) = 2071 (1 + (—1)*FF).

Using these and following the arguments of Section 4, we get the Euler
product

i c§5(m,n) 1 1+1/p? 57
(

, mno([4m, 4n]) T2 (1 - 1/p2)? 24

Proceeding similarly, we get

. S AB(myn)
Ty 4(w) ~ (2 m;:l m>x
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a b
dn= 32 (7)) 3 (3)
a (4m)* b(n)*
a=1mod 4 a=bmod (4m,n)

where

When m is odd, we have

. O G

a=bmod (m,n)
and for a@ > 1, we have
31(2%,1) = 2% (=1)*.

Using these and following the arguments of Section 4, we get the Euler
product

02 1 m,n) 1 1 1+1/p? w2
p>3 p
n odd
Proceeding in the same way, we get

f4,4(£)”<4 i %>x

m,n=1
m,n odd
where
0 a b
cii(m,n) = Z m Z n)
a(m)* b(n)*

a=bmod (m,n)
Here m and n are odd, and we have
C11 m,n) 1+1/p? 32
4 Z mna([ mn]):4H<1 1/2227'
m,n=1 p>3 - p)
m,n odd

Finally, putting the last three estimates together, we get

T(x) 3 + 1 + § r o § L
24 2 4)logx 24 logx
and then Theorem 1.2 also holds for r = 0 with Cp = 35/96. This is the
result obtained by Fouvry and Murty in [FM2].
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