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2-extensions of Q
with trivial 2-primary Hilbert kernel
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MIKAEL LEscop (Limoges and Dublin)

Introduction. Let F' be a number field with ring of integers op. Let
F, denote the local field at a finite or real infinite prime v. For K a number
field or a local field, let u(K) be the group of roots of unity of K and, for a
finite group A, denote by A(2) its 2-primary part. Furthermore, let Ky be
the functor of Milnor.

The Hilbert kernel or wild kernel WKy (F') of F' is defined to be the kernel
of the map Ko (F) — @, u(Fy), given by the |u(F,)|th power norm residue
symbol at all finite or real infinite primes v. Moore’s exact sequence states
that

0 — WK»(F) = Ka(F) — ) u(F,) — u(F) =0,

where v runs through all the finite and real infinite primes of F.

H. Garland proved in [Ga] that the Hilbert kernel is a finite abelian
group. Moreover, the 2-primary part WKy (F')(2) of the Hilbert kernel of F'
fits into the exact sequence

0 — WKy(F)(2) — Ka(or)(2) = @ u(F)(2) €D 12 — n(F)(2) — 0.

v|2 vreal

J. Browkin and A. Schinzel computed in [BS] the 2-rank of the Hilbert kernel
of quadratic fields. It is an easy consequence of their results that the fields
F = Q(v/d), which have trivial 2-primary Hilbert kernel, are given by the
following values of the squarefree integer d:

o 1,42,

e tp +2p p a prime with p = £3 mod 8§,

e —p p a prime with p = 7 mod 8,
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) p a prime with p = 1 mod 8§,

p# 22 —32y% x>0,z =1mod 4,
® g P, q primes with p = ¢ = 3 mod 8,
e —pg p,q primes with p = —¢ = 3 mod 8.

More recently, M. Kolster and A. Movahhedi established in [KM] a genus for-
mula for Hilbert kernels of a relative quadratic extension and consequently
classified all bi-quadratic extensions of Q with trivial 2-primary Hilbert ker-
nel. We recall that the term bi-quadratic means here the compositum of two
quadratic fields. Finally, R. Griffiths determined, with the previous genus
formula, all multi-quadratic extensions of Q with trivial 2-primary Hilbert
kernel (cf. [Gr]; see also on this subject [C]).

In this paper, we give a complete list of cyclic 2-extensions of Q with
trivial 2-primary Hilbert kernel. Because of the above list, we concentrate
on extensions of degree at least 4. This work is based on the list of all
quadratic extensions with trivial 2-primary Hilbert kernel and on the genus
formula for Hilbert kernels of a relative quadratic extension stated in [KM].
More precisely, the main theorem we will prove, and which is contained in
Proposition 2.4 and Theorem 3.4, is the following:

THEOREM. For n > 2, let u, denote the group of nth roots of unity
and Q(pas) be the union of all the fields Q(pes) (s > 1). Then all cyclic
2-extensions of Q of degree at least 4 with trivial 2-primary Hilbert kernel
are the following:

(1) the cyclic subfields of degree at least 4 of the composite

Q(p2)Q(v/~p)  with p =3 mod 8,

(2) the cyclic subfields of degree at least 4 of the composite

Q(p2)Q(v/2v/p(a — /) )

with p = 5 mod 8 (where p = a® +b? in Z, with a odd),

(3) the unique subfield of degree 4 of Q(pp), where p is a prime with
p=9mod 16, p# 22 —32y% = >0, z = 1 mod 4,

(4) the unique subfield of degree 8 of Q(up), where p is a prime with
p=9mod 16, p # z2 —32y%, >0, z =1 mod 4 and 2?»~V/8 =1 mod p.

Thus, we note that the extensions appearing in cases (3) and (4) are
the only cyclic 2-extensions of Q of degree at least 4 with trivial 2-primary
Hilbert kernel, but with non-trivial 2-primary positive tame kernel (compare
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with results of Gras in [G]). Furthermore, we determine in the final section
all totally real abelian 2-extensions of QQ with trivial 2-primary Hilbert kernel
(see Theorem 4.3). In particular, we show that, for totally real abelian 2-
extensions of degree > 8, the triviality of the 2-primary Hilbert kernel is
equivalent to that of the 2-primary positive tame kernel.

Acknowledgements. The author would like to thank Manfred Kol-
ster and his supervisor Abbas Movahhedi for many helpful discussions and
relevant suggestions.

1. Genus formula. This section is devoted to finding information on
the 2-primary Hilbert kernel of a cyclic 2-extension of Q. The main tool
used here is the genus formula for relative quadratic extensions (see [KM]
for the general description).

Let E/Q be a cyclic 2-extension of Q of degree at least 4. We denote by F’
the unique subfield of E such that [E : F] = 2 and by G = Gal(E/F) the
Galois group of E/F. Moreover, let K = Q(v/d) be the quadratic subfield
of F; note that d is a positive squarefree integer which is a sum of two
squares, since K is embedded in a cyclic extension (see [S3] for a proof).

If K # Q(v/2), an odd prime ramifies in K/Q and the relative quadratic
extension E/F is then ramified at a non-dyadic prime (since in a cyclic
2-extension, a rational prime must first decompose, then stay inert and
finally ramify). Consequently, by Proposition 2.2 in [KM], the transfer map
WK (F)(2) — WKy (F)(2) is surjective. Hence, if WK2(E)(2) is trivial, so
is WK2(F')(2). By a similar argument, we can even say that, in the case
where K # Q(v/2), if WKy (E)(2) is trivial, so is WKy(L)(2) for all subfields
L of E. Now, using the fact that, if p is an odd prime dividing d, then p is
congruent to 1 modulo 4 (since d is squarefree and a sum of two squares), the
above list of all quadratic extensions with trivial 2-primary Hilbert kernel
implies the following result: if WKo(FE)(2) is trivial, then K = Q(v/d) where
the only possible values of d are:

° 2

e por 2p, paprime with p=>5mod 8§,

e p a prime with p = 1 mod 8,
p#x?—32y% x>0, z =1mod 4.

In fact, for reasons which will become clear later, we will firstly concen-
trate, in Section 2, on the case where d = 2, p or 2p (p = 5 mod 8) and,
secondly, in Section 3, on the case where p = 1 mod 8, p # 22 — 32y, x > 0,
x =1 mod 4.
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Let T/ be the finite set of the primes of F' which are tamely ramified
in E, and the dyadic primes v of F', undecomposed in F, for which either
w(Ey)(2) = u(Fy)(2), or Ey is not contained in the cyclotomic Zy-extension
of I, where w is the prime above v in F.

LEMMA 1.1. Let E/Q be a cyclic 2-extension of Q and denote by F the
unique subfield of E such that [E : F] = 2. A dyadic prime v of F which is
undecomposed in E always belongs to Tg/p.

Proof. Let w be the prime above v in E. Assume that v ¢ Tg/p. We
then have |u(Ey)(2)] > |u(Fy)(2)|] and E,, is contained in the cyclotomic
Zo-extension of F,, and therefore i and v/2 belong to E,,; hence, the cyclic
extension F,, of Qo contains the two quadratic extensions Qs (i) and Qz(v/2),
which is impossible. u

Let Ng/p denote the norm map of the extension F/F and denote by
Dp the Tate kernel of F: by definition, Dp = {x € F* | {-1,2} =1 €
K>(F)}. Since in our case F' is totally real, the Genus Formula 2.8 in [KM]
becomes

[WK2(E)(2)a| 2lTe/rlme

IWK2(F)(2)] [Dr : Dp N Ng p(E*)]

where o € {0,1}.

Moreover, if WK2(E)(2) = 0, then [Tg/p| < 2. Indeed, we know (cf.
Theorem 6.3 in [T]) that the index of F*? in the Tate kernel D is equal
to 2 in the case where F is totally real and consequently the index appearing
in the genus formula is equal to 1 or 2 depending on whether the generator
of Dp/F*? is an element of Ng/r(E*) or not. So the result follows from the
genus formula.

We have to be more precise about 9. We know that if either a real
infinite prime of F' ramifies in E, or u(F,)(2) = pu(F)(2) for some prime
v € Tg/p, then ¢ = 1. Otherwise, the precise value of ¢ can be computed
as follows: In the remaining cases no real infinite prime of F' ramifies in E
and for all primes v € Tg/p, |u(F,)(2)] > [u(F)(2)|. Now, to begin with,
we denote by S the set of all dyadic primes of F' of all finite primes of F
which ramify in F, and of all real infinite primes of F', and by Sg the set
of all non-complex extensions of primes in S to E. The integral closure of
the ring of S-integers 0}9; of F''in FE is simply denoted by 0%. Moreover,
for a local field M, let Djy; denote the kernel of the map M™* — uo given
by  +— (—=1,2),, where m = |u(M)(2)| and (-,-),, denotes the Hilbert
symbol with values in u(M)(2). Now, [KM] gives the following commutative
diagram:
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D u(Fu)(2)

0 ——> WK(F)(2) —>  K2(0%)(2) ves

Js

(@ wE)@)

weSE

0 — > WKx(B)(2)¢ —— > Ky(03)(2)°

’ ’ *2
WK(E)(2)9/Im WKa(F)(2) = D /F**Ng (D) =, & Pro/Fi* N, v, (De.)

0 0 0

where the first two lines are exact. The proof of the genus formula in [KM]
now states that
2¢ = |[Ker o/ /Im~'| € {1,2}.

So we have to decide when Kera’ = Im~’ where 4 is the map from the
cokernel WK2(E)(2)%/Im WK5(F)(2) to the cokernel K»(0%)¢/Im Ka(0%).

Let us recall some facts stated in [KM]: first of all, notice that here
Kera/ = Dp N NE/F(E*)/F*2 Ng/p(DE). Thus let us take [¢] in Kera/
where [¢] denotes the class of ¢ € Dr N N p(E*) in Kero'. So ¢ € Dp
and we write e = N, r(n) for some n € E*. The class of ¢ is represented
by {Vd,e} € Ka(o%), where § satisfies E = F(v/5). Now, if ¢ generates
G = Gal(E/F), then

{\/S, 8} = {\/57 77}{\/57 7790} = {\/57 77}{\/57 77}“0{—1: 77}
in K5(E)Y, hence the class of ¢ is represented in Ko(F)¢ by {—1,n}. Now
Ks(05)C /Tm Ko (o) = Ko(E)“ /Im Ko(F),

and we have a commutative diagram

0 —— WKa(F)(2) —— K»(F)(2) S n(F)2)
Js
vy [e% G
0 ——> WK2(E)(2)¢ ———> Ky(E)©2)° (@ nE)@)

w

’ ’ *2
WK2(E)(2)C /Im WK (F)(2) —>= D /F*2 N, p(Dp) 2= ve%/fF”/F“ Ng,/r,(DE,)

0 0 0

where the top rows are exact. Set n = |u(F)(2)] = 2, ny, = |u(F,)(2)]
and my, = |u(Ey)(2)]. The local symbols (—1,7),,, are trivial for all

~

w|v with v € Tg/p. For v ¢ Tg/p we have an isomorphism pu(F),)(2) =
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(®w|v 1(Ey)(2))¢ and hence for those v there exist x, € F, such that
(=1, 2y)n, = (=1,m)m,, for w|v. Now we have
0=0<« Kera/ =Im~'
& [e] € Im~ where [¢] generates Dp N NE/F(E*)/F*2 Ng/r(DE).
But the right part of the previous diagram is

where S consists of the real infinite primes in ' which ramify in F, and 7
is defined by 7(((v)v) = [1, C{f“/n; however, in our case, ST is empty. More-

ny/n

over, define p. = 0 or 1 depending on whether the product [[,(—1,zy)n,
is equal to 1 or —1. Now, since n, > n for all v in Tg/r, we have shown the
following proposition:

PROPOSITION 1.2 (Genus formula). Let E be a cyclic 2-extension of Q,
F its subfield satisfying [E : F| =2 and G = Gal(E/F'). Then

WK (E)(2)a| _ 2lTe vl

IWK2(F)(2)|  [Dr: Dp N Ng/p(E*)]”

where o € {0,1}. More precisely,

(i) if either a real infinite prime of F ramifies in E, or u(F,)(2) =
p(F)(2) for a certain prime v € Tgp, then o = 1;

(ii) in all other cases,

0=0 < o =0 where [e] generates Dp N NE/F(E*)/F*2 Ng/r(DE).

2. The first case. We now have efficient tools at our disposal to de-
termine at least some cyclic 2-extensions of Q which have trivial 2-primary
Hilbert kernel. In order to compute the index appearing in the genus for-
mula, the next lemma will be useful in the following.
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For n > 0, let Q,, be the maximal real subfield of Q(uyn+2) and let Qs =
U,,>0 Qn denote the cyclotomic Zg-extension of Q. Then, if we introduce the
sequence (oy)pen defined by ag = 0 and a1 = /2 + ay, it is well known
that Q, = Q(ay).

LEMMA 2.1. Let p and £ be two distinct odd primes. For n > 2, let M,
be a cyclic extension of Q of degree 2™ satisfying one of the following two
conditions:

(i) M, /Q is unramified outside 2 and p,
2 and p are undecomposed in M, /Q;
(ii) M, /Q is unramified outside 2, p and ¢,
2 is totally decomposed in M, /Q,
p and ¢ are undecomposed in M, /Q.

Fori € {0,...,n}, let M; be the unique subfield of degree 2 of M, and let
r be defined by Q. = M, N Qs (= M,). For n > r + 1, we now have

24, € NMn/Mnﬂ(M;) < 240 € NMT+1/Mr(M:+1)'

Note that this lemma will be useful to compute the index [Dy, , :
Dty NNy, a,, (M), since we know that Day,_, /(Mj;_;)? is generated
by the class of 2 + a..

Proof. The result uses induction. We can assume that n —r > 2 and so
forie{r,...,n—2},set L =M;, F = M;y; and E = M;o; it is sufficient
to show that

24+ o, € NE/F(E*) & 24 € NF/L(F*)

Now, according to our assumptions on ramification, it is sufficient to look at
this equivalence locally at the place p of F' above p (indeed, in the case (ii),
2 4 a is locally a norm at the dyadic place, since 2 is totally decomposed
in M,/Q). But E/L is a cyclic degree 4 extension and so we can write
F = L(y/a) and E = F(v/b) where a € L, b € F and Npg/(b) = ac® with
¢ € L* (see [S3] for a proof). We then deduce that the Hilbert symbols
(2+ ar,b)p, and (2 + a;,a)r, are equal, since the corestriction

corp, /r, (24 ar,b)p) = (2 + ar, Np/p (b)), = (2 + ar,a)r,,

and the corestriction map 2Br(F,) — 2Br(Ly) is injective, where oBr(K)
denotes all the elements which are killed by 2 in the Brauer group of K
(note that the surjectivity of the corestriction map for the Brauer groups
of local fields is proved in [K, Théoreme 7.1], and the injectivity follows
immediately). Hence the result. =

In the following, we will keep the notations introduced in the first section:
E/Q will denote a cyclic 2-extension of degree at least 4, F' the unique
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subfield of F such that [E : F] = 2 and K = Q(V/d) the quadratic subfield
of E.

2.1. The case K = Q(v/2). Assume that E contains K = Q(v/2) and
that WK (E)(2) is trivial.

The prime 2 is ramified in K/Q, and even in E/Q (since E/Q is a
cyclic extension of degree a prime power). Lemma 1.1 shows that the dyadic
place of F' is in T p. As we mentioned earlier, |Tg/p| < 2 and so at most
one non-dyadic prime £ of F' is ramified in E. Moreover, if £ lies above a
rational prime ¢, then necessarily ¢ must be inert in K /Q, which means that
{ =43 mod 8.

But since F is unramified outside 2 and ¢, we deduce that F is contained
in the field Q(u2>)Q(pe) (recall that E is an extension of degree a power
of 2).

Consequently, we have shown the following result: if WKy (F)(2) is trivial
and if E contains Q(v/2), then E is contained in a field Q(pas )Q(u) where
£ is a prime with £ = £3 mod 8.

Conversely, we want to know if such extensions E have in fact a trivial
2-primary Hilbert kernel. To do this, we will use induction and so we will
assume that WKq(F)(2) is trivial. It is easy to see that the dyadic place of
F belongs to the set T, r and

Ty = {

Since 2 is totally ramified in the cyclic extension E/Q and since
1(Q2(v/2))(2) = pa, we obtain p(FE,)(2) = p2, where w is the dyadic place
of E; thus we have ¢ = 1 according to part (i) of the genus formula, which
means that

1 it B C Q(uz=),
2 otherwise.

olTe/pl—1

\WK»(E)(2)a| = [Dp : Dp ﬂNE/F(E*)].

Hence, in the case where E C Q(u2~), we directly get

1

Otherwise, we have to compute the index appearing in the genus formula.
But this index is equal to 1 or 2 and, keeping in mind Lemma 2.1 and its
notations (applied to M,, := FE), we obtain:

[Dp : Dp N Ng/p(E*)] =1 & 2+ a, € Ng/p(E")
& 240 € Ny, (M)

Moreover, we note that M, is the (r + 1)th layer Q(1/2 + «,) of the cyclo-
tomic Zs-extension of Q and that M, ;/M, is necessarily ramified at the
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prime £ of M, lying above ¢. As a result, since M,;; is a cyclic exten-
sion of Q contained in Q(u2~)Q(v/%F), we can show that M, is of the
form Q(1/(—1)*¢(2 + ), where a € {0,1}. However, the Hilbert symbol
(2+ar, (D)2 + ar)) ), = (2+ ar, =(=1)*¢) (a1, is non-trivial, since
the corestriction

cor(ar,) /0, (2 + o, —(=1)*0)a1,).) = (Nag, (2 + ar), —=(=1)%€)e
(2,~(~1)*0);

= (Z’E)E = -1,
for £ = 43 mod 8. We thus showed that 2 + «, is not a norm locally at

the place of M, lying above £, and so neither is it globally. We then obtain
[Dr : Dp N Ng/p(E*)] = 2 and finally

22-1 2 2
WKy (E)(2)a| = = =-=1.
WES(B)(2)c| [Dr: DFNNg/p(E*)] ~ [Dp:DpNNg/p(E*)] ~ 2

To conclude, we have proved the triviality of WKa(E)(2)g, and hence of
WKy (F)(2). We thus have shown

PROPOSITION 2.2. The only cyclic 2-extensions of Q containing Q(v/2)
with trivial 2-primary Hilbert kernel are exactly those contained in the com-
posite Q(pae0)Q(pe) where € is a prime with £ = £3 mod 8.

2.2. The case K = Q(v/d) where d = p or 2p, p a prime with p =
5 mod 8. Here, the main ideas are the same as in the previous case. We
assume that F contains K = Q(v/d) and that WKy (E)(2) is trivial.

On the one hand, p is ramified in K/Q, and so in E/F. Therefore, the
place of F' above p is in T /p. On the other hand, since p = 5 mod 8,
the prime 2 is undecomposed in K/Q and consequently the dyadic place
of F is also undecomposed in E/F (keep in mind that E/Q is cyclic of
degree a prime power). This place is, by Lemma 1.1, in Tg /- Hence, since
WK (E)(2) is trivial, we necessarily have |Tg/p| = 2.

Thus, F is unramified outside 2 and p and so we have the following
result: if WKo(FE)(2) is trivial and if E contains Q(v/d) where d = p or 2p,
p being a prime with p = 5 mod 8, then E is contained in the composite
Q25 )Q(pip)-

Once again, we want to show that the converse is true. Let £ O K
be a cyclic subfield of degree a power of 2 of the composite Q(u2e)Q(up).
We want to show that WKa(E)(2) is trivial. As in Section 2.1 we will use
induction on the degree and we may assume that WKo(F)(2) is trivial.

The arguments given previously to obtain necessary conditions for the
triviality of WK2(E)(2) remain true, and so the set T/ p consists of the
dyadic place of I and the place of F' lying above p. Hence |Tg,p| = 2 and,
by the same argument as before, we can apply part (i) of the genus formula
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to the dyadic place of F. Therefore the genus formula becomes

22-1 2
IWEA(E) el = 15~ DpNNg/p(E*)] ~ [Dr: Dp N Ng/p(E*)]
Since 2 ¢ F*?, we have [Dp : Dp N Ng/p(E*)] = 1 if and only if 2 €
Ng,p(E*), which is the case, by Lemma 2.1, if and only if 2 € Ny /q(K™).
But p = 5mod 8, and so 2 ¢ Ng/g(K*). We then see that [Dp : Dp N
Ng/p(E*)] = 2 and finally

2 2
WKe(B)(2)o| = (5 p w5 =2 = -

and the triviality of WKo(E)(2) follows. We obtain

PROPOSITION 2.3. Letd = p or 2p, where p is a prime with p = 5 mod 8.
The only cyclic 2-extensions of Q containing Q(\/E) with trivial 2-primary
Hilbert kernel are exactly those contained in the composite Q(pa)Q(pp).

As mentioned in [G], if £ is a prime such that ¢ = 3 mod 8, then the
maximal cyclic 2-extension contained in Q(u¢) is Q(v/—¢) and has degree
2 over QQ, and if ¢ is a prime such that £ = 5 mod 8, the maximal cyclic

2-extension contained in Q(yr) is Q(v/2v/4(a — v¥)) (where | = a? + b?
in Z, with a odd) and has degree 4 over Q. Thus, we can make the results
of Propositions 2.2 and 2.3 more explicit:

PROPOSITION 2.4. All cyclic 2-extensions of Q of degree at least 4, con-
taining Q(\/d) (d being 2, p or 2p, where p is a prime with p = 5 mod 8),
with trivial 2-primary Hilbert kernel are

e the cyclic subfields of degree at least 4 of the composite

Q(p2=)Q(v=p) if p=3modS3,
e the cyclic subfields of degree at least 4 of the composite

Qu2)Q(v/2y/Pla—/p)) if p=5mod8
(where p = a® + b2 in Z, with a odd).

REMARK. We note that this set is exactly the set of all cyclic 2-exten-
sions of Q with trivial 2-primary positive tame kernel. This result is due to
G. Gras (cf. [G]), who has actually determined all abelian 2-extensions of
Q with trivial 2-primary positive tame kernel. Recall that, if £ denotes a
number field, the positive tame kernel K3(og)t (or HY(E) in [G]) of E is
the kernel of the surjective homomorphism

Ks(og) — @ 2,

v real
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and its 2-primary part fits into the exact sequence

0 — WKq(E)(2) — KQ(OE)+(2) — @u(Ev)(Q) — u(E)(2) — 0.
v|2

We can then show that WKo(F)(2) = Ka(og)™(2) if and only if 2 is un-
decomposed in E/Q and if, for the unique place v |2, we have u(E,)(2) =

W(E)(2).

Now, as we will see in the next section, only one case remains, which is
more complicated since part (i) of the genus formula may not apply.

3. The second case. In this section, K will denote Q(,/p) where p is
a prime with p = 1 mod 8, p # 2% — 32y%, « > 0, = 1 mod 4.

3.1. Necessary conditions for the triviality of the 2-primary Hilbert ker-
nel. E still denotes a cyclic 2-extension of QQ of degree at least 4 and F
is its subfield satisfying [E : F| = 2. Assume that F contains K and that
WK>(F)(2) is trivial.

The prime p is ramified in K/Q, and even in E/F. The place p above p
in F' then belongs to the set Ty .

Moreover, 2 decomposes in K/Q. Let ps denote a dyadic place of F}
if p2 remains undecomposed in E/F, then Lemma 1.1 would imply that
p2 € Tg/p. Thus at least two dyadic places would be in T /r and so
Tk / | > 3, which is impossible (see Section 1). Consequently, 2 must be
totally decomposed in F/Q. In particular, no dyadic place can belong to
TE/F.

Therefore, at most one additional non-dyadic prime of F', different from p,
can ramify in E. Furthermore, the condition |Tg,p| < 2 implies that this
prime of F' is undecomposed in F'/Q. Since 2 is totally decomposed in F/Q,
the assumptions of the case (ii) of Lemma 2.1 are satisfied and we obtain
2 € Ng/p(£") if and only if 2 € N o(K™), which is true since p = 1 mod 8.
Hence, [Dr : DF N Ng/p(E*)] = 1 and the genus formula gives

olTe/rl—e
[DrF : DF NN/ p(E£*)]

WKa(E) (2)a| = _ ofTesrle,

and so the triviality of WKy(F)(2) implies that [T/ p| < 1. Necessarily, we
have TE/F = {p}

Consequently, we have shown that if WKy(E)(2) is trivial, then E is
contained in the cyclotomic field Q(y,) and 2 must be totally decomposed in
E/Q. However, we know that if WKo(E)(2) is trivial, then so is WKa(L)(2)
for all subfields L of E. Thus, first of all, let us focus our attention on the
subfield of Q(u,) of degree 4 over Q.
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Hence, we now assume that F is the unique subfield of degree 4 in the cy-
clotomic field Q(up) and we will study the possible triviality of WKa(E)(2).
If £ denotes the fundamental unit of ' = K = Q(,/p), we know (cf. Corol-
lary 2, Part 1, Chap. V in [FT]) that ¢ has norm —1 in F'/Q. Thus, as
p = 1 mod 8, we can write € = a+ b,/p where a and b are integers satisfying
a? — pb?> = —1. Hence, Q(1 /5\/1_)) is really a Cy-extension of QQ, namely a
cyclic degree 4 extension of Q. This extension is also unramified outside p.

Therefore,
E = Q(1 /5\/16).

Before proceeding further, let us recall some simple facts about the fun-
damental unit € of F' = Q(,/p) when p is a prime with p = 1 mod 8. It is
easy to see that ¢ = 0 mod 4 and b is odd. Moreover, we note that, p being
congruent to 1 modulo 8, we can obviously write p = 16m? +n? with n odd.
The following result is due to M. Stinner ([St]), but since the sources are
not easily accessible, we include a proof.

LEMMA 3.1. Let p = 16m? + n? = 1 mod 8 be a prime. Denote by € =
a+by/p the fundamental unit of Q(\/p). Then
am =na+ (1) D/2p — 1 mod 8.
Proof. We have a? + 1 = pb®. So in Z[i], we obtain (a +1)(a — i) = pb?
(where i = —1). Now by unique factorization in Z[i], we can write
(1) a+i=(z+iy)(c+id)?

where z,y,c,d € Z and = + iy is squarefree.
Since a + i and a — 7 are relatively prime, so are x + ¢y and = — iy. Thus
the relation (22 + y?)(c? + d?)? = a® + 1 = pb? implies that

(2) p=2"+v’

(3) b=c*+d%
Furthermore from (1) we have

(4) a=z(c? — d*) — 2ycd,
(5) 1 =y(c? — d?) + 2xcd.

Since b is odd and a is even, we deduce by (3) that ¢ —d? is odd, by (4) that
r is even and by (2) that y is odd. Now, by (5), we have y(c?—d?) = 1 mod 8
and consequently, by (4), ya = 2y(c? — d?) — 2y*cd = x — 2c¢d mod 8. Hence

(6) x = ay + 2c¢d mod 8.

Furthermore, by (5), y = y?(c®> — d?) + 2xycd = ¢®> — d? mod 8. Writing
2 —d? = (c — d)? + 2cd — 2d?, we obtain

(7) y =1+ 2cd — 2d* mod 8.
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Now, if y = 1 mod 4, then reduction modulo 4 in (7) implies that d is even
and (7) then gives 2cd = y—1 mod 8. If y = 3 mod 4, then reduction modulo
4 in (7) implies that d is odd and replacing in (7), we finally obtain 2cd =
—2¢d = —y — 1 mod 8. Hence, in both cases, 2¢d = (—1)%~1/2y — 1 mod 8
and, by (6), we have

z=ya+ (-1)¥1/2y 1 mod 8.
Hence the lemma, since the representation of p as a sum of two squares is
unique up to signs. =

Notice that we have in particular shown that b = ¢? + d2, and conse-
quently b = 1 mod 4.

We then have the following equivalent conditions:

(i) p=22—-32y% 2 >0,z =1mod 4,

(ii) (=1)»=D/2p — 1 = 4m mod 8,

(iii) @ = 0 mod 8.

The first equivalence between (i) and (ii) is part of the Main Theorem in
[BC|] and the second one between (ii) and (iii) immediately follows from
Lemma 3.1.

Let us return to the case concerning the Cy-extension E of Q. Accord-
ing to our assumptions, we have a = 4 mod 8 and we are now ready to
simplify the condition which states that 2 must be totally decomposed in
E/Q. Actually, 2 being totally decomposed in E/Q is equivalent to the fact
that ,/p is a square in Q3. If we write p = u? with u € Q3, and note that
e =a+by/p=a+bu e Q3 we obtain

ey/p € (Q3)? & (a+bu)u=1mod8 in Q}
< au+bp=1mod8
< au+b=1mod8
< 44+ b=1mod8 (since a =4 mod 8)
< b=5mod 8,
< p =9 mod 16.
To sum up, we have shown

PROPOSITION 3.2. Let E denote a Cy-extension of Q containing F' =
Q(\/p) where p is a prime with p = 1 mod 8, p # 22 —32°% >0,z =
1 mod 4. Then, if WKa(E)(2) is trivial,

B = Q(y7R),
where p = 9 mod 16.

Therefore, we are now able to handle our initial problem: E denotes
any cyclic 2-extension of Q with trivial 2-primary Hilbert kernel. So we
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have shown that E is contained in the cyclotomic field Q(p,) and 2 must
be totally decomposed in E/Q. The previous argument about its subfield
of degree 4 shows that we necessarily have p = 9 mod 16. Hence, since
[Q(up) : Q) = p—1 = 8mod 16, E must have degree 4 or 8 over Q. So it
remains to determine in the next part if the unique subfields of Q(y,) of
degree 4 and 8 with p = 9 mod 16, p # 2% — 32y, 2 > 0, 2 = 1 mod 4 have
trivial 2-primary Hilbert kernel.

3.2. Sufficient conditions to have trivial 2-primary Hilbert kernel

FIRST STEP. Assume that F = Q( 5\/1_9), where p is a prime with
p=9mod 16, p # x> —32y%, > 0, = 1 mod 4. From what we said in the
previous subsection we know that 2 is totally decomposed in E/Q and that
the set Tg/p is exactly the set {p}. Moreover, 2 € Ng,p(E*) and the genus
formula becomes:

9lTe/rl—e

—2l-e
[Dr : Dp N Ng/p(E*)]

IWK2(E)(2)c| =

where ¢ € {0,1}.

The triviality of WK2(E)(2) happens if and only if o = 1 and to compute
the precise value of p we have to apply part (ii) of the genus formula. First of
all, F' being totally real, we have Ker o = DFONE/F(E*)/F*2 Ng/r(DE) =
Dp/F*2 which is generated by the class of ¢ = 2 (since 2 ¢ F*?). Hence,
part (ii) states that WKy (E)(2) is trivial if and only if

where v runs through all finite and real infinite primes of F' which are not
in T p and the notations are:

e w denotes any place of E lying above v,
o n=|u(F)(2)] =2, ny = [u(F)(2)] and my = [u(Ew)(2)],
e 7 is some element of E* satisfying Ng,p(n) = 2.

Now under our assumptions 2 is actually a norm in the Cy-extension F/Q.
Indeed, since the primes different from 2 and p are unramified in F, 2 is
locally a norm everywhere except possibly at one place, the ramified place p,
and hence is a global norm.

Therefore, let £ € E* denote an element satisfying 2 = Np/g(§) and o
a generator of Gal(E/Q). Set n = ££7 so that Ng,p(n) = 2. We are now
interested in determining the product

o= H(—laﬁ)%‘{n = H(_lan)mwv

veV
where V' := {places v of F' such that n, =n = 2}.
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Let us notice that, if v is a non-dyadic place of V' lying above a rational
prime number ¢, then ¢ = 3 mod 4 (since Q; — F,) and v decomposes
in F//Q (otherwise the residue field of F, would be the finite field with ¢?
elements and ¢? — 1 = 0 mod 8).

Let U be the set of all rational prime numbers ¢ lying below some place
of V. In fact, U consists of the prime 2 and the odd prime numbers congruent

to 3 modulo 4. Then
¢=T](=1,m)m,
qeU

where w is any prime of E above ¢. But nn? = 55"2 (€7)? and consequently

¢ =[] (~1.Ng/r(€))m.,
qeU

Since p = 9mod 16, p # z? — 32y%, 2 > 0, x = 1 mod 4, we can write
p=r1*—8s? with 7 > 0,7 = 1 mod 8 and s odd. Thus 2 = Np/g(x) where
r = (r+./p)/2s and we have 2 = Np/g(z) = Np/g(Ng/p(§)). In other
words, Ng/p(§) = xy where y € F* with Np/g(y) = 1. This means by
Hilbert’s theorem 90 that there exists z € F** such that y = z/27. Hence
¢ =192 where ¢1=[[(-La)m,, d2=]](~1.9)m,=][(~1,22%)m,

qel qeU qeU
First, let us compute ¢2: notice that if v € V and w is any prime of F
above v, then we have (—1,2),, = (—1,2)n,, since v(z) = w(z) (for v is
unramified in E) and these two Hilbert symbols are tame and depend only
on the valuation v (see [S1, Proposition 8, Part 3, Chap. XIV]). Therefore

P2 = H(—l,zz")mw = H(_laz)mw = H(_laz)nu = H(—laz)ZZ/n =1,
qeU veV veV v
by reciprocity (z € F*).
Now, let us compute ¢1:
¢1 = H (_]‘7 ‘/'U)mw = H (_1’ "r)nv
qeU qeU
by the same argument as previously for ¢9; and again in the first product, w
denotes any prime of E above g and in the second one, v denotes any prime

of F' above q. But if ¢ € U, then v € V and n, = 2; thus, if (-,:)r, denotes
the classical Hilbert symbol with value in pg, then (—1,2),, = (—1,2)F,

and
¢ =[[(-Lo)r =] (_1’ Tzs\/ﬁ>n

qelU qeU

=[[-1 0+ vPo)r = [[(-Lr+vB)e [[(-L9)r,

qelU qeU qeU
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It may be remarked that if ¢ € U and if v divides ¢ then F, = Qg4, and
moreover, if ¢ divides s, then ¢ € U (indeed, p = 72 — 85?). As a result, we
obtain

H(_L S)Fv = (_178)2 H (_173)(1 =1,

qeU qls,qodd

by the reciprocity law. Hence

or=[[(-Lr+vPr=(Lr+vpe2 [ L7+ VD

qeU qeU, godd
If ¢ € Uis odd, we have (=1, +./p)q = (=1, — \/D)q (computing the
product) and it is easy to see that these symbols are trivial if ¢fs. Now, if
q|s, either 74 ,/p or 7 —/p is a g-adic unit: otherwise, considering the sum,
q would divide 2r, which is impossible since ¢ already divides s. Therefore,
one of the previous symbols is trivial because it is tame, and so both are
trivial. We get

¢1 = (_L T+ \/];)2

We write p = u? with v € Q}. Since p = 9 mod 16, in Q} we have u =
43 mod 8. But the equality (—1,7 4+ u)2 = (—1,7 — u)2 enables us to make
a choice of a square root of p: let us take u = 5 mod 8. But r = 1 mod 8,
so that we can write 7 +u = 2(3 4+ 4\) with A € Zo. Finally, with [S2] we
obtain

¢1 = (—1,7’ +u)2 = —1.

Thus, ¢ = ¢1¢2 = —1 and so p = 1.
We have therefore shown

PrOPOSITION 3.3. Let p be a prime with
p=9mod16, p#2?—-32y% x>0, z=1modA.

The only Cy-extension of Q containing Q(./p) with trivial 2-primary Hilbert
kernel is exactly (@(w /5\/]_7) where € denotes the fundamental unit of Q(\/p).

SECOND STEP. Let E be the unique subfield of degree 8 in the cyclotomic
field Q(up), where p is a prime with p = 9 mod 16, p # 2% — 32y, = > 0,
2 = 1 mod 4. The subfield of E of degree 4 is F' = (@( 5\/1_7) and we assume
that 2 is totally decomposed in E/Q. The question is: is WKy (E)(2) trivial?
Actually, [Tg/p| = 1 and the index appearing in the genus formula is also 1.
So WKz (E)(2) is trivial if and only if o = 1; but, since F' is totally real and
E is totally complex, part (i) of the genus formula applies and o = 1.

Moreover, 2 is totally decomposed in E/Q if and only if 2(0-1)/8 =
1 mod p.
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Consequently, we have shown

THEOREM 3.4. Let p be a prime with p = 1mod 8, p # 2% — 3242,
x > 0, z = 1 mod 4. The only cyclic 2-extensions of Q containing Q(,/p)
with trivial 2-primary Hilbert kernel are

e Q(vP);

e the unique subfield Q(+/e./p) of degree 4 of Q(k,) where p =9 mod 16
and € denotes the fundamental unit of Q(\/p),

e the unique subfield of degree 8 of Q(pp) where p = 9mod 16 and
2(—=1)/8 = 1 mod p.

Note that 73, 89, 233, 281, 601, 617, 937, 1049, 1097, 1193 are the first
ten primes p such that p = 9mod 16, p # 2% — 32y%, > 0, = 1 mod 4,
and 73, 89, 233, 601, 937 are those which also satisfy 2(P=1)/8 = 1 mod p.

Proposition 2.4 and Theorem 3.4 lead to the complete list announced in
the Introduction of all cyclic 2-extensions of Q which have trivial 2-primary
Hilbert kernel.

REMARK. Comparing the two lists of 2-extensions with trivial 2-primary
Hilbert kernel or positive tame kernel, we can even draw up the list of all
cyclic 2-extensions of QQ with trivial 2-primary Hilbert kernel, but with non-
trivial 2-primary positive tame kernel:

(i) Q(/—p) where p is a prime with p = 7 mod 8,
(ii) Q(y/p) where p is a prime with p =1 mod 8, p;«éx — 3292, > 0,
x =1 mod 4,
(iii) Q(\/pq) where p, q are primes with p = ¢ = 3 mod 8,
(iv) Q(v/—pq) where p, q are primes with p = —¢ = 3 mod 8,
(v) the unique subfield of degree 4 of Q(p,) where p is a prime with
p=9mod 16, p # 22 —32y%, £ >0, x = 1 mod 4,
(vi) the unique subfield of degree 8 of Q(y,) where p is a prime with
p=9mod 16, p # 22 —32y%, 2 >0, z = 1 mod 4 and 2°~1/% = 1 mod p.

4. The general abelian case. The determination of all abelian 2-
extensions with trivial 2-primary Hilbert kernel seems to be more compli-
cated. Indeed, to get an insight into this issue, let us give an example: let
E be the composite of the unique degree 8 subfield of Q(u,) with Q(v/—q)
where p and ¢ are two primes satisfying the following conditions:

(i) p = 9 mod 16,
q =7 mod 8,

(2) = —1 (the Legendre symbol),

p#x2—32y x>0, x=1mod 4,
2(p— 1Vg:lmodp.

(if)
(iii)
(iv)

)

(v



362 M. Lescop

We are not able to decide whether the 2-primary Hilbert kernel of E is trivial
or not. In fact, if F' denotes the maximal real subfield of F, we know that
WK (F)(2) # 0, and we can even show that WKy (E)(2) = 0 if and only if
WKa(F)(2)] = 2.

However we are able to determine the list of totally real abelian 2-
extensions of Q with trivial 2-primary Hilbert kernel. To begin with, the
case of 2-extensions of degree less than 4 over Q is obtained using [BS],
[KM] and our Sections 2 and 3. Now, before going into details about the de-
gree > 8, we recall that, according to [G], the set of all abelian 2-extensions
with trivial 2-primary positive tame kernel is the set of those which are con-
tained in some Q(p2)Q(pp) with p = £3 mod 8. Moreover, we note that
such extensions have only one dyadic prime.

To complete the result, we want to prove the following:

PROPOSITION 4.1. Let E be a totally real abelian 2-extension of Q such
that [E : Q] > 8 and WK2(E)(2) = 0. Then there exists a prime p =
+3 mod 8 such that E C Q(pa0)Q(pp).

Before giving a proof, we will quote a useful proposition stated in [KM]
establishing a product formula for bi-quadratic extensions of totally real
number fields:

PROPOSITION 4.2. Let E/F be a bi-quadratic extension of totally real
number fields with quadratic subfields F;, i = 1,2,3, such that E/Q is
abelian. Let § = g p denote the number of undecomposed dyadic primes
of F such that |u(Fy,)(2)| = 2 and E,, is the first layer of the cyclotomic
Za-extension of F,(v/—1). Then

3
2°|WK»(F)(2) WK (E)(2)] = [] IWK2(F)(2)].
=1

We are now ready for the

Proof of Proposition 4.1. Again we do induction on the degree [E : Q).

(a) The case [E : Q] = 8.

(i) If E/Q is cyclic, this is obvious from Proposition 2.4 and Theorem 3.4.

(ii) If E/Q is tri-quadratic, it is known (cf. [Gr]) that WKy (F)(2) cannot
be trivial. Since the sources are not easily accessible, we will give the main
ideas of the proof. We assume WK (E)(2) = 0 and we will show a contra-
diction. We can write E = Q(\/d, v/dy, v/dz) where d, dy, dy are integers > 2;
we also may assume that d is divisible by an odd prime number that divides
neither dy nor ds. Thus, K = Q(v/d1, v/dz) has an odd prime ramifying in
E and so WK»2(K)(2) =0 (for WK3(FE)(2) = 0). Now by [KM], K is in the
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following list:

Q(V2, VD), p = £3 mod 8,
(L) Q(v/2%,+/2%), p=q=3mod38, ac{0,1},
Q(\/p—,\/q—r), p=g=r=3modS8,
where p, ¢ and r are distinct odd primes.

If K is of the first type in the above list then we may assume that
neither 2 nor p divides d. Hence, by tame ramification, the field Q(v/2, v/d)
appears in (L), which implies that d is a prime = +3 mod 8. Thus in the
product formula appearing in Proposition 4.2, we have 6, /Q(V3) = 0 and so
all three intermediate fields have trivial 2-primary Hilbert kernel. Hence a
contradiction since Q(v/2, v/pd) does not appear in (L).

If K is of the second type in (L), we may assume that neither p nor ¢
divides d. Thus, by tame ramification, the field Q(y/2%p, v/d) appears in (L),
hence d = 2%t for a prime ¢t = 3 mod 8 distinct from p and ¢. In the product
formula, (/275 = 0 and so we have a contradiction since Q(v/2%p, v/¢f)
does not appear in (L).

If K is of the remaining type in (L), once again we find dg g v =0
and the product formula implies that Q(,/pq, V/d) should appear in (L).
Since d & {p,q,2p,2q}, we have, without loss of generality, d = ¢t for an
odd prime ¢ = 3 mod 8 distinct from p and ¢. But applying the product
formula to E/Q(,/pr), we could show that the field Q(,/pr,+/qt) should
appear in (L). Hence a contradiction.

(iii) If Gal(E/Q) ~ C4 x Ca, we need to introduce some notations. Let
F1 and Fy denote the two Cy-extensions contained in £ and F3 the unique
bi-quadratic extension contained in E. Let K denote the intersection of F}
and F5. We are in the following situation:

/TN
NZ
\

Q

On the one hand, if K # Q(+/2), then E/F; is tamely ramified, and so
WKj(F5)(2) = 0. By [KM], we have F3 = Q(v2,,/p), where p =
5 mod 8. Now, dg/ = 0 in the product formula and consequently we ob-
tain WK (F;)(2) =0, i = 1,2,3. Thus, £ C Q(u2~)Q(pp) by applying the
results of Section 2 to Fy and F5.

Iy
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On the other hand, if K = Q(v/2), the product formula gives

3
29/ = [ IWKa(E)(2),
i=1
where dg /i is equal to 0 or 1. Assume that WKy(F3)(2) # 0; then dp/x
= 1 and WK2(F1)(2) = WKy(F3)(2) = 0; thus, F; or Fy is of the form
Q(Vp(2+ \/5)) with p = £3 mod 8 and, for a dyadic prime w of E, E
Q2(p16) should contain Qo(y/£3), which leads to a contradiction. Hence,
WK (F3)(2) = 0 and so Fy = Q(v/2, /D), where p is a prime = %3 mod 8.
Arguing as previously, we find dg, = 0 in the product formula appearing
in Proposition 4.2, which implies that WKa(F7)(2) = WK2(F3)(2) = 0; it is
now obvious to see by Proposition 2.4 that E' = F1Fy C Q(p200)Q(pp)-

(b) The case [E : Q] > 8. We can assume that E/Q is not cyclic. Fur-
thermore, if E is unramified outside 2, E is contained in Q(ug~) as desired.
Otherwise, at least one odd prime ramifies in E/Q; now, considering the
inertia group at this prime, there exists a field F; such that [E : Fj] = 2 and
E/F} is tamely ramified. Since E/Q is not cyclic, there exists a subfield F
of Fy such that E/F is bi-quadratic. Moreover, let F» and F3 be the other
two intermediate fields. The situation is the following:

/\\
\\/

If WK5(E)(2) = 0, then WK(F1)(2) = 0 by tame ramification. Hence,
by induction hypothesis, there exists a prime p = +3 mod 8 such that F} C
Q(p2)Q(1p) and so WKa(F)(2) = 0 (for FF C Fy). The product formula

gives

3
25/ = T IWKa(F) ()]
i=2
But, since F' has only one dyadic prime, dg/p = 0 or 1, and so, without
restriction, we may assume that WKa(F3)(2) = 0. Thus, there exists a prime
q¢ = £3 mod 8 such that F» C Q(pu2)Q(q). It remains to be shown that
p=gq
If p # g, then F is a totally real number field which is unramified out-
side 2 and consequently F' is contained in the cyclotomic Zs-extension of
Q; in other words, if [E : Q] = 2"*2 and if the sequence (ay)ren is de-
fined by a9 = 0 and a1 = 2+ g, then F = Q(«,). Now, we may
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assume that Fy/F and Fy/F are respectively ramified at p and ¢ (oth-
erwise the result would become obvious). If ég/r = 1, we would have
Ey = Qa(pgn+s) = Qa(v/—1,v/2 + ay,) for a dyadic prime w of E; hence,
the Galois group of F/Q would necessarily be Cyni1 x Co and so we might
assume without loss of generality that F} is cyclic over Q. Thus, we would
obtain F1 = Q(y/p(2 + o)) and so E,, would contain Q2(,/p) = Q2(v/£3),
hence a contradiction. We then deduce that dg;r = 0 and consequently
WKs(F3)(2) = 0. Now, F3 C Q(u200)Q(pr) with 7 = £3 mod 8. Further-
more, £ = [ F, is unramified outside 2, p, g, which enables us to as-
sume that » = p (even if it requires replacing p by ¢). But now we have
E = F1F3 C Q(u2~)Q(pp), which contradicts the fact that ¢ ramifies in
Fy/F. Therefore, we really have p =¢. m

In other words, we have shown the following

THEOREM 4.3. All totally real abelian 2-extensions of Q with trivial 2-
primary Hilbert kernel are the following:

(1) Q(y/p) where p is a prime with p =1 mod 8, p # x? —32y%, = > 0,
x =1 mod 4,

(2) Q(/pq) where p,q are primes with p = q¢ = 3 mod 8,

(3) the unique subfield of degree 4 of Q(up) where p is a prime with
p=9mod 16, p# 22 —32y%, x>0, z = 1 mod 4,

(4) Q(v/2%,+/2%q) where p,q are primes with p = ¢ = 3mod 8, a €
{01},

(5) Q(\/pq, /ar) where p,q,r are primes with p=q=r = 3 mod 8,

(6) the totally real 2-extensions contained in the composite Q(pas)Q(uyp)
with p = £3 mod 8.

REMARK. As a consequence of Proposition 4.1 and [G], we deduce that,
for totally real abelian 2-extensions of degree > 8, the triviality of the 2-
primary Hilbert kernel is equivalent to that of the 2-primary positive tame
kernel.
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