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Hilbert symbols as maps of functors
by

KEevVIN HuTCHINSON and DERMOT RYAN (Dublin)

1. Introduction. The Hilbert symbol on a local field, F', gives a homo-
morphism Hp : KoF — u(F). It is natural to ask how this behaves under
extension of fields; that is, if E/F is a finite extension of local fields, what
map p(F) — p(E) (if any) makes the diagram

KoFE — u(E)

]

KoF — pu(F)

commute? The first thing to observe is that the inclusion map p(F) — u(E)
does not usually work. In other words if we interpret the assignment F' —
wu(F) as a functor in the obvious way, the Hilbert symbol is not a morphism
of functors. In fact, it is more naturally a map of contravariant functors, in
the sense that the diagram

KoE — pu(E)

l transfer i

KoF — pu(F)

will commute, where the right hand vertical arrow is the appropriate sur-
jective power map; see [1, Proposition 2] and [3]. (Indeed, if we use this
fact in conjunction with properties of the K-theory transfer, we can arrive
at an answer to the question above. This gives us, in an ad hoc manner, a
formula for a map p(F) — u(E) which will make the diagram commute; see
[8, Lemma 1.3.3] or [5]. But we are seeking a more conceptual answer to the
question in this paper.)

Of course it is well known to K-theorists and number theorists that when
the nth roots of unity are contained in a local field F', then the Hilbert
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symbol of order n on F is essentially equal to the Galois symbol
Ty« KoF — H*(Gp, p?).

The primary reference for this last fact is [9, Chapter XIV, 2, Proposition 5].
The Galois symbols, I, are naturally maps of functors on the category of
finite extensions of a given local field. Our question however involves compar-
ing Hilbert symbols of (possibly) different orders. The Galois symbol is less
obviously a map of functors of the second variable “n” (that is, the underly-
ing category is the set of natural numbers partially ordered by divisibility).
In order to make this work, the domain functor is KoF/n = KoF ® Z/nZ
and, when n divides m, the map H?(Gp, u%?) — H*(Gg,p2?) is induced
by a homomorphism of coefficient modules i, ® pty, — fom ® fm, but not by
the natural map obtained by tensoring the inclusion ., — p,, with itself.

In this note, we give a natural generalization of the Hilbert symbol of
order n to the situation where the nth roots of unity do not belong to the
local field F'. The target functor can then be identified as the group, (¢n)ap,
of Gp-coinvariants of y,, which is naturally a functor of both F' and n. This
(slightly) generalized Hilbert symbol Hr : KoF/n — (pn)G, is a map of
functors. In fact it is a map of functors with transfers. In order to prove
this, we show that our generalized Hilbert symbol is essentially equal to
the Galois symbol, via Tate duality. The subtlety of this result derives from
the fact that the Hilbert symbols are naturally defined in terms of Tate
cohomology, which behaves poorly as a functor, while the Galois symbols
involve Galois cohomology. This having been proven, our original question
has a natural answer (see Corollary 2.3).

In a final section, as an application of the functorial behaviour of Hilbert
symbols, we identify the quotient W Ky F/K$°F, where W Ko F is the wild
kernel of the number field F' and K5°F = (), (K2F)", as the well known
Tate-Shafarevich group I (F, uy) (for N sufficiently large).

This note arose from the desire to give a short conceptual answer to
the question: why is the wild kernel of a number field a functor? Recall
that if F'is a number field then each place v of F' yields a Hilbert symbol
H, : KxF — p(F,) and the wild kernel is the intersection of the kernels of
all these symbols. One would like to say that each H, is a map of functors
(so that ker(H,) and hence [, ker(H,) is also a functor). Although this
statement is not true as it stands, we have shown how to modify it to make
it correct.

2. Hilbert symbols as maps of functors. Our goal is to interpret the
classical Hilbert symbol of order n on a local field F' as a map of functors:

KoF/n — (pn)ap-



Hilbert symbols as maps of functors 351

We make this statement precise as follows. Fix a field k. The domain category
for these functors is the category Cr whose objects are pairs (F,n), where F
is a finite field extension of k, and n is a positive integer which is relatively
prime to char k if chark > 0. There are no morphisms (F,n) — (E,m) if
n{m; otherwise the morphisms (F,n) — (E,m) are the k-algebra homo-
morphisms F' — E. The functors (F,n) — K2 F/n and (F,n) — (n)c, are
functors with transfers on this category with values in the category of finite
abelian groups; thus, given o : (F,n) — (E,m) (where n divides m) there
are maps

m
— K2(0) : KaF/n — K3 E/m,  Ng/r: (tn)er = (Bm)cp,
and maps

KQE/m - KQF/”? L= tI'E/F(‘,L’)ﬂ (:U’m)GE - (:U’n)GFv ¢ 571(Cm/n)’

which make these into covariant and contravariant functors. (Here & is any

extension of ¢ to a field isomorphism o : Fiep — Egep. Moreover, o induces

an embedding Gg — Gp, 7 — o 70, with respect to which Ng/p is

defined. For simplicity we will always assume that o is an inclusion and o

is the identity.) Furthermore the composites KoF'/n — KoFE/m — KoF/n

and (un)ap — (tm)ay — (n)a,y are just multiplication by (m/n)[E : F).
Our main result is the following:

THEOREM 2.1. For k a local field and (F,n) € ObjCy, there is a group
homomorphism

Hpp : KoF'/n — (pin)Gp
such that
(1) if pn, C F, the composite
F* X F* = KsF/n — pin = (jn)cy

is the classical Hilbert symbol,
(2) Hpy ts a map of functors with transfers.

Theorem 2.1(1) is a consequence of Lemma 4.1 below, while Theorem
2.1(2) follows from Theorem 6.5, Lemma 7.1 and Lemma 7.2 below.

COROLLARY 2.2. Let k be a non-archimedean local field and (F,m) €
Obj Ck, suppose that puy,(F) = pyn, and suppose that r = m/n. Then (fim)c
=ty by ¢ — (¢". The composite

Hpm -~
F* X F* — KoF /m =" (i) i = im

is the Hilbert symbol of order n.
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Proof. The morphism (F,n) — (F,m) gives the following diagram of
contravariant functors:

KoF —— KoF/m — (um)cp

i l()r

KQF—>K2F/TL Hn

hence the result. =

Observe, by contrast, that the diagram of covariant functors correspond-
ing to the morphism (F,n) — (F,m) gives

KoF —— KoF/m — (um)Gp — bn

Tm/n Tm/n T ]m/n

KQF—>K2F/TL Hn HUn

COROLLARY 2.3. Let E/F be an extension of non-archimedean local
fields. Let m € N be such that char EYm and p,, C p(E). Suppose that
tm (F) =, and let r = m/n. Then the diagram

KoFE —— tim
]
KoF —— ln

commutes, where the horizontal arrows are the Hilbert symbols of the appro-
priate order and MN(¢) = NE/F(CI/’").

Proof. The following diagram commutes:

KoFE —— KoE/m — iy = (fim) G
/F

T

KQFHK2F/m (,U'm)GF
| K
KoF —— KQF/TL Hn

hence the claim. =

3. Some background. Let F' be a local field, let Fy, denote the sep-
arable closure of F' and let G = Gal(Fiep/F) be the absolute Galois group
of F. In this situation:

(i) There is a canonical isomorphism
invg : H(Gp, F,) — I(F) C Q/Z,
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where

Q/z, F a p-adic local field,

1
Q/Z(p) = U —Z/Z, F alocal field of characteristic p > 0,
I(F) = nip "

1
5 ZIZ. F =R,
0, F=C.

(ii) If L/F is a finite Galois extension of degree n, where n is relatively
prime to char F' if char F' > 0, then the inflation homomorphism

infyp: H*(Gal(L/F),L*) — H*(Gp, F,)
is injective and invy, /g = invp oinfy p maps H?(Gal(L/F), L*) isomorphi-
cally onto the subgroup (1/n)Z/Z of I(F).

(iii) Thus there is a canonical element uy /p € H?(Gal(L/F), L*) such
that invy p(ur,p) = 1/n. Cup-product with uy,/r induces isomorphisms of
Tate cohomology groups

Hi{(Gal(L/F),Z) > H"?(Gal(L/F), L")
for all 4 € Z. In particular, when ¢ = —2 this gives an isomorphism
Gal(L/F)* = H=%(Gal(L/F),Z) = H°(Gal(L/F), L*).
The inverse isomorphism
o/p: F*/Npp(L*) = H(Gal(L/F), L*) — Gal(L/F)™

is the reciprocity isomorphism.

4. The Hilbert symbol. Let k be a local field and let (F,n) € ObjCy,
be such that F' contains the group, ., of all nth roots of unity for some
integer n > 1. Let F,, = F(Y/F*). By Kummer theory, F},/F is the maximal
abelian extension of F' of exponent n. Let G, = Gal(F,,/F'). Associated to
the short exact sequence of G,-modules

1= pn — Fp 5 (-1

there is a long exact cohomology sequence with connecting homomorphisms
denoted by 0, or simply dy:

e H(G, FY) = HY(Go, (F2)™) 22 HY Gy i) — HY (G, F) — -+

Since H(Gy,, F¥) = HY(G,, (F¥)") = F* and since H'(G,,, F}) = {1}, by
Hilbert’s Theorem 90, there is a surjective homomorphism

Op : F* — Hl(Gn,un) = Hom(G, in)
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with kernel (F*)". Let 0, = 0, /r denote the reciprocity map
on: F* — H2(Gn,Z) = G2 = G,
The Hilbert symbol of order n on F' is the composite

% OnXdn

)\Fm = )\n F*x F —>Gn X Hom(Gn,,un) — Un,

that is,
An(a,b) = 6n(b)(en(a)) € pin-

This pairing can be interpreted as a cup-product of Tate cohomology groups
and thus generalized to all (F,n) € ObjCy, as follows. Let F, = F(V/F*).
If p, ¢ F then F,,/F is a finite Galois extension but no longer necessarily
abelian. A surjective homomorphism ¢, : F* — q Y Gy, pin) can be con-
structed as above, although H Y Gy, pin) can no longer be identified with
Hom(G\,, ). Furthermore, there is a reciprocity map g, : F* — G2 but
it is not in general true that G,, = G&P.

Thus, for any (F,n) € ObjC we define a pairing

Npp = Nyt F* 5 F* — H ™Y Gy ), Ny(a,b) = 0,(a) U b, (D).
Observe that ﬁ_l(Gn,,un) = ﬁo(Gn,Nn) = (n)G, = (tn)Gp-
LEmmA 4.1. If p, C F then ﬁ_l(Gn, n) is naturally identified with fi,.
With this identification, X, = \,.

R Proof. In general, for a finite group G anAd a G-module ]\{, fI‘i(G, M) =
Hi_lng, M) for i > 1/\(cf. [2, VI, 4]). Thus H = Y(Gp, ptn) = Ho(Gn, pin) = pin
and H2(Gp,Z) = H1(Gp,Z) = G2. With these identifications, the cup-
product
ﬁ_Q(GmZ) X ﬁl(Gmﬂn) - ﬁ_l(Gmﬂn)
corresponds to the cap-product
Hy(Gn,Z) % Hl(Gnmun) — Hn,

which is just the natural evaluation map [2, V, 3.10]. =

Thus we may call A}, the Hilbert symbol of order n on F for any (F,n) €
ODbjC;. and we will denote it A,,.

The generalized Hilbert symbol can be described in a similar way to the
classical symbol (cf. [6, V, 3.1]).

LEMMA 4.2. Let a,b € F*. Let on(a) denote any lifting of on(a) to
Gal(F,/F) = Gy,. Suppose that

on(a)(Vb) =CVb  for ¢ € pn.
Then \p(a,b) = ¢ € (pn)Gp-
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Proof. 6,(b) € HY(G, uy) is represented by the cocycle
folo) = U(%)-
Vb
By [2, V, 3.10], the cap-product H1(Gp,Z) x HY(Gn, pin) — Ho(Ghp, pin) is
induced by the evaluation of cocyles. n

EXAMPLE 4.3. Let FF = Q3 and n = 4. Take a = 3, b = —1. Then
F(V/b) = Q3((g), which is an unramified quadratic extension (since, e.g.,
v/—2 € Q3). The non-trivial element of the Galois group Gal(Q3({s)/Qs3)
sends (g to ¢§ = (4(s. Thus,

M(3,-1) = 24(3)(G)Gs ' = 0a(3)(Ge) G =BG ! = Ca € (pa)cig,

(compare with Corollary 2.2 above).

Other standard properties of the Hilbert symbol can easily be deduced
from Lemma 4.2 by adapting the classical arguments [6, V, 3

COROLLARY 4.4. (i) Let m = |un(F)|. Then An(a,b) =1 if and only if
a is a norm from F(%/b)/F.
(ii)) Ap(a,1—a) =1 for all a € F* — {1}.

5. The Galois symbol. In order to prove Theorem 2.1(2) we first
introduce another symbol which can be defined on any field. Let k be any
field and let (F,n) € ObjCy. There is a short exact sequence of G p-modules

1 i — Foy 5 B, - 1

and we denote by dr,, or just d,, the associated surjective connecting ho-

momorphism
dp HO(GFstTap) - HI(GFMU'H)

with kernel (F*)". The Galois symbol of order n on F, yp, = 7y, is the
composite,

dp Xdp
F* X F* =2 HNGp, ) X H' (G, ) = H*(Gp, 15°).
That is y,(a,b) = dp(a) U dy(b). It can be shown (see [11, Theorem 3.1])
that vy,(a,1 —a) = 1 for a # 0,1 and, since 7, is clearly bimultiplicative,
it is a Steinberg symbol on F'. Thus 7, induces a map on K9F/n which we
will denote by I'r,, or I}, that is,

I, : KsF/n — H*(Gp, u&?).

We will also refer to I, as the Galois symbol of order n on F.

We prove Theorem 2.1(2) by proving that when F' is a local field then
the Galois symbol is a map of functors with transfers and furthermore that
the Hilbert symbol can be essentially identified with the Galois symbol.
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6. Comparing the symbols. We wish to compare the Hilbert symbol
Ary and the Galois symbol g, when F'is a local field.

REMARK 6.1. If F = C, or F' = R and n is odd, the Hilbert symbol and
the Galois symbol are both trivial. If F' = R and n is even, a straightforward
calculation shows that yg, : R* x R* — H?(Gp, u%?) is equivalent to the
Hilbert symbol Ag o which is given by

Aroa(a, b) = (—1)((sEn(@)~1)/2)(Sign(0)-1)/2),

For a (non-archimedean) local field k, and (F,n) € ObjCy, Tate duality
identifies H?(G r, u2?), the target of \,, with Ho(GF, 1), the target of 7.
We will show that with this identification the two symbols agree up to sign.

Let u be the group of all roots of unity in Fg,. Then

H*(Gp,p) = H*(Gp, Fap)rors = H*(Gr, Fy)
so that invg induces an isomorphism H?(G g, 1) — Q/Z.

For a finite abelian group A let A# = Hom(A,Q/Z) be the Pontryagin
dual. If A has exponent n then A#* = Hom(A, (1/n)Z/7Z). If A is a G-module
for some group G then so is A% via (o(x))(a) = x(c7'(a)) for all a € A,
x € A# and 0 € G.

Likewise for a finite abelian group A let A’ denote the group Hom(A, ).
If A has exponent n then A’ = Hom(A, p,) and if A is a G-module then
A’ is a G-module via (o(x))(a) = o(x(c7'(a))) for all a € A, x € A’ and
o € G. For an abelian group A and n € N let A[n] = {a € A | na = 0}.

THEOREM 6.2 (Tate). If F is a local field and if A is a finite G p-module,
then for 0 < i < 2, cup-product induces a natural duality pairing

H'(Gp, A') x H*7(Gp, A) — H}(Gp,p) — I(F) C Q/Z,

(f,9) = inve(fUg).

Thus, H/(Gp, A') = H> (G, A)*.

For the proof see [7, VII, 7.2.6].

In the particular case A = u®?, there is a natural pairing of G z-modules

pf < pSt =, (. C @) o g™O = X,

This pairing identifies 1} with (u®2)" as Gp-modules. Since H2(Gp, pin) =
H?(Gp, F},)[n], inve induces an isomorphism H?(Gr, jun) = (1/n)Z/Z. So
Tate’s duality theorem implies:

LEMMA 6.3. For k a local field and (F,n) € ObjCy there is a natural
duality pairing

1
H*(Gp,py?) x H(Gp, pif) — ~Z/Z,
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given by (x,x) — invp(z U x) where the cup-product is defined with respect
to the pairing ps? x ,u# — W, described above.

Note that HY(Gp,pul) = Homg . (4tn, Q/Z) is also naturally dual to
Ho(GF, pn) = ()G via the evaluation map

Putting all this together we get:

LEMMA 6.4. For k a local field and (F,n) € ObjCg, there is a unique
isomorphism of groups

Orn = On : HA(Gr,p3) = ()G
determined by
invp(z U x) = X(0n(z))
for all v € H2(Gp, u®?) and x € HY(Gp, uif).

We will eventually prove:

THEOREM 6.5. For k a non-archimedean local field and (F,n) € ObjCy,
OFn 0 YEn = —AFn as maps F* x F* — (pn)cp-

Remark 6.1 and Theorem 6.5 imply that for a local field & and for
(F,n) € ObjCk, Apn(a,1 —a) =1 for a # 0,1 and thus Ap,, is a Steinberg
symbol on F'. We denote by Hp,, or H,, the map induced by Ag,, on KoF/n,
that is,

H, : KaF/n— (n)cy

and we will also refer to H,, as the Hilbert symbol of order n on F. Note
that we have proved Theorem 2.1(1).

In view of Remark 6.1 and Theorem 6.5, it only remains to show that
the maps I'r,, and 0, are maps of functors with transfers to complete the
proof of Theorem 2.1. We shall do this in the next section; the proof of
Theorem 6.5 will be given in Sections 8 and 9.

7. H*(Gp, p$?) as a functor with transfers. If n|m, let m, = mpm
Lm — fin be given by ¢ — (™™ and j = Jn,m @ Pn — Wm be the natural
inclusion. Thus 7 ® id : iy ® phn — fin @ ly is an isomorphism. Let J : pu, ®
i, — fim @ o be the map J = (id ®j) o (r®id) !, so that J((®n) = (@7’
where 1/ € pi, satisfies (/)™ = 7.

Whenever (F,n) — (E,m) is a morphism, then there are homomor-
phisms

resoJ, : H(Gp, %) — H*(Gp, u=?)

and
(7 @ m)s o cores : H*(Gp, p&?) — H*(Gp, n2?)
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which make H?(Gp, u®?) into a covariant and contravariant functor. Fur-
thermore, the composite of these two homomorphisms is

(ﬂ@ﬂ)*ocoresoresoJ*:((7T®7T)OJ)*[E:F}:%[E:F]

since (1 ® 7) o J is the map ¢ ® n — (¢ ® n)™™. Thus H*(Gp,u®?) is a
functor with transfers.

LEMMA 7.1. For any field k and (F,n) € ObjCy, I'ry : KoF/n —
H2(Gp, p%?) is a map of functors with transfers.

Proof. Suppose that n divides m. Given a morphism (F,n) — (E,m)
we can factor it as (F,n) — (F,m) — (E,m) and we prove the result for
the morphisms (F,n) — (F,m) and (F,m) — (E, m) separately.

Note that the following:

1 Hm stap - Fstzp —1
ﬂlTj ﬂ-“\id id“\m/n
1 Hn Fs#:ap = Fs*ep —1

is a commutative diagram of G'g-modules. Hence j, (dp(2)) = dpn(2™/") and
s (dm(y)) = dpn(y) for z and y € F*. Then the diagram

I'rym
KyF/m ——= H?(Gp, u2?)
m/nT TJ*
KF/n " H2(G, y?)
commutes. For,
(7 @ id) (dm (@) U dn (b)) = dn(a) U dp(b)
and so
Jo(Trn({a,b})) = ([d @)« o (m ®id); " (dn(a) U dn (b))
= (id®5)x(dm(a) Udp(b)) = dm(a) U dp (b™™) = Tpp({a, b}))™™.

In the other direction,

I'rom
KsF/m " H2(Gp, u?)

T

I'rn
KyF/n—"" HX(Gp, u?)

commutes. For, given 2 = {a, b} € KoF /m,
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(m @ m)«(Irm({a,})) = (7 & 7)x(dim(a) U din (b))
— 7 (d(0)) U (o () = (@) U dn(6) = Tu({a, b}).
Now (F,m) — (E,m) is a morphism. Then

I'em
KyE/m —"> H(Gp, u3?)
T TI‘ES
Fron g ®2
commutes, since

res(dpm(a) Udpm(b)) = (res(dpm(a)) Ures(dpm (D)) = dim(a) Udgm(D).
Finally the diagram

I'em
KsE/m " HY(Gp, u32)

trg/F l i cores

I'ey
Ky F[m —" H*(Grp, 1?)
commutes (see for example [10, Chapter 8, Lemma 8.7]). m
LEMMA 7.2. For any local field k and (F,n) € ObjCy the map Op,, :
H?(Gp, u®?) — Ho(GF,un) is a map of functors with transfers.

Proof. Suppose there is a morphism (F,n) — (E, m). We begin by show-
ing that the following diagram commutes:

OFn
H2(Gp, y?) —> Ho(Gp, 1)

J* l l]*
GF,m

HQ(GF, M%Q) — HO(GFa Mm)

By definition of @ this amounts to showing, for all z € H?(G, u%?) and
x € Homg, (ptm,Q/Z), that invp(Jix U x) = invp(x U (x|u,)), that is,
JyxUx =2 U (X|u,). But JsaUx =2 U xoJ (by definition of J,). Now for

(@NE pin ® pin, X(J(C®N)) = x((@7) = ™Y = (XD = |, (C@ ).
Next, the diagram

Orm
H2(Gp, 122) — Ho(GF, tim)

resl l/NE/F

GE,m

H2(GE7 Ngz) - HO(GE7 Nm)
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commutes. For, given x € H?(Gp, u®?) and x € HY(GE, pim),

X(0g,m(res(z))) = invg(res(x) U x) = invg(res(z U cores(x)))
= invp(x Ucores(x)) (since invgores = invp)

= cores(X)(Or,m(2)) = X(Ng/r(0Fm(2))).

These two diagrams together show that 6r,, is a map of covariant functors.
In the other direction, the diagram

O0F,m
H2(Gp, 122) —" Ho(GE, fim)

Orm
HQ(GF) M?;LQ) FH HO(GF7 ,U'm)

commutes. For, given x € H2(G g, p2?) and x € H*(GF, jt,,) we have
X(0Fm(cores(x))) = invp(cores(z) U x) = invg(res(cores(z) U x))
= invg(z Ures(x)) = res(x)(0r,m) = X(0Em(z))
and hence 6, (cores(x)) = 0 m ().

Finally the diagram

Or,m
H2(Gp, 122) —" Ho(GF, fim)

(7"®7")*l lm/n

OF
H2(Gp, 1) —"> Ho(GF, jin)

commutes: for x € H*(Gp, u%?) and x € HY(GF, uy) it is enough to prove
that (7 @ 7)«(z) Ux =2 U (x o (m/n)). This is true since (7 @ 7). (x) Uy =
zUxo(m®m) and for (®@nN € tm @ fim,
m/n m/n m/nynx(n™/™
X((r@m)(@n) = x(™" @n™m) = (¢
= (M = o (m/n)(C @ ).

Thus we have proven Theorem 2.1(2). If F' = R or F' = C then the result
follows from Remark 6.1 and Lemma 7.1. For F' a non-archimedean local
field it is a consequence of Lemmas 7.1 and 7.2 together with Theorem 6.5.

8. Main results. Finally we prove Theorem 6.5. We need a few pre-
liminary results. Fix n € N. Let

D, : H <Gn, 1 Z/Z> — H*Y(Gn,2)
n
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be the connecting homomorphism associated to the exact sequence of G,,-
modules

1 1
0—-Z——-Z— —1Z]/Z— 0.
n n

The crucial part of the comparison of the symbols A, and g, is to relate
the connecting homomorphisms D,, and §,,. The following lemma shows us
how to do that.

LEMMA 8.1. Leta € F*, x € H Gy, (1/n)Z/Z). Let 8 : pn @ (1/n)Z/Z
— F¥ be the map ( @ (r/n) — (". Then
Bi(bn(a) U x) = —aU Dyx
in H*(Gp, FY).
The lemma is a special case of the following technical lemma.

LEMMA 8.2. Let G be a finite group and A a G-module. Let n € N. Let
D and d, respectively, be the connecting homomorphisms associated to the
sequences of G-modules

O—>Z—>%Z—>%Z/Z—>O and 0— A[n] - A—nA— 0.
Let x € HY(G,nA), y € H (G, (1/n)Z/Z). Let « be the inclusion nA — A
and let 8 be the map An]® (1/n)Z/Z — A, a ® (r/n) — ra. Then
(—=1)(axx U Dy) + Bu(dzUy) =0 in HT(G, A).
COROLLARY 8.3. Let a, B8 and x be as in Lemma 8.1. Then
Dy(0a(a) UX) = —In(Bu(Sn(@) Ux))  in HO(Gn,Z),

where I, : fIQ(Gn,F;L“) — PAIO(Gn,Z) is the inverse of the isomorphism
induced by the cup-product with u, = ug, /p.

Proof.
tn U (Dn(on(a) U x)) = un U (n(a) U Dn(x)) = (un U gn(a)) U Dnx
=aUD,x (by definition of g,)
=aUDpx
= —0«(6n(a)Ux) (by Lemma 8.1). =
For any G,,-module A and any ¢ > 0 let res denote the natural map
res : H' (G, A) — H'(Gp, A).

COROLLARY 8.4. For F a local field and n relatively prime to char F' the
following diagram anti-commutes for any n € N:
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“2(Gn, Z) x HY (G, (1/0)Z)Z) ——> HY (G, (1/0)Z/Z)

g N

F* res l/n Z/Z

dnl TinvF
U

HY(Gr, ) x HY(Gp, (1/)Z/2) H*(Gr, pin)

where the cup-product at the bottom is taken with respect to the map
1 r ”
P @ = L] — pin, (Q — ("
n n

Proof. Let N = [F, : F] = |Gy| and inv,, = invpoinfp /p: H*(Gp, F)
— Q/Z. Observe that the connecting homomorphism

Dy : %Z/Z - f]—1<Gn,%Z/Z) — fIO(Gn,Z) ~7/|Gn|% = Z/NZ

is an isomorphism and inv,(z) = Dy'( n(m)) for all x € ﬁz(Gn,Fﬁ). (For,
pN((l/z\)f)) = 1, so Dy (In(us)) = Dy (In(u, U1)) = DM (1) = 1/N =
Thegcé for any a € F*, and y € HY(G,, (1/n)Z/Z), we have
vE(B+(dn(a) Ures(x)))
IHVF(ﬁ*(reS( n(a)) Ures(x)))
= v p (Bi(res(0n(a) U x)))
= invp(infp, /7 (B (0n(a) U X))
= D' (In(B:(dn(a) U x)))
= —Dy' (Dn(n(a) Ux))

= _Qn( ) UXx
since D' o D, : (1/n)Z/Z — (1/N)Z/Z is the natural inclusion. m

invp(dy(a) Ures(x)) =

(by Corollary 8.3)

REMARK 8.5. A closely related diagram for the case u, C F occurs in
[7, VII, Prop. 7.2.13], but a proof is not given there. The essential point is
to relate the reciprocity map o, to the connecting homomorphism 9d,,; that
is, our Corollary 8.3.

We are now in a position to prove Theorem 6.5. For, suppose that F
is a non-archimedean local field and let a,b € F*. For some n > 1 let
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Yy € HYGp, u) = ﬁD(Gn,u#) Then

inv g (7n(a;b) UX) vE((dn(a) Udn(b)) UX)
F(ﬁ*( n(a) U (dn(b) U X)))
VF(B4(dn(a) Ures(9,(b) U X)))
= —gn( )U (0n(b) Ux)  (by Corollary 8.4)
= x(=An(a,0))
since the map fI_l(GF,un) X HO(GF,/L#) — H%(GF,Q/Z) induced by the

cup-product is identical to the evaluation map Ho(Gr, pin) x H*(GF, u#) —

Q/Z. Since this equation holds for all x € HY(Gp, uff), it follows that

_)\n({a7 b}) = en(Vn({aﬂ b}))
by definition of 6,,. m

9. Proof of Lemma 8.2. Finally we give the proof of Lemma 8.2. This
proof was suggested by Serre’s proof of [9, Chapter XIV, 2, Proposition 5|.

We begin by recalling the formula for the cup-product of cocycles in
terms of the bar resolution: if z € H'(G, M) and y € H/(G, N) are repre-
sented by f € C*(G,M) and g € C7(G, N) then x Uy is represented by the
cocycle fUg € C™(G,M ® N) given by

fuglor,...,ou5) = flo1,...,05) ®0c1-+-0;9(0j+1,- -, Titj)-

Next recall that if
0—-X—-Y—-272-—-0

is a short exact sequence of G-modules then the associated connecting ho-
momorphism, d, is described as follows: if z € H*(G, Z) is represented by the
cocycle h € C¥(G, Z) then 6z € H*1(G, X) is represented by the cocycle
dh € C*1(G, X) defined by

Oh(o1,...,05+1) = o1l(h(og, ..., 0k41))
k
+ Z(_l)rl(h‘(gla N I R 70k+1)) + (_1)k+1l(h‘(017 s 7Uk))

where [ : Z — Y is any set-theoretic section of the surjective map ¥ — Z.
Thus, let ¢t : (1/n)Z/7Z — (1/n)Z and s : nA — A be fixed set-theoretic
sections of the maps (1/n)Z — (1/n)Z/Z and A — nA. Observe:

(1) If a; € A are such that a = ) a; € An| and if b € (1/n)Z/Z then
Bla®b) =a-nt(b) = Zamt(b) €A

(2) If a € nA and b; € (1/n)Z are such that ), b; € Z, then a(3_; b;) =
>_;s(a) - (nb;) in A.
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Suppose now that the elements * € H(G,nA) and y € H/(G, (1/n)Z/Z)
are represented by the cocycles f € C(G,nA) and g € C/(G, (1/n)Z/Z).
Then a,z is represented by a.f = ao f € C(G,A). Thus a,z U Dy is
represented by a,f U Dg € C*HH1(G, A) where

(Oé*f U Dg)(dl, ceey Ui-l—j—l—l)
= f(O'l, ce 70'1’) . [t(g(aHQ, c. ,Uz‘+j+1))
J

) (DUl Oigr i, - )+ (1D (g (00, 7Ui+j))}

r=1

= s(f(o1,...,0i)) - nt(g(Tita, ..., Titjr1))
Fs(f(on,...,00) - (Z(—l)Tnt(g(. e CisrTitrtl, - - .)))

+ (_1)j+18(f(017 s 7Ui)) ’ nt(g(aiJrla cee 7gi+j))7
by (2) above. Similarly, G, (dx Uy) is represented by the cocycle G, (df Ug) €
CHI+L(G, A) where

Bi(df Ug)(on,...,0itjt1)
= 5([018(f(02, s 0ig1)) + Z(—l)ks(f(- N TSP

k=1
+ (—1)i+18(f(0'1, .. ,UZ‘))} ® g(oit2, ... ,O’i+j+1)>

= Uls(f(ag, . ,O’Z‘_H)) . nt(g(oH_l, «vey Ui-i—j—}—l))
+Y (“DFS(f( - okOk1s <)) b (g(0iga, - - Oinji)
k=1
+ (—1)i+18(f(0'1, cee 7Ui)) . nt(g(UH_g, ‘e ,Uz‘+j+1)),

by (1) above.

Hence the term s(f(o1,...,0)) -nt(g(0it2, ..., 0irj+1)) occurs twice but
with opposite signs in the expression (—1)7(a.f U Dg) + B«(df U g). So this
expression becomes

(—1)7(awf U Dg) + Bi(df U g)

= 018<f<02, e 7Ui+1)) . nt(g(UH_l, cey Ui+j+1))
) (=DF(f( ., 0kORs1, - ) - nt(g(Tig2, - Tigsig1))
k=1
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it+j
+ > (=DFs(fon, .., 00) - nt(g(..., oxoRs, - )

k=i+1
+ ()" s(f (o1, -, 00) - nt(g(Tign, - -, 0itj))-
But this is just the coboundary of the cocycle h € C*“*7(G, A) defined by

h(o1,...,0i+5) = s(f(o1,...,00) - nt(g(Tit1, ..., 0iys)). »

10. An application to the wild kernel. Let F' be a number field.
For any n € N and any (finite or infinite) place, v, of F' the Hilbert symbol
of order n on F, induces a map

LEMMA 10.1. For any number field F' and any n € N there is an ezract
sequence

Hy, 11y
KoF/n= [ (m)e, = (mn)aw — 1,

v finite or
real infinite

where Hy, =" Hy, and II,, is the natural product map.

Proof. The Poitou-Tate exact sequence ([7, VIII, 8.6.13]) for the number
field F' gives an exact sequence

H2(Gp, uZ?) 25 T (G iE?) P2 HO(Gp, (uE2))#,

where the map 3, is induced from the restriction maps H?(Gp, u?) —
H?(Gy, p®?) and P, is induced from the duals of the natural maps

HO(Gr, (u22)) — H(G,, (uE%)) S H(Gy, u&2)*.

It follows by Theorem 6.5 that we have a commutative (up to sign) diagram:

KQF/TL Hv(ﬂn)Gv (Nn)GF —1

'YF,n\L TGTL]_[ 9v,n Tl

H*(Gp, p?) — 11, H*(Go, 13?) — H(Gp, (u3?) ) — 1

Here vp, is an isomorphism by [11] and 6, is an isomorphism by Lemma
6.4 above. Thus the top row is exact as required. =

Thus, the Hilbert symbols H, ,, satisfy the reciprocity laws, [[, Hyn(a,b)
=1 (in (ttn)g,) for all a,b € F.
Now let ITI2(F) = IIT%(F, u®?) := ker(B,). By Poitou-Tate duality,

LI (F) = I (F, (%)) = I (F, p) ™.
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Now ,u# 2 1, (non-canonically) as Gp-modules. By the Hasse principle for
the Gp-module py,

7/2 if F is special and n is large enough,
I (£, ) = { /

0 otherwise.

Here, F is special if Gal(F(ugm)/F') is non-cyclic for all sufficiently large m
(i.e. F is exceptional) and every dyadic prime of F' decomposes in F'(ugm )
for any sufficiently large m. It follows that II12(F) = IIT*(F, uy,).

For a number field F, let ITI?(F) denote the limiting value of ITI2 (F) for
large n (“large” means divisible by a sufficiently large power of 2).

COROLLARY 10.2. For all n there is an exact sequence

0 — LI (F) — K2F/n — [(#n)a, = (n)er — 1.

Let p, = p(F,) for any place v and let m, = |u,|. Recall that the
wild kernel, W KsF', of the number field F' is the kernel of the map H :
KoF — 1, pw, © = (Hym, (2))y. Let KS°F = (), cn(K2F)™ be the group
of infinitely divisible elements of Ko F'.

neN

THEOREM 10.3. There is a natural short exact sequence
1 — KF — WKyF — II*(F) — 1.

Proof. Let k,(F) = KoF/((KoF)*.III2(F)). If n|m the identity map
on KyF induces a surjection py m, : km(F) — kn(F) which fits into a map
of short exact sequences,

H,
1 ——kn(F) —— u(ﬂn)Gv — () —1

pn,mT Tm/n Tm/n

1 —kn(F) —=[1,(tm)c, — (tm)a, —= 1

Thus, taking a limit over the set N (ordered by divisibility) we obtain a
short exact sequence

1 — lim k(F) — lim [ [ (n)a, — lim (pn)ap — 1.

v

Observe that when K = F or K = F,, for some v the diagram

()G — pn(K) := ps

Tm/n T/ST

(m) e — pm(K) = pir
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commutes for any n | m. It follows that lim () g, = px via (Co)n — x/mK

for sufficiently large N. Furthermore, by Corollary 2.2 above, the diagrams

commute for all v and n.
Observe that the natural map

i H“v = Hlim (tn)a, — lim H(Mn)Gv

is injective.
Putting all this together, we obtain a commutative diagram

KyF B 11, o = [ 1

| | |

1 ——limk,(F) —— lim HU(Mn)GU —lim (pn)g, —> 1

where 7(((y)v) = HCLH”/mF (in fact, the top row is exact by Moore’s reci-
procity uniqueness theorem).

Since i is injective, W Ky F = ker(H) = ker(j). Observe also that K$°F
is the kernel of the natural map KoF — lim Ko F/n. The result now follows
by applying the snake lemma to the diagram

g |

1 — II%(F) — lim Ko F/n — lim k,(F) — 1

Note that II?(F) C KyF/n for sufficiently large n, and thus ITI*(F) C
image(J). =
Thus K3°F = WK>F when F'is not special and K3°F has index 2 in

W K5 F otherwise.
Note that this confirms and clarifies Corollary 4.5 of [4].
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