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PINGzHI YUAN (Guangdong)

1. Introduction. In this paper, we investigate positive integer solutions
(z,y, z) of some special forms of the simultaneous Diophantine equations

ax® — bz? = 6,
cy? — dz? = 69,

(1)

where a, b, ¢ and d are positive integers, 61 and do are integers such that
ged(ab, 01) = ged(ced, d2) = 1. By work of Thue [10] and Siegel [8], (1) has at
most finitely many solutions if (b, d1) # k(d, 62), where k is an integer. Con-
sidering (1) as an elliptic equation ac(zy)? = (bz? + 61)(dz? + &2), one may
apply the theory of linear forms in logarithms to effectively bound all solu-
tions (z,y, z) of (1) and we can study the solutions of (1) via the arithmetic
elliptic curves. The usual way to solve (1) completely is to combine lower
bounds for the linear forms in logarithms of algebraic numbers with tech-
niques from computational Diophantine approximations. Anglin [2] devotes
Section 4.6 of his textbook to the description of an algorithm for solving
some special forms of (1). For elementary arguments in certain cases of (1),
see Walsh [11, 12], Bennett and Walsh [5] and the author’s [14].

For the special Diophantine equations
(2) 2 —a =9 —b=1

where a and b are distinct positive integers, Anglin [1] showed that (2) has
at most one positive solution (z,y, z) whenever max(a,b) < 200. Bennett
[4], sharpening work of Masser and Rickert [6], proved that (2) has at most
3 positive solutions. The author [13], by using a different gap principle (to
ensure that solutions do not lie too close together), showed that (2) has at
most 2 positive solutions (z,v, z) provided that max(a,b) > 1.4 - 10°".
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In the present paper, we will study the more general simultaneous Pell
equations (1). In Section 2, some general information on (1) with ¢; €
{£1,£2,44}, i = 1,2, is obtained. On the other hand, in Theorems 2.1 and
2.2 we precisely say when (1) has infinitely many integer solutions (z,y, z).
Section 3 is devoted to the simultaneous Pell equations

(3) ar’? — b2 =y —d2* =1

where a, b, ¢ and d are positive integers with b # d. In Section 4 we obtain
some similar results to those in Section 3, but on the simultaneous Pell
equations

(4) 2 —ay’ =9 bt =1

where a and b are positive integers.

In Section 5, by using the same idea as in [13], we apply a result of Baker
and Wiistholz [3], namely a lower bound for linear forms in logarithms of
three algebraic numbers, to prove the following main theorems of this paper.
Denote by N(a,b,c,d) and N(a,b) the number of positive integer solutions
of (3) and (4), respectively. We have:

THEOREM 1.1. Let a, b, ¢ and d be positive integers with b # d and
max(a, b, c,d) > 1.16 - 10°?. Then N(a,b,c,d) < 2.

Theorem 1.1 is a generalization of Theorem 1.4 of [13]. For equations
(4), we have similar results which slightly improve Theorem 7.1 of [4]:

THEOREM 1.2. Let a and b be positive integers with a > 3.31-10%%. Then
N(a,b) <2.

THEOREM 1.3. Let a and b be positive integers and let x1 + y1+/a be the
fundamental solution of x> —ay? = 1 (i.e. x1 and y; are the smallest positive
integers satisfying ¥3 — ay? = 1). If y1 > a®%% and a > 6.4 - 10?326 then
N(a,b) <1.

Of course, we can obtain similar results for other forms of equation (1).
Since the method is essentially similar, we omit them here.

For positive integers [ > 1, m > 1 and a > 1, let n(l,m) and ¢(l,a) be
integers with
(m + 4 /m?2 — 1)2[ _ (m —v/m2 — 1>2l
n(l,m) =

4vm?2 -1

and

(a+Va—T) - (Va-va—T1
2v/a —1 ’

Then the simultaneous Pell equations

22— (m? =122 =¢y* = (n(l,m)?-1)2=1, z,9,2€Z

4c(lya) — 1=

[ =3 (mod4).
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and
ar® — (a— 122 =c(l,a)y? - (c(l,a) = 1)22 =1, =z,y,2€Z
have two positive solutions

(xvyaz) = (m7n(lvm>71)7
((m +vVm2 =12+ (m —Vm? — 1)
2

(x,y,2) = 2n(l,m)? — 1, 2n(l,m)>

and
(x7 y7 Z) = (17 17 1)7

a++va—1) —Va—1)
(r,y,2) = <(\/_ i 1)2\—;5(\/_ 1 ,Ace(l,a) — 3,4c¢(l,a) — 1),

respectively. We call (aq,b1,c1,d1) an equivalent form of (a,b,c,d) if
(a1,b1,c1,d1) = (a/ad,b/b3,c/ck, d/d%), where ag,bo, co,do are positive in-
tegers. We think a more general result is true.

CONJECTURE 1.1. Apart from
(a,b,c,d) = (1,m? —1,1,n%(,m) — 1), (a,a—1,¢(l,a),c(l,a) — 1)
and their equivalent forms, N(a,b,c,d) < 1.

Acknowledgments. The work was done at Leiden University when the
author was a visiting scholar. He is pleased to thank the staff of the Math-
ematical Institute for their hospitality. He thanks the referee for providing
him with many valuable suggestions.

2. General results. Let ¢; € {+1,4+2,+4}, i = 1,2, a,b,c, and d
be positive integers such that neither ab nor cd is a perfect square and
ged(ab, 01) = ged(ed, d2) = 1. In this section, we investigate the following
more general simultaneous Pell equations

{a:c2 — b2? = 6,

5
(5) cy? — dz? = 6.

To discuss solutions (z,y, z) of (5), without loss of generality, we may assume
that both az? —bz? = 6; and cy? — dz? = J, are solvable in positive integers.

DEFINITION 2.1. If az? — by? = 0, § € {£1,42,44}, is solvable in
positive integers, let 29\/a + 30v/b be the smallest value of z\/a + /b such
that (z,y) is a positive solution of az? — by? = §. Then z¢\/a + yo\/b is said
to be the smallest solution of this equation.
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Let zo\/a+ 20Vb and Yo/ c+ 25\/8 be the smallest solutions of azx? — bz?
= 6, and cy® — dz? = 69, respectively. Put
:xox/aJrZo\/g 5_y0\f+2’
Vial Vigl
__mva—zavbh o yove—#Vd

= v F=
TR NI

Define

ol — ol

XY ot or (b61) £ (1,—1), (1, —4),

4b/161]
] A+

OO o1 and (b,61) = (1, 1) or (1,—4).

V/4/101]
Similarly, define U} to be ( /\/4d/|52 or Bk-i-ﬂ )/\/4/|62|. First
we have:

LeMMA 2.1 ([9]). Let z1v/a+y1Vb be the smallest solution of ax®—by? =
0, 0 € {1,2,4}. Then every positive solution (xz,y) of this equation can be
given by

x\/a—i-y\/E:(m\/a-i-yn/l_))n n>0
0] 0] 7 7
with 24n if min(a,b) > 1 or (a,d) # (1,1),(1,4).

Recall that if (b, d1) # k(d, d2), then (1) has only finitely many solutions.
If (b,61) = k(d, 62) and (1) has infinitely many solutions, then ax? = key?.
Therefore, without loss of generality we may assume that £ = 1. We have:

THEOREM 2.1. Let a, b and ¢ be positive integers, 6 € {+1,£2 +4}
such that neither ab nor be is a perfect square and ged(abe,d) = 1. Then the
stmultaneous Pell equations

ax® — bz? =4,
(6) {

cy2 —b2=9

have a positive integer solution (x,y,z) if and only if each equation in (6)
is solvable in positive integers and ac is a perfect square. Moreover, if the
system has a positive integer solution, then it has infinitely many integer
solutions (z,y, z).

Proof. Tt suffices to prove that if each equation in (6) is solvable and
ac is a perfect square, then (6) have infinitely many integer solutions. Let
a = aga% with ag square-free. Since ac is a perfect square, ag is moreover
the square-free part of ¢, say, ¢ = aoc%. Let x/ao + z()\/g be the smallest
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solution of agz? — bz%2 = §. From Lemma 2.1 we have
zov/a+z20Vb (m{)\/a_o+z[’)\/5>m yov/e+25vVh (xf)\/a_o—i-zé\/E)”
o] 0] ’ ol 0]
for some positive integers m and n. Put
Zey/o + Vb (xé\/%Jr 26\/5>mm, t=1,2,....
9] 0]

Then ay | x; and ¢ | z¢. Hence (2¢/a1,x/c1, 2¢) is a positive integer solution
of (6) foreveryt=1,2,.... =

More generally we have:

THEOREM 2.2. Let a, b and c be positive integers, § a nonzero integer
such that neither ab nor be is a perfect square and ged(abe,d) = 1. Then the
simultaneous Pell equations

ax® — bz? =4,
(7) 5 o
cy* —bzc=9§

have a positive integer solution (x,y, z) only if each equation in (7) is solvable
i positive integers and ac is a perfect square. Moreover, if they have a
positive integer solution, then they have infinitely many integer solutions
(2,9, 2).

Proof. Tt suffices to prove the last assertion. Let a = apa?, ¢ = aoc?

with ag square-free, and let (z,y,2) be a positive solution of (7). Then
xv/a+ Vb= yvc+ 2vVb. Let xg + yo\/agba%cf be the fundamental solution
of 2% — apbaiciy? = 1. Put

ziy/ao + 2:Vb = (zv/a + 2Vb)(xo + yoVagha?3), t=1,2,....

It is easy to see that aj | x¢, ¢1 | x4 and (x¢/a1,x¢/c1, ;) is a positive integer
solution of (7) for every t =1,2,.... =

By Theorems 2.1 and 2.2, we may assume that (b, 1) # (d, d2) through-
out the paper. We have the following lemmas:

LEMMA 2.2 ([7]). If (b,61) # (1,—1),(1,—4) and m|n, or n/m is an
odd integer, then Uy, | U,.

LEMMA 2.3. Let kg, k1, ko and q be positive integers with ko = 2qk1 + ko,
0 < ko <ki. Then Uy, = £Uy, (mod Uy, ).

Proof. Note that kg and ks have the same parities. We divide the proof
into two cases.
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CASE I 21ky or (b,01) # (1,—1) or (1,—4). We have
o2ak1+ko _ F2qk1+ko oo — gko (aqkl-i—ko + aqkl-i-ko)(aqkl _ aqkl)

—(am)™ -
\/4b/|61] V4b/|61] V4b/|61]
and
o2ak1—ko _ F2qki1—ko ko _ #ko

+ (o@)‘ﬂ‘“’l‘“0 a

\/4b/161]

(aq/ﬁ*ko 4 aqklfko)(aqkl _ aqkl)
\/4b/|61]
Thus Uk2 = :i:UkO (mod Uk1)~

CASE II: 2| kg and (b,01) = (1,—1) or (1,—4). If 2| q or 21k, then
a2ak1tko | F2akiEko
V4/1é1]

If 2¢q and 2| k1, then
a2ak1tko 4 F2qkiEko
(o) 7k =
V4/01] V4b/[01] V/4/61]
Thus again Uy, = Uy, (mod Uy, ). =

LEMMA 2.4. Let the notations be as above and (b,61) # (d,d2). Let z
be the smallest positive integer z of the solutions (z,y,z) of (5). Then z1 |z
for any solution (x,y, z) of (5).

\/4b/161]

o (Oéa)qkl aFo 4 ako _ (aqkliko _ aqlﬂiko)(aqkl . aqkl)

V4/101 V4/101

aFo + ko <aqkl +ko 4 atk1tko ) (aqkl 4 ik )

Proof. Let (z1,y1,21) be the positive solution of (5) with smallest posi-
tive integer z, and (x,y, z) be any solution of (5). Then from the definitions
of U; and Uj,, we have

w=U,=U, z2=U=U,
for some positive integers I, k, [; and k;. If [y |l and [/l; is odd, then z | z,
whence ki |k and k/kq is odd. If k1 | k and k/k; is odd, then z1 | z, whence
Iy |l and 1/l is odd.

Suppose that z;1z. By the above discussion there are positive integers
q1, q, lp and [ such that

[ =2ql1 £y, 0<ly<l, k=2qk1 £ ko, 0<ko<Ek.

By Lemma 2.3 we have z = U; = £U;, (modUj,) and z = iU,’CO (mod U,’Cl).
Hence

(8) Uy, = +Uj, (mod z1).

If 2|, then (b,+£d41) = (1,—-1) or (1,—4), and o = (u+vy/a)/2 >
(3 +1/5)/2, where u and v are positive integers with u? — v2a = 4. If 241y,
then ko is odd, and ko < k1 — 2, and a = (uy/a +vVb)/|61] > (V5 +1)/2,
where u and v are positive integers with u?a — v?b = 6;. Hence in both
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cases we have U, < %Ull. Similarly, U,’go < %Ul/sl- Hence Inax(UlO,U,’gO) <
1 max(Uj,, Up,) = 321, and so (8) holds if and only if Uj, = Uy,,- Therefore
equations (5) have a solution (zo,yo,20) with zg = U, = U,’CO < z1. This
contradicts our assumption that z; is the smallest such solution, so z1 |z,
which proves our lemma. =

Thanks to Lemma 2.4, when considering the number of solutions (z, y, z
of (5), without loss of generality, we may assume that (a,c,b,d,d1,02) =
(1, 1, m? — (51,77,2 — 09, (51,(52) or (m2 + 51,?”&2 +d9,1,1, =61, —(52), 0; € {1,4},
i =1,2, or (a,c,a — 01,¢ — 02,01,02), §; € {£1,£2,+4}, i = 1,2. We will
keep this assumption hereafter, whereby (5) has a trivial solution.

3. Lemmas for az? — bz? = cy? — dz? = 1. Throughout this section we

assume that ¢ > a > 1, « = Ja+ Vva—1 and 8 = \/c + /¢ — 1. Suppose

that (z,y, z) is a positive integer solution of (3); then

_Ozl—oz_l_ﬂk—ﬂ_k
) 2_2\/a—1_2\/c—1

for some positive odd integers [ and k. Since ¢ > a, from (9) it is clear that

—1 2 —1
oW gh sl (§>> ¢

a—1 a—1’
soif k>1and ! > 1, thenl > k.
Let
(10) A= 10 = L loga — klog 3
=3 ga—l g gp.
Then (9) implies that
2
0<A=1log(l -3 —log(1—a %) < —log(l —a™?) < 2a 1 a2
a2 —

It follows that
o2
a2 -1
Suppose that N(a,c) > 3. Let (z,vi,2) (i = 1,2,3) be the first three
positive solutions of (3), say,

ali — ol ngz _ ﬁ_ki

Wa—1  2/c—1

for some positive integers [; and k; (i = 1,2,3) with 1 = k1 < kg < k3 and
1 =11 <l < 3. By the same discussions as in the proof of Lemma 2.4, we
have:

(11) log A < —2llog a + log

2 =

LEMMA 3.1. With the above notations, either la|ls and ko | ks, or l3 =
2qlo £ 1 and ks = 2q1ko £ 1 for some positive integers q and q;.
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Proof. 1f Iy |13, then z5|z3, whence ko |ks. Conversely, if ko|ks, then
Iy ’lg. Now if lzj[lg, then k:zj[kg, and let
l3=2ql2:l:l0, 0<lp<ls, kj3:2qlk2:l:k20, 0 < kg < ko,

for some positive integers g, q1, ko and ly. By the same argument as in the
proof of Lemma 2.4, we have |y = kg = 1, and the same plus or minus sign
occurs by Lemma 2.3 (Case I). =

LEMMA 3.2. If ko # 3, then I3 > 3.5 - l2f3.

Proof. We assume first that ls|l3. By Lemma 3.1 we have I3 = gla,
ks = q1ko for odd positive integers ¢ and ¢;. Therefore

/
23 _ Uql2 _ Uthkz

Z2 U12 U//€2 ’
which implies that ¢ > ¢;. Considering these equations modulo 23, we have
(12) g(az3) V"2 = g1 (cy3) V2 (mod 23).

Since ar3 = cy3 = 1 (mod 23), we get ¢ = q; (mod 23). Hence q > 23 > 3°
and
I3 > ZQBS.

Next assume that lo{l3. By Lemma 3.1 we have I3 = 2¢lo + 1 and k3 =
2q1ko £ 1 for some positive integers ¢ and ¢1. From z3 = U, ,’63 = U;, we have

q > q1. Note that 32%2 = 222(c — 1) + 1 + 2y222+/c(c — 1), s0

(13) z3 = Uy, = 2cquypze £1 (mod 222(c — 1)).
Similarly,

(14) 23 = Up, = 2aqrazs + 1 (mod 223 (a — 1)).
From (13) and (14) we get

(15) aqra = cqry2 (mod z3).

Since az3 = cy3 = 1 (mod 23), we have

cqi = aq® (mod zy).

If ag® # cq?, then cq? > max(cq?, aq®) > zo > *+3?+1 and I3 = 2qla+£1 >
3.5 1.

If ag? = cq%, then a = a%u, c= C%u, q = cit, 1 = ait, where a1, cy,u,t
are positive integers with ged(a1,c1) = 1 and a1 < ¢;. Since u(a?z3—c2y3) =

ar3 —cys = (a—c)z3 = u(a? —c?)z3 and ged(z2, ajciurays) = 1, we see that

(16) a1x9 + crya = r€%, iy —a1ma = sn?,  ged(€,n) | 2,

where r,s,£&,n are positive integers such that zo = &n or 2én and rs =

c? — a2 or 4(c? — a?). Now, by (15), ajciu(a;rs — c1y2)t = 0 (mod 22), and



Simultaneous Pell equations 127

50 (c1y2 — ajw2)t =0 (mod z3), hence 2t = 0 (mod§). Therefore
e, __au
4 16(c? — a?)
and I3 > 3.5 - [33. The lemma is proved. =
If ko = 3, then zp = Uj = 4c¢ — 1. However:
LEMMA 3.3. If ko = 3 and 8 > 1000, then I3 > 1.8 - [32/3.

Proof. The proof is similar to that of Lemma 3.2. If 3| ks, let k3 = 21
and [3 = loq for some positive integers ¢ and ¢, so that

g(az3) V"% = gi(cy3) @2 (mod 23).
Note that zo = 4¢ — 1, and ax2 = cy? = 1 (mod 22), so ¢ > 22 = (4c — 1)?

> ,34, and l3 == ql2 > l2ﬂ4. If ?)J(k‘g, let k:3 = 6q1 + 1 and l3 = 2ql2 + 1 for
some positive integers ¢ and q;. We have

cq® = clut® > (a172 + c1y2) > 22

23 = 2cq1yez2 + 1 = 2aqrazs £ 1 (mod z%),
and so
(17) cqiry2 = aqxa (mod z2).
Since zo = 4c — 1, we get | > 7 and az3 = cy3 = 1 (mod 23). We thus have
¢} = 4cqt = 4aq® (mod zo),

whereby it follows that ¢ > ¢/a > 0.932/3 (6 > 1000) and I3 = 2lpg =1 >
1.8 - 153%/3. The lemma is proved. m

4. Some lemmas for 22 — ay? = y?> — bz%2 = 1. In this section we give

some lemmas related to the simultaneous equations

2 _ 2 _ 1
(18) {x a’y ?

y? —bz? = 1.

By Lemma 2.4 we may assume that o« = z1 + y14/a and 8 = y; + \/y% -1,
where b = y? — 1. Suppose that (z,y, 2) is a positive integer solution of (4).
Then

(19) )= al _ a—l _ ﬁk —I—ﬁ_k

2./a 2

for some positive odd integers [ and k. From (19) we have

(20) \/gal > 6.

Hence if £ > 1 and [ > 1, then k& > L.
Let

1
(21) A:lloga—klogﬁ—iloga.
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Then (19) implies that

0 < A=log(1+A%) +log(1 — a~2) < B + - o2 < 1.5. B2,

a? -1
Hence
(22) log A < —2klog 3 + log 1.5.
Suppose that Ni(a,b) > 3. Let (x;,yi,2) (i = 1,2,3) be the first three
positive solutions of (4), say,
ali — o7l _ IBk'L 4 5*/%

2/a 2
for some positive integers [; and k; (i = 1,2,3) with 1 = [; < lp < I3 and
1 = k1 < ko < k3. By the same arguments as in Section 3, we have:

Zi =

LEMMA 4.1. With the above notations, either la|ls and ko | ks, or l3 =
2qlo £ 1 and ks = 2q1ko £ 1 for some positive integers q and q.

LEMMA 4.2. Suppose that (x,y,z) is a positive integer solution of (18)
and y=U; =V{. Thenl =1 (mod4) and k > 2y3.
Proof. Note that from a? = 2ay? + 1 + 2z1y1/a, we get Uj/yn = 1

(mod 4y?). Similarly, since 32 = 2y — 1 + 2y1/y} — 1 we have Vi =
(=1)*=D/2k (mod 4y?). Therefore | = (—1)*~1/2k (mod4y?), whence k >
2y?. The lemma is proved. m

LEMMA 4.3. k3 > 5.5 k.

Proof. We assume first that ly|l3. By Lemma 4.1 we have I3 = qla,
ks = q1ko for odd positive integers ¢ and ¢;. Therefore

/
3 _ Ui, _ Uq1k2
zo Uy Ui,
which implies that gq; > ¢. By the same argument as in the proof of Lem-
ma 4.2 we have
(24) qg= ql(—l)(‘h_l)/2 (mod4y%).

Hence ¢ > Qy% > 208, s0 k3 > 2ko08.
Next assume that lo{l3. By Lemma 4.1 we have I3 = 2qlo + 1 and k3 =
2q1ko £ 1 for some positive integers ¢ and ¢;. Similarly we have

(25) y=Viy = (—1)% (11 F 2q19222(y} — 1)) (mod 23),
(26) z3 = Upy, = +y1 + 2712292q (mod 2y3).

(23)

Since y1 < y2/2, we get
(27) T (—1)%qza(yf — 1) = 2139¢ (mod ya).



Simultaneous Pell equations 129

Note that [ # 3 by Lemma 4.2. Since 23 = 1 (mody3),23(y? — 1) = —1
(mod y3), we have

gi(yf — 1) = 21¢® (modys).
Since y? — 1 is never a square of an integer when y; > 1, it follows that
(q1y1)? or (qz1)? > y2 > yi(a* +a? 4+ 1). Hence ¢1 > q¢ > 2.8 -, k3 =
2q1k‘2 +1>5.5- ]{3204. ]

5. Proofs of the main results. First we recall the following famous
result of Baker and Wiistholz [3]. Let ay,...,a, (with n > 2) denote al-
gebraic numbers different from 0 and 1. Let K = Q(a1,...,a,) and set
d = [K : Q]. Define a modified height by the formula

hm (@) = max{h(a),|logal|/d,1/d},

where h(a) denotes the standard logarithmic Weil height of an algebraic
number a.

THEOREM 5.1 (Baker—Wiistholz [3]). Let by, ..., by be integers such that
A=bilogai +---+byloga, #0.
Then if B = max{|b1],...,|bn|} > 3, we have the inequality
log |A] > —Cihm(a1) - hp(an)log B
with
Cy = 18(n + 1)In"1(32d)"*? log(2nd).
Proof of Theorem 1.1. We apply Theorem 5.1 with
ap=(c—1)/(a=1), a=ad® az3=p,
bi=1, by=l3, b3=—ks,
where a = \/a ++y/a—1 and 3 = \/c ++/c — 1. Then

c—1
A=1
Oga—l

+ I3log o — k3 log 52.

We may take d = 4, and
hm(a1) =log(c —1) < 2log B,  hm(ag) =loga,

hm(as) =logB, B =Is.
Therefore by Theorem 5.1 we have
(28) log | A| > —7.6420496 - 10'° log avlog? Blog I3.
If ko # 3, by Lemma 3.2, (11) and (28),

I3 < 3.8210248 - 10 log® I3.
It follows that I3 < 4.101 - 10%°. Hence by Lemma 3.2 and Iy > 7, we get

c<7.1-10%.
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If k3 = 3, similarly, by Lemma 3.3, we obtain
c<1.16-10%. u
Proof of Theorem 1.2. We apply Theorem 5.1 with
ar=+Va, wm=a, az3=00,
by =—1, bo=—l3, b3=ks, n=3,
where a = x1 + y1/a and 3 =y, + \/yfj Then
A= —%loga— l3log o + k3 log 3.
Take d = 4, and
hi(oq) = 3loga <loga,  hpm(az) = 3loga,
hm(as) = 2logB, B = ks.
By Theorem 5.1 we have

(29) log|A| > —9.56 - 101 log? o log 3 log k3.
On the other hand, by (22),
(30) log |[A| < —2k3log 3 + log 1.5.

By Lemma 4.3, (29) and (30) we get
ks < 4.78 - 101 log?® k.
It follows that k3 < 4.43 - 10'°. Hence by Lemma 4.3 and ko > 7, we obtain
ay? < 3.31-10%°. u
Proof of Theorem 1.3. Similarly, by Lemma 4.2, (29) and (30) and the

assumptions we have
ko < 4.78 - 10'8 log? k.

It follows that ko < 8-10'3. Hence by Lemma 4.2,
ay < 6.34-10%3%,
This completes the proof. m
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