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Pair correlation of the zeros of the
Riemann zeta function in longer ranges

by

Tsz Ho CHAN (Cleveland, OH)

1. Introduction. We assume the Riemann Hypothesis (RH) for the
Riemann zeta function ((s) throughout this paper, thus ¢ = 1/24ivy denotes
a non-trivial zero of the Riemann zeta function.

In the early 1970s, Hugh Montgomery considered the pair correlation
function

F(z,T) = Z 20wy =+ with w(u) =
0<y,y'<T

4
44+ u?

Here the sum is a double sum over the imaginary parts of the non-trivial
zeros of ((s). He proved in [9] that, as T — oo,

T T
F(x,T) ~ %log:c + 52 log? T

for 1 < x < T (actually he only proved this for 1 < z < o(7T') and the full
range was done by Goldston [5]). He conjectured that

T
F(x,T) ~ o logT

for T <z < TM, M fixed, which is known as the Strong Pair Correlation
Conjecture. From this, one has the (Weak) Pair Correlation Conjecture:

3 ~ —logT(S:[ (Sln”)T du,

0<y,y'<T
0<y—y'<27a/logT

which draws connections with random matrix theory.

The author studied these further in his thesis [1] (see also [2] and [3]) and
derived more precise asymptotic formulas for F'(x,T) when x is in various
ranges under the Twin Prime Conjecture (TPC) (see Section 4). In the
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present paper, we generalize F'(x,T) further to
Fy(x,T)= > cos((y =+ —h)logz)w(y -~ —h).
0<yy'<T
Note that Fy(z,T) = F_p(x,T) and Fy(x,T) = F(x,T). This leads to a
better understanding of the distribution of larger differences between the

zeros. Our main results are the following theorems. Here and throughout
the paper, h = |h| + 1.

THEOREM 1.1. For1 <z <T/logT,
T {4cos(hlogx) 8hsin(hlogw)}
———>"logr — —— "

Fo(z,T) = —
e ) = o e (4 + h2)2

T T\? T hT
log— | —2log — 1 — .
t 52 K og 27r) og 27r] + O(zlogx) + O(x1/2—5>
THEOREM 1.2. Assume TPC. For M > 3 and T/logMT <u,
Fh(va)
T [2 cos(hlogx) log & — 4hsin(hlog x)}

T 4+ h? (4+ h2)?

T [ 2cos(hlogz) 1 4
+;S[— (hlogz) f(y)

5— — — ——=—cos(hlogx) + G1(y) + Gg(y)]
1 44+ h Y Y

sin ==
X Ty dy
B ETS/I sinu p [3cos(hlogx)  hsin(hlogz)
TS u “ L 9+ A2 9+ h?
B ETS/I sinu p [cos(hlogz)  hsin(hlogw)
T ou “ | 1+4+h? 1+ h?
e} 1 Ty
T G(k kx '\ sin =~
+ p Z k<2 ) Sycos(hlog —) Tyx dy
k=1 0 x

where G1(y) and Ga(y) are defined in Lemma 4.2.
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THEOREM 1.3. Assume TPC. For M >3 and T/log™ T < z < T,

T [2 cos(hlog ) _ 4hsin(hlog m)]

Fo(e,T) = —
W T) = 2 e 18T T T ey

~ KT
+ O(hz) + O —+—— ).
(he) <logM2T>
THEOREM 1.4. Assume TPC. For M >3 and T < x < T?72%,

T T [4cos(hlogx)]

Fh(.ﬁE,T):%lOg% 4—|—h2

- T 1/2—¢ ?LT
+O(hT(= +O(———).
( <ﬂf) ) <logM‘2T)
For real @, let Fy(a) := (L logT) ™ F,(T®,T). Then Fj(a) = Fj(—a).

Based on the above theorems, one may make the following

CONJECTURE 1.1. For any arbitrarily large A and h = o(logl/3 T), as
T — oo,

4 cos(hlogT
(14 0T *10gT +a * BT 4 o) o <as,
Fin(a)= 4 cos(hlog Ta) ,

By convolving F},(«) with an appropriate kernel 7(«),

SN EATEY I DERY (CRETRIE. < PR

0<y,y'<T

= S Fp(a)r(a) da
where 7(a) = §*_ r(u)e”?™* du for even r(u) only. Conjecture 1.1 and (1)
lead to

CONJECTURE 1.2. For fizred o > 0 and h = o(log'/? T),

T -1
0<y#y'<T
[vy—7'—h|<2ma/log T
a+(hlogT)/(27) . 9
N S 1 4 sinu du
4+h2\ 7u '

—a+(hlogT)/(2m)
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CONJECTURE 1.3. For0 < a < <K logT,
T -1
—logT 1
(3 1027) )3

0<y#y'<T
2ra/log T<y—v'<2m(3/logT

B . 2
N S 1 1 sin Tu du
2 1+ (ru/logT)2\ mu ’

2. Some lemmas

LEMMA 2.1 ([2, Lemma 2.2]). We have, assuming RH, for z > 1,
:L'i('y_t)
2 2 —_—
. ; 1+ (t—7)?

pl/2—it /2t

1 A(n) A(n)
=72 n—1/2+it ) wr Y T3

n<x n>x

!
4 87 +l[<—<§ —it) —logQTr] +O(i>,
x x| (\2 xT

where the sum is over all the imaginary parts of the zeros of the Riemann
zeta function, and T = |t| + 2, and A(n) is von Mangoldt’s lambda func-
tion.

Write (2) as L(z,t) = R(x,t). Let

B 1 A(n) A(n) xl/Q—it p1/2—it
Pl T) =2 HZ;C o172 ”77; n3/2Fit  1/2 44t  3/2—it’
_logT L[ rs _ 1
Q(z,T) = o R(x’T)_x[C <2 zt) log27r], S(a:,T)-O(xT).

LEMMA 2.2. Forxz > 1,
T
VL@, t) + L2t — h)*de
0

= 27F (2,T) + 2rF(z,T — h) 4+ 4nF)(x, T) + O(log® T') + O(hlog? h).

Proof. This follows from page 188 of Montgomery [9] and the fact that
F(z,T) < Tlog?T.
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LEMMA 2.3. Forzx > 1,
T
VIR(2,t) + R(x,t — h)|* dt
0
T 2
4T T T
= \|P(z,t) + P(z,t — 2dt—l——21—
§ 1Pt + Pt =+ (10e5-) 21005

1 <& A%(n)(1 + cos(hlogn)) ~
— 2 log®T).
+<2nzl e + >}+O(h 0g? T)
Proof. This is similar to the proof of Theorem 3.1 in [2]
LEMMA 2.4. Forxz > 1,

47(’Fh(;(},T)
T T T
= \IP(z,t) + P(a,t — h)dt — | |P(x,t)? dt — | |P(x,t — h)|* dt
0 0 0
2T T\? T 2. A%(n) cos(hlogn)
+F[(log%) —ZIOgE—i—(; — +2>}
+ O(hlog®T).

Proof. This follows from Lemmas 2.2 and 2.3 as well as their special
cases when h = 0.

LEMMA 2.5. For any sequence of complexr numbers {ay}o> satisfying
2ot nlan|* < oo,

S‘Z ann_”

0 n=1

dt = Z!an\ (T'+0O(n)).

Proof. This is Parseval’s identity for Dirichlet series. See [10]
LEMMA 2.6. Assuming RH and x > 1, we have

> )

1
—x log:U—Z:U + O(z/*+9),

n<z

A%(n)  1logx 1 1
Z nd 92 2 +4—$2+O 25/2—¢ )"
n>x

Proof. Use partial summation and the prime number theorem

LEMMA 2.7. For any real a and b not both zero

. a ) b
Seax sinbz dr = ——5 " sinbr — —— e cos bz,
a*+b a*+b
a
Se‘” cosbr dx =

b
pr e’ cosbxr + pray e

sin bz,
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Sxe‘” sinbx dz = _a;be — (522_:;22)2: e sin bx
Smeaw cosbx dx = _a;flﬂ — (;2;6622)2: e cos bx
+ _aQb—ig—Ub? - (a22—(:(;)2)2_ e sin bx.

Proof. One can use the integrals Se(aHb)”" dux, Se(“_ib)x dx, S:Ee(““b)x dx

and Sxe(“_ib)x dx, which are simple to compute.

LEMMA 2.8. Assuming RH and x > 1, we have

% ;AQ(n)ncos(hlogn) _ %bm N (41#4)2 cos(log 1)
% logz — ﬁ sin(h log z)
ro(ah)
z? T;c /127571) cos(hlogn) = 2eoshlogs) co:(—’f—bong %) logz — —(4}1_2’_22)2 cos(hlogx)
_ hsin{hlogz) Siz(—ﬁl}(;g z) logx — RENEE _:_“22)2 sin(h log x)

h
+ O<x1/2—s> ’

Proof. We shall prove the first formula. The other one is very similar.
Let A(z) = 272 Y n<z A2(n)n. By partial summation and Lemma 2.6,

1
= Z A%(n)n cos(hlogn)

n<x
A
= (z) cos(hlogz) +
x

h sin(h logu
5 —SA(U)¥dU
1

2 U

2 T

h
+0 <x1/2—8>

1 1 hifl 1 .
= [— logx — ﬂ cos(hlogz) + — § [5 logu — Z] usin(hlogu) du
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logz

1 1
= [5 logx — ﬂ cos(hlogz) + 2 [5 (S) ve2V sin ho duv
log x -~
1 h
~ 1 S e%sinhvdv} +O< /2= 6)
0

which gives the desired result after applying Lemma 2.7 with ¢ = 2 and
b = h, and some algebra.

3. Proof of Theorem 1.1. First, note that

P(z,t) = # {Z A(n) (%) S + 3" An) (%)WM} + 0< 17/2>.

n<x n>x
Thus,
1 N —1/2+it
P(z,t) + P(z,t —h) = =75 L;E/l(n)(l +n )<E>
Nz 3/2+it 21/2
A 1 = .
+; (n)(1+n )<n> }+o< . )

So the first integral in Lemma 2.4 is

—1/2+it 3/2+it |2
S > Am) A +n <2> +ZA(n)(1+nih)<%> dt
0 n<z n>x
ROECRSEEONICOIED

-1y +nzh|2<§>_1<T+ O(m)

n<z

+ = ZA? )1 4 nih? ( ) (T + O(n)) + O(x)

n>z

Z A%(n)n (1 + cos(hlogn)) + 2Tz Z ) (14 cos(hlogn))

n<x n>x
+ O(zlogx).
Similarly (or by setting h = 0), each of the second and third integrals in

Lemma 2.4 is
T A?(n)

n<x n>x
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Therefore,

A2
An By (z,T) = QT[ Z/l2 n)n cos(hlogn) + z° Z (n) cos(hlogn)

n<x n>x

oT T\2 T
+ —|({log— ] —2log—
x2 27 2

+0<T> +O(hlog? T) + O(x log z)

4 cos(hlog x) 8hsin(hlog x)
=2T| ————~=1 -
[ 1+n2 8T Tt 2
2T T\? T hT

by Lemma 2.8. The theorem follows after dividing through by 4.

4. Twin Prime Conjecture and smooth weight. We shall use a
quantitative form of the Twin Prime Conjecture (TPC) as follows: For any
e >0,

N
> A(m)A(n +d) = &(d)N + O(N'/**%)  uniformly in |d| < N.
n=1
Here
&(d) = 2H< > H P—- if d is even,
p>2 |dp>2
0 if d is odd.

Let K and M be some large positive integers (K may depend on ). Set
U =log™ T and A = 1/(25U). We recall the smooth weight ¥ (t) in [3]
with:

1. support in [-1/U,1+ 1/U],

2.0<yy(t) <1

3. Wy(t)=1for 1/U<t<1-1/U,

1. 09 < Uiforj=1,...,K.
This weight function satisfies the requirements in Goldston and Gonek [6].
One more thing to note is that

~ sin 2y [ sin 2w Ay K
Re ¥y (y) = y( y)

27y 21 Ay

where f(y) = == f t)dt.
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We also need to study

y
= Z S(k)k“ cos (h log k—) Su cos <h log —:E) du for a >0,
Yy Yy

k<y 0
k
)= ZGIC(Q)COS<hlog > —cos<hlog—x> du for a > 1.
k>y Yy
Then from [4],

(3)  Soly) = Sly) = — logy + O((logy)”*) = S logy + &(y).

By partial summation and Lemma 2.7, for a > 0,
acos(hlogz) , hsin(hlogz)

(4) Sg(y) = e(y)y® cos(hlogx) — 2002 1 12) Yy - m Y

y
- X e(uyu™! [a cos (h log %> — hsin (h log —)] du,
0 Y Y

acos(hlogz) 1 hsin(hlogz) 1
22 +h2%) y*  2(a®+h?) yo

+ S gc(ffr)l [acos(hlog —) + hs1n<hlog —)} du.
Y U Yy Yy

[0}

and, for o > 1,

(5) Tg(y) = —% cos(hlogz) —

Let

= (o0~ 2 o

0
where B = —Cjy — log 2w and (Y is Euler’s constant. Note that

(6) Fy) <y
(see Lemma 2.2 of [3]). From (4) and (5),

(M Sh) % + Ty

2cos(hlogz) 1 17 ux . ux
= - ——— 2 hlog — | —h hlog— || d
112 Sus(u) cos| hlog ” sin| hlog " u

4—3,/8M 2 cos hlog% + hsin hlog% du.
u? y y

Y
LEMMA 4.1. We have

1Y
I+J= ——38 [2C08(h10g—>—hsin(hlog%>] du
) y y
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+y§ 6 u |:2(}OS<thg %> +h51ﬂ(h10g %)] du

y u? Yy Yy

4

= ) cos(hlog x)

Y

1Y

ESf [2—h2)cos<hlogu—yx> —3hsm<hlog—>} du
0

Proof. I can be rewritten as

1Y
——BSU( )[2008<h10g—> —hsin(hlog%>]du
y? y y
B17{
———3§u[200s<hlog%> hs1n<hlog—>}du-—[1 Is.
2y Y Y

By a substitution v = log Y% and Lemma 2.7,
Yy

B1
(8) I, = B) gcos(hlog x).
By integration by parts and (6),

9) L= L?;) [2 cos(hlog z) — hsin(hlog x)]
Y
1 9 uz . ur
- —BSf(u) (2 —h*)cos| hlog— | — 3hsin| hlog— | | du.
v y y
Similarly, J can be rewritten as
T e(u) — B/2
Y S % [2008<hlog %> + hsin(hlog %ﬂ du
Y u Y Y
1

B o
+ —v S — [2008<h10g —> + hsm(hlog —)] du = Jy + Jo.
2 ) U Y Y
e uT
By a substitution v = log — and Lemma 2.7,
Y

B1
1 _ 22 log ).
(10) Ja 5 ycos(h ogx)
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By integration by parts and (6),

(11) J1 = —L‘g) [2cos(hlogz) + hsin(hlog x)]
Y
T fuw) 2 uzx : uzx
+y S —~|(6 —h*)cos| hlog — | + 5hsin( hlog — | | du.
Y u Y Y
Equations (8)—(11) together give the lemma.
LEMMA 4.2. We have

1 2cos(hlogz) 1 4f(y)
h h _
Sz () E+T2 (Y)y=— iin Y cos(hlogz) + G1(y) + Ga(y)
where
Yy
Gi(y) = 13 { £eu) {(2 — h?) cos <h log ﬂ) — 3hsin <h10g ﬂ)} du,
vy y y

<

Gay) = Ogof( )[(6 h2)cos<hlog?>+5hsm<hlog§>}du.

ul
y
Proof. Combine (7) and Lemma 4.1.

LEMMA 4.3 ([3, Lemma 3.3]). For any integer n > 1, we have

T Ty T
S—Re!Z/U dy —S—Sm yd +0(Al0g L
Lyt 2z Ty xy A

When n # 2, the error term can be replaced by O(A).
LEMMA 4.4 ([3, Lemma 3.4]). If F(y) <y~ %% fory > 1, then

e}

3 <>RewU(2Ty)dy=§F<y>Sm =Y 4y 1 0(4).

s
1 1 x

5. Proof of Theorem 1.2. Throughout this section, we assume 7 =
T2 < T/logMT <z <T*2% U=1logMT for M >2, H* = 7~ 222/(1~ 5)
and Yy (t) is defined as in the previous section. The implicit constants in the
error terms may depend on £, K and M.

Our method is that of Goldston and Gonek [6] and it is very similar

o [3]. Let s = o + it,

n nth n nih
Ah(s)::ZA( )(1+ )’ AZ(S):ZA( )(1+ )’

n® n®
n<x n>x
1 « Lo
A(s) := =Ao(s), A*(s) := zAp(s).

2
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By Lemma 2.4, with slight modifications, one has
T

)12

0

AnFy(z,T) =

— S (1 + uh)yut/ 2 du)

00 2
—l—a:(AZ( —l—zt) S + uthyy =32 du) dt

T R '

Y _< <——+it> _guw—ztdu)
x 2
0 1
3 i~ . 2 ~

+ x<A* (5 + it) — S w32 du) dt + O(hlog3 T).

Inserting W7 (t/T) into the integral and extending the range of integration
to the whole real line, we get

2
(12)  4nF(z,T) = % 1@, T) + 2L, T) — = Ts(a, T) — 22Ty, )
T(logT)2 p1+6e
+0< 510) vo( %
where
T A 1 . c ih 1/27itd 2 l d
Il(x,T):SOO h —§+zt —§(1+u Ju ul Yy T t,
T 3 T 3/2—itd 2@ 3 d
Ig(x,T):_Soo 5t £1+u ul Wy ( = ) dt,
T 1 0 1 2—it
Ig(x,T):SOO A( 5T ) § 2=t gy, WU<T>dt
Lz, T)= | |A ( —i—zt) | w3270 u‘/U( >dt

by Lemma 1 of [7] with modification V' = —T/U and T — T/U, and W =
2T /U. The contributions from the cross terms are estimated via Theorem 3

of [6]. Note that by partial summation with the Riemann Hypothesis and
TPC,

T

ZA (14 n' S(1+uih)du+0(ﬁx1/2+5),

n<z 1
A+ k)1 + 01+ (n+ k)~

xT

S(k) | (1 +u™) (1 + (u+ k)™ du+ O(ha'/?1e).
1

> A(n)

n<x
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By Corollary 1 of [6] (see also the calculations at the end of [6] and [7]),
Ii(2,T) = Py (0)T Y A*(n)n|1 +n™?
n<x

+47r<217;>3 OSO [ > sk k2<1+<2k:;> >

T/2nx “k<2mwxv/T

kT —ih ~ o dv
X (14-(%4-]{7) >:| ReWU(U)E

2mav/T < uT )ih
1+ (o
2mv

T\> < 9 dv
_4ﬂ(%> g [ [

~:L’3+6€ -
+O<h = >+O(hx5/2+7€).

2
du} Re ¥y (v) s

T/2nTx 0

Note that

(@2
()T (o () () () )

()T () () )
o) ool )

T/os;x |:k§27erU/T6( kQ <1 " <27TU> ) <1 <% * k) ﬂh)} Re@U(w %
— OSO [ Z S(k)k2(1 + <%>h
T2 /2

T/2mx “k<2mav/T
hv 1 dv T zw\® 1 dv
o | (?) Fra VU (F) 22 5)

T/2mx T2-¢/x

— OSO [ > 6(k)k21+<2];—Tv>ih

T/2nzx “k<2rzv/T

0 ha? xt
+ T2+a + ATH—¢

=1+

2 ~ dv
Re EI/U (’U) F

2 ~ dv
Re ¥y (v) )
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as Y p<, ©(k) ~ z and Re Uy (v) < min(1/v,1/Av?). Therefore,
Il ('CC,T)
=T A*(n)n(2 + 2cos(hlogn))

n<x

T 3 o© , -
+47T(%> S [ Z &(k)k <2+2cos<hlog %>>
T/27x “k<2mwzv/T
2nxv/T
r - d
_ S u? <2+2cos<hlog ;_)> du] Re Uy (v) U_g

X%
0

3T/2nrx 2waxv/T

T T 7 (o) &
_477(_> | G <2+2cos<hlog u_)) duRe ¥y (v) _g
2T 5 5 2mv v

ha®+0e 7. 5/2+4T¢ T 2ml—c at
Similarly, by Corollary 2 of [6],

2(n
An(3 ) (2+2cos(hlogn))

Lz, T)=TY
r<n
o TH*/2mx

+8% | [ > 6155)<2+2008<h10g;—1;>>

0 2rxv/T<k<H*

H*

1 T ~
- S — <2 + 2cos <h log u_)) du] Re ¥y (v)v dv
2rav /T v 2

+ O(%T_lx_l-i_&g) + O(El,—S/Q—I—?zs)

~ hH*
1—e/2, ,—2
+ O(hT' /% )+0<—x2>

where the last error term comes from the error term in (13). I3(x,T") and
I,(z,T) are computed in [3] or one can simply set h = 0 in I1(z,T) and
I(x,T), and divide by 4. Putting these into (12) with a substitution y =
2mzv/T and using Lemma 2.8, we get

4 cos(hlog x) log 2 — 8hsin(hlog )
irn2 % 4+ n2)

T kz\ ¢ ux ~ ( Ty \dy
4T 2 log — |-\ u? log — Ty — ) —=
+ S [Z S(k)k cos(h og " ) §u cos(h og )du} Re U<27rx> 7

1 li<y 4

ArFy(x,T) = QT[
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ly
_4T“u2cos<hlog—> duReWU< >dg;
o Yy 2rx )y

S(k) cos(hlog k

g, S e,

u
1 Ly<k<H* Y

S(k) cos(hlog k—w) H* cos(hlog ”7’”)
du]

+4T(§)[Z )y e

k<H* Yy
~ (T
X Re Wy <—y>ydy
2mx

halt6e V247 hx hT
+O( = >+O(ha:/ 5)+O<T2 25) +O(7logM2T>'

From Lemma 2.7,

(14) Se‘” cosbx dr = aQaW e cos bz + ﬁ e sin bx.
Also,
R Ty x e sinu
(15) |Re s <—> dy == | (1+0(A%u?)) du
0 2mx T 0
_z TS/I S Gy O<—A2T>.
T 5ou z

Using integration by parts, (14) and (15) with an appropriate change of
variables, we have

ly dy
SSUQ cos(hlog —) duReWU< ) 3
Y 2mx

00
T/xz
x sinu 3 h .
=5 §) —du [9 e cos(hlogz) + 9T sin(hlog :L‘)]

1 y 2
_SCOS hlogw XR < >dvdy+O<AxT>
0

0

and
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cos hlog"’” T
du} Re\I/U<2 i )ydy

2
— ig(f iycos <h10g—> - dy +O<H >+O<A;T>

*

=1 0
—3 Sm“d (hlogz) — —"_ sin (hloga)
T u 5 cos (hlog x T3 7 sin (hlogz
1
hl Tv AT
_SMSR WU( )dvd —|—O< >
0 y 0 v
Therefore, with the notation S”(y) and T (y),
4 cos(hlog x) 8hsin(hlog x)
ArFy(x,T) = 2T -
(e, { R i
+4T
§5 %(y) Re U<2m) 7
H*
AT | (40) - T3 Retiy (32 Yy
1
/o o 3cos(hlogz)  hsin(hlogz)
sinw cos(hlogx sin(hlog x
—4 d
xé u “[ orn T otn2 ]
T/z .
4 S sinw cos(hlogz)  hsin(hlogz)
5oou 14 h? 14 h?
00 1 T
S(k) kx - halt6e
+4T; 2 §ycos<hlog?> 7y dy+ O T

ha hT
1/2+7¢ _
+ O(hw )+0<T2 2€> +O<1ogM—2T>’

By (3) and (5), T3 (H*) < h(log H*)?/3 /(H*)?. 1t follows that the contribu-
tion from T (H*) in the second integral is O(hT~¢). Also, one can extend
the upper limit of the second integral to co with an error O(hT~°) by (3)

and (5) again. Finally, we obtain the theorem by applying Lemmas 4.2-4.4,
(6) and dividing by 4.

6. Proof of Theorems 1.3 and 1.4

Proof of Theorem 1.3. This follows directly from Theorem 1.2 by ob-
serving that all the main terms except the first one are O(z) because of (6).
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Before proving Theorem 1.4, we need the following lemmas.

LEMMA 6.1. We have

T sinax
S m2n €z
1

a2l [ (2n—k—1)! s

- A M _ 1 . _1 n 3
where
t tcost—1
ci(x) = — S ﬂdt Co—l—logaH—S%dt
T 0

and Cy is Euler’s constant.

Proof. This is formula 3.761(3) on p. 430 of [8], which can be proved by
integration by parts repeatedly.

LEMMA 6.2 ([3, Lemma 5.2]). If F(y) < y~3/%*¢ for y > 1, then for
T <z,

o from-o(() )

LEMMA 6.3. We have
% 4 y
— S —35 [2 h? cos(hlog—) —3hs1n<hlog—>] du dy
17 0 Yy Yy

Xf(u) [cos(hlogux) — hsin(hlogux)] du
0

[y

+ S % du [cos(hlogx) — hsin(hlogx)].
1

Proof Because of (6), we can change the order of integration:

1
= S S —3[2—h2 cos(hlog%) —3hsin<hlog1;—x>} dy du

1

+ § f(u) § % [(2 — h?) cos <h log %) —3h sin(h log uy_:c)] dy du
1 5 h
— (S)f(u){(Q - h2) [4 e cos(hloguz) + in sin(h log ux)}

2 h
—3h [4 = sin(h log ux) — i cos(hlog ua;)] } du
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h
cos(hlogz) + s sin(hlog x)]

|
w

2 h
h [4—%—}12 sin(hlogz) — i cos(hlog a:)] } du,

by substituting v = log and applying Lemma 2.7. Now the result follows
after some simple algebra

LEMMA 6.4. We have

oo o0

J=\y| fi )[(6 h2)cos<hlog?> +5hsm<hlog—>} du dy

1y

—~ [3cos(hloguz) + hsin(hlogux)] du

I du [3cos(hlogx) + hsin(hlog x)].

Proof. Again, because of (6), we can change the order of integration:

— S§ [(6 h2)cos<hlog—> —|—5hsm(hlog—>]dydu

1
_ [ f) —2
= § u—{(6 h?) [4 e cos(hloguz) +

ﬁ sin(h log ux)}

——— sin(hlog ux) — cos(hlog ux)]

e
+ h?

cos(hlogz) + sin(h log a:)}

h
4+ h?
—5h [_—2 sin(hlogz) — _h cos(hlog :p)] } du

4+ h? 4+ h? ’

by substituting v = log and applying Lemma 2.7. The result now follows
after some simple algebra

LEMMA 6.5. We have

S = Z Sycos(hlogk—) dy
k=1

=

h2

—_

h
cos(hlogz) — H—hQsin(hlog x)]

sin(h log a:)}

+
h 2h
[W cos(hlogx) — e
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h B
[4 72 OO (hlogx) — T sin(hlogx)] + (1 + 5) cos(hlogz)

( ) [3 cos(hlog ux) + hsin(hloguz)] du.

HL”ag M|bd

Proof. By substituting v = log kx and using Lemma 2.7,

2 X 6(k) nE S
S = 152 ; 12 cos(hlog kx) — FEys ; 2 sin(hlog kx).

Recall the definition of Sp(u) from (3) and use partial summation to obtain

2 T S(u+u ,
S = A2 § 3 [2 cos(hlogux) + hsin(hlogux)] du

h o
T A n? S SO(Z)3+ “ [—hcos(hlogux) + 2sin(hlog uz)] du
1

w cos(hlogux) du
u
— logu +e(u)

S
S
= S 3 cos(hloguz) du
1
-3
1

S cos (hlogux) du
u?
1

l\D|l—‘

os(hloguz)

o0

1 e(u) — B/2
3 €0 os(hlogux) du + § — 3 cos(hloguz) du

+

1
U
BOO
5 )
1
:I——I —I 1.
1 22+2 3+ 14

By an appropriate substitution and Lemma 2.7,

L 1 —|—1h2 ;:os(hlog x) — ﬁ sin(h log x),
P (zf_:}??)? cos(hlogx) — # sin(h log x),
I3 = 1 _th cos(hlog x) 1 fh2 sin(h log x)
Finally, by integration by parts,
I — S cos(hlogu:r:) df (u)

u3
1

f(u)

—~ [3cos(hloguz) + hsin(hloguzx)] du

u

B o0
(1—1— 2>COS hlog x) +S
1
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because f(1) = —1 — B/2. Combining these results for I, Is, I3, I, we get
the result.

LEMMA 6.6. We have
1

Sf(u) [cos(hlogux) — hsin(hlogux)] du
0

T2
1 B\[2+h? h

Y T | Rl 1 _ in(hl
<2 + 2) [4—|—h2 cos(hlog ) Yy sin(h ogm)}

1[3+h? 2h
- = |— 1 — ———=sin(hl .
5 [9 % cos(hlogz) 012 sin(h ogx)]

1[ 4+ 3h? R
[m COS(thg SU) —+ m Sln(h lOg ﬂf):|

Proof. The key is £(u) = 3 logu — u when 0 < u < 1 (see (3)). So,

) :§ [s(v) - 5} dv = %ulogu— G 4 §>u— %u?

Putting this into the integral and evaluating the integral piece by piece with
suitable substitution and Lemma 2.7, one gets the result.

Proof of Theorem 1.4. First observe that when T < x < T?72% the
error term in Theorem 1.2 is O(hT/log™ =2 T). Rewrite Theorem 1.2 as

nT
Fo@,T) =Ty +To + T3+ Ty + Ts + O — ).
W, T)=Ti+To+T5+Ts+T5 <logM_2T>
Since 2t =1 + O(u?),

T [3cos(hlogz)  hsin(hlogz) T\?
Ty — —— (=~
s n[ R I ’

x
T [cos(hlogz) hsin(hlogx) T\?
Ty = W[ T2 T4 72 +0|\T . .
By Lemma 6.5,
T &(k) ¢ kx 2
T: —;kZ:l 12 (S)ycos(hlog;)dy—FO( <—>
_ T [cos(hlogz) hsin(hlogz)
Com| 1+h2 1+ h2

T[ 4-h? 2h .
— ; [m COS(thg .T) — m Sln(h lOg .’L’):|
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T B{2cos(hlogz) hsin(hlogz) T B
T 2 [ 4 4 h? 4+ h2 T 1+ B cos(hlogx)
TTf 2

+ — S (Z) [3 cos(hlogux) + hsin(hloguz)| du + O<T<—> )
T ou ”

By Lemma 4.3, (6) and Lemmas 6.2-6.4 and 6.6,

2x cos(hlog x) T sin L¥ AT T f(y
Ty = — = - — 1 —
h AT § 7 dy - cos(hlog x) § 5
T T\ /% nT
+—\(G +G dy+0O(T|— +0

ﬂ§( 1(y) 2(y)) dy ( <x> ) <bng>

_ 2wxcos(hlogx) OSOS' Ty hT

N (4 + h?) ! logMT

o . _y 7
__ 2zcos(hlogx) SS - dy+0< hT )
1

(4 + h2) log™ T
— % % [% cos(hlogz) + ﬁ sin(hlog a:)}
— %(% + g) [ii—zz cos(hlogz) — ﬁ sin(h log :c)}
_ % % [g 1 Zz cos(hlogz) — %hh? sin(h log l‘)}
— % OSO fu w) [3 cos(hlogux) + hsin(hloguz)] du + O <T<g> v 6>.
1

Therefore, with miraculous cancellations,

2z cos(h log x) S ¥ sin Ly T 2B cos(hlogz)

L d
(4 + h?) y? vt 4+ h?

T 4hsin(hlogx) T\ ?¢ hT
i S o (= .
TE ARy +O< <> O\ T

T+ T34+ Ty +T5 = —
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By Lemma 6.1 and B = —Cy — log 27,

e 1) - £ [0 ] T olblog T (7))

T 2B cos(hlogx) T\ /?¢ hT
- 40(T| — O| —7——
+7r 4 + h? + < (x) * logM=2T

T [2cos(hlogx) 2T cos(hlog ) T
— L |2OBN0BY) g | — ST OBROBT) |y o log
T [ 4+ h? 4 (4 + h?) Co —log T

1/2—¢ TlT
+co+1og2ﬂ]+o< ( ) ) (410gM_2T)
_ T T [4cos(hlogx) 1/2—e o hT
“or Bore|T a4tz log"=2T)"

7. Sketch for Conjecture 1.2. Fix a > 0. Let 7(u) be an even func-
tion which is almost the characteristic function of the interval [—«, a] with

7(a) < 1/a? (see page 87 of [1] for a detailed construction). We use Con-
jecture 1.1 to compute the right hand side of (1):

(o)

X

I= | Fy@)f(a)da =2\ F(a)f(a) da
—00 0

1
=2(1+o0(1 ))logTST_%‘ r(a)da+2 4h28acos (hlogTa)r(a) da
0

[e.e]

0
+2iScos(hlo To)r(a)da+ O 1 +o(1
4+ h? s

4 o0
= 4—|——h2 S COS(h ].OgTOZ)’I/"\(OZ) do
4 T
— 5 X (1 — |a]) cos(hlog Ta)r () de
4+h* 7

+ (14 0(1))log T Ogo 72117 () da + 0(%) +0(1)
40T 4 ¢ R
=1 _Soom(a) dor— =5 _51(1 — |a)7i (@) da
+(1+o0(1)logT | T727(a) do + 0(%) +o(1)
= 4fh2 L - 4fh2 12+(1+o(1))13+0<%> +0(1)
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where ri(u) = r(u+ (hlogT)/(27)). As {*_7i(a)da = r1(0),

hlogT
1127’1(0):7’< o8 >
27

By { fg= ng, the transform pair and the definition of r(u),

f(t) = max(1 — [t],0),  Flu) = (S“””‘)Q,

™
T sinu 2 oct(hlog T)/ (2m) sinu\?
I, = S rl(u)< > du = S ( ) du+o(1).
™ ™
—00 —a+(hlogT)/(2m)
Similarly, by the transform pair,
-~ 4a
f( ) € ) f(u) 4@2 + (27ru)27
o Alog? T a+(hlog T)/(27)
3= S m Q;g 5 5 du+o(l) = X 1du+ o(1).
“a 108 +( 7ru) —a+(hlogT)/(2m)
Therefore,
4 hlogT
1 1=
(16) 1+ K2 r( o1 )
a+(hlogT)/(2m) 4 sin 2 1
1—-——— — 1).
+ S [ 4+h2< — )]du+O(A>+o()
—a+(hlogT)/(2m)

Now, the left hand side of (1) is

(17) 4fh2 r<hlng> + <%logT> - 3 (1+ o(1)).

0<y#y'<T
|v—7'—h|<2ma/logT

Combining (16) and (17), we get Conjecture 1.2 by making A arbitrarily
large. The only shaky point in the above argument is the error analysis. All
of these become rigorous following pages 87-90 of [1].
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